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Abstract

It has been pointed out that one of the main causes of faults on submarine cables
would be the electrolytic corrosion due to the current which is induced in the cable
by tides moving across the earth’s magnetic field.

In this paper, some formulas for electric field due to a stream of water which
flows in a tide-way of rectangular cross-section are derived, and results of numerical
computations are shown. The effects of conductivity of the bottom are also treated as
boundary value problems. It is found that the sides of tide-way are the most dangerous
places as the intense electrolytic corrosion of cable occurs there.

1. Introduction

It was already predicted by Michael Faraday in 1832 that an e.m.f. would be
produced in a volume of water moving across the earth’s magnetic field®. During
the year of 1918, Young, Gerrard and Jevons® carried out a series of sea experiments
at Dartmouth Harbour, England, and observed electric disturbances which were def-
initely traced to movements of sea-water cutting the vertical component of the earth’s
magnetic field.

On the other hand, it has been found by one of the authors of this paper that
there exists an electric current in submarine cable sheath, which varies according to
the velocity and direction of the tidal low. He pointed out in a previous publication®
that this current would cause electrolytic corrosion of the sheath, and he estimated
that it would be one of the most important causes of cable faults. His experiments
and observations have shown that the electrolytic corrosion of the cable sheath due to
the electric current produced by tides in the earth’s magnetic field sometimes exceeds
the mechanical erosion which has been believed to be the main cause of cable faults
for many years.

Although the phenomenon has been known since the 19th century, theoretical
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studies on the subject have not yet been carried out, as little attention has been payed
to its practical meaning. It is important to know the distributions of the electric
fields and the currents in the sea-water, since the corrosion of the cable sheath will
occur at a place where a large amount of current flows out from it. On the other
hand, the knowledge of the field distribution will make it possible to apply this
phenomenon on oceanographic problems such as the measurement of the ocean current
by an electrical aid®.

In this paper, the authors will analytically treat the problem of the electric field
due to tides, and give some numerical results of the computations, which would be

of practical interest.

2. General Consideration
In Fig. 1, let the space y >0 be a semi-infinite conductor of conductivity ¢, and
the domain (A) be flowing in the direction of the
A S ////////If/ z-axis. If we assume that the magnetic field H is
l/yl ‘ ‘OL l l l l }/x vertical and uniform, an e.m.f. is induced in the

=

>
0y

flowing medium (A) having the direction of the

x-axis and its magnitude E, per unit distance is

y

given by the relation

S “
z Y (B) E, = p,Hv, (1)
e e e
Fig. 1

where y, is the permeability of the medium, and
» v is the velocity of the domain (A). If the magnetic
field H is taken as 32 AT/m, or y,H as 4x10~% weber/m?=0.4 gauss, then

E,= 20y mV/km, (1)

where oy is the velocity in knot.
By this e.m.. an electric current circulating in both domains (A) and (B) will
be produced. If we assume a closed curve s as shown in Fig. 1, and apply Ohm’s

law to this circuit, then we have

f }‘ j-ds=’S:E0dx, (2)

where j is the current density at any point. By means of the relation between the

current density j and the electric field E:
j=0oE, (3)
Eq. (2) can be written as follows:

§E-ds= SZEodx. (4)
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It is evident from this relation that E cannot be derived from a scalar potential,
because the integral of the right hand side of Eq. (4) does not vanish.
If we put

E=E+E”, ' (5)
and assume that the partial field E’ satisfies the relation:
curl 2 =0, (6)
then E’ must be derived from a scalar potential ¥V’ by the formula:
E = —grad V’, D)

and should satisfy the equation:
§E'-ds =0. (8)
Substituting Eqs. (5) and (8) into Eq. (4), we get
fer-ds = OBz, (9)

On the other hand, since the stationary medium (B) has not any distributed
e.m.f. in it, then
curlE=0 in (B), (10)
and by Egs. (5) and (6) we get

E’=0 in (B). an
Writing
E=Es, EE=E's, E'=E"4 in (A),
and :
E=Ep, EE=E'p, E"=E”"p in (B),
and substituting Eq. (11) into Eq. (9), we find the relation:
Qo SQ
(oEar-ds = Epax, (12)
which states that the vecter E4” is horizontal and its magnitude E4” is equal to the
distributed e.m.f. per unit distance:
Es” =E,. 13)

This is a very simple but important relation in the analysis of the problem.
In general, the vector 7 must satisfy the relations:

divi=0, or diveE=0, (14)

so that the fields E4 and Ep would be continuous on the both sides of the domain
(A) in case the medium is uniform (a=cons:£):

Ea=Ep at x=zxc, 0y<h, (15)
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On the bottom of (A), however, the horizontal components Ea, and Ep, are not
necessarily continuous, even if the medium is homogeneous, because Eg”=0 at every
point under the bottom of (A), whereas E4”=E, and E, is not necessarily zero on
the bottom of (A). The necessary conditions to be satisfied on the bottom are the
continuity of the horizontal components of the partial field E’ and that of the vertical

components of the current density ¢E :
Ex=FEp:, 0aEa,=0pEg, at y=h, —cx<+c, (16)

where o4 and op are the conductivities of the medium on the upper and lower sides
of the plane y=h, —c< x<+c respectively. If the medium is homogeneous, it can

be written as follows:

EAxr=Eps, Eay=Ep, at y=h, —c<x<+c. (16"

3. Case I: Uniform Velocity.

3.1. Homogeneous Medium.
At first let us consider the electric field in an uniform semi-infinite medium of
conductivity ¢. Now assuming that the medium in the domain (A) of Fig. 2 is
flowing in the z-direction with a constant velocity

/,W/ v,, then the distributed e.m.f. E, per unit distance
Y

/ in the region of (A) will be uniform and its
Z

73 magnitude is given by Eq. (1).

The scalar potential V/ from which the partial
electric field E’ is derived by Eq. (7) must be a
solution of Laplace’s equation :

I“"C—“—f——ﬂ kB)

Fig. 2 PV’ =0, an
and x- and y-components of the total field E must satisfy the conditions:

EszEBx; EAy=EBy at x==c, O<y<h, (18>
and
Eax—E,=Epx, Ea,=Ep, at y=h, —cx+c, 19

which are given by Egs. (15) and (16). These relations can be rewritten as follows:

Epy+E,=Epxz, Ea,=Epy, at x=:c, 0y<h; (189
and
Ex=Epgy, Ea,=E3, at y=h, —c<x+c, (19

using the relations :

EszE;Lr+EXx, Ei.=E,, }

EAyzE.IAy+E‘,4Iyy EXy—:'O ’
and
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EBxsEéx“’E/éx: E/éxsoa }
EByzE,By+ y’é: E§y=0,
which are given by Egs. (13) and (11).
If we assume a surface distribution of current source, the density of which is
equal to ¢E,, on the plane x=c¢ (0< y<Ck), and another current source of density

—oE, on the other plane x=—c¢ (0< y< h), then the potential due to these plane
sources is given by

V= —f—;[H(x—c, h—y)-+H(x—c, hty)

—H(x+c¢, h—y)—H(x+c, h+3)1, 20
where
H(&, ) =7log (§2+75%) +2§ tan~'(3/§) . 21

It can be easily shown that the potential V' given by Eq. (20) satisfies the necessary

conditions mentioned above. And the partial fields are derived as follows:

g‘;u} =V =E~°[tan"h——_y+tan“h——+y—tan“h—;y—tan“h———+y] ) (22)
Bx xX—¢ X—C

xt+c xX+c
E;,,}z_awsgo[lo (x—=e)*+ (h+3)* (x+c>2+(h+y>2J_
Eg, 8y anl' % =0+ (-9 "B (x+ o)+ (h—y)?

(23

The components of the total field are calculated from

Eay=Ey+Eas, Eay=Ea, in (A), (20)
and
Epx=Epg., EBysE’By in (B). (25)

Figs. 3 and 4 show the distributions

of the electric field along the horizontal

lines at various depths. It is found from
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these figures, that the electric field in the domain (A) is almost equal to the distrib-
uted e.m.f. E, per unit distance, so that

E./E,~1, E,=~0 in (A); |x|<¢, 0y<h.

However, the horizontal component E, varies discontinuously at the points y=h, x= +c,
and the vertical component E, becomes infinite at the same points. It should be im-
portant to note that the horizontal component Eg, (y>>k) in (B) changes its sign at
the points x==+¢.

It will be very interesting and useful to plot a set of current lines in the medium.
For this purpose, we use the current flux J which flows across a vertical plane
x=x,=const., between y=0 and y=p,. This can be calculated as follow :

71 oE,
T=0 Bacdy = {2 l4ny,~ Gle—, h=3)+Gle—1, ht9y)
—G(c+x, h—y) +G(c+xy, h+y1)],
—c<lx,<+¢, 0<9,<h; (26a)
h Yy E
]=aSo Easdy+a ShlEB,, dy = Lo lanh—Glc—2,, y—h)
+Gle—x1, y1+h) —G(c+x;, 3.—h) +G(c+2x,, y,+1)],
—cx<l+c, h<p:; (26b)
4 E
J= . Bsedy = 220G (r—c, h—3)—Glri—c, bt

—G(x+c, h—y) + G+, h+yp], c<lxml, (26c)
where
G(&, v) =& log (82+7") —2p tan~*(9/£) . 27
The total current J; which circulates in the medium is given by substituting
“x;=0 and y,=# into Eq. (26a) :

B e th ]
]t—zn log o +Ctan anl (28)

Fig. b shows an example of current

distribution in the uniform medium. In

this figure, the equipdtential lines (V' =
const.) in the domain (B) are also plotted.
It is found that the current flows almost
uniformly at the center of (A), but the
amount of the current passing through
the vertical sides of the region (A) is
about 50% of the total current J;. The

Fig. 5 current lines are refracted at the boundary
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plane y=h, —c< x<+c¢, and show sharp bends on
that plane. W ,{{/
o ° 7.

3.2. Two Layer Problem.

Now let us consider the case where the space

consists of two media stratified horizontally as

shown in Fig. 6. Assuming that the velocity of
medium in (A) (—e<la<+¢, 0<y<k) is uniform,
the electric field E, in the upper layer can be

expressed by
E1=EP+E1*) 0<y<h) (29)

where Ej, represents the primary field (i.e. the field in case the conductivity of the
lower layer is equal to that of the upper, ¢,=0,), and E;* represents the secondary
field which is produced by the influence of the lower layer.

The conditions to be satisfied on the boundary plane y=F£ are as follows:

Epu+Efy=Ey, E,y+EYy=xE,,, y=h, (30)
where
K= 62/ 61 y (31)

and

:pr, c<|x] H
E,;_,,=Epy.

Ejy=Ep:—E,, —cla<+c,
} (32)

It is evident that the secondary field E,* in the upper layer and the resultant
field E, in the lower layer can be derived from potentials V¥ and V, respectively,
which are solutions of Laplace’s equations :

Vzvl =0 and VZVZ'__‘O. (33)

The appropriate expressions for these potentials are as follows:

V= S‘Llu) (M +e~2) sin AxdA, 0<y<h,
. } (34)
V, = So L(DeMsindxdh, h<y,
from which we get:
o —S: AL, (1) eV +e=27) cos Axdi ,
w e
Ef, = ‘S AL, (R) (€M —e~>) sin AxdA ;
0

and
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Ep = — S” AL, (A)e=N cos Axda
" (36)
E,, = +S AL,(A)e=M sin AxdA .
0
The integral expression of E, is obtained from Egs. (22) and (23):
E,.= _E Sw [2—e~2#(er?+¢~2)] sin Ac cos /‘u:d—/T ,
w Jo A
E, (~ di S
/o o To ~AB( gAY _ p=AY) i i “q
E;, +ﬂS0e (e e )sm/lcsm/lxl.
Substituting Egs. (35), (36) and (37) into Eq. (30) we obtain following results :
_FE, S“ e~M AV L p=APY o} di
E,= Ny v (eM+-e=2) sin Ac cos Ax T )
FE, (> e 2 - . . di
E,,= - 0 SO T—Fe=oh (eM —e~») sin Acsin Zx7 ,
and
R'E, (™ 1—e=22 . . . di
E, = — - 0 So {—ha=7nk° A-B sin Ac cos /IxT , @)
R'E,(1—e 2 . . . di
E,,=+ - 0 So P =i AY=B gin A¢ sm/le,
where
11—« S 2K " _ 2
k_1+;c’ F=1-k iTr’ k" =1+k Tor (40)

For numerical computations, it is necessary to expand above expressions into

series. By means of the relation:
1/(1—ke~2h) = 37 frg=2mh,
n=0

and formulas:

S: ¢~ sin Aa cos lb‘—? = % (tan“la—;b+tan‘1a—;—b) , >0, 4D
S:e—wsin Aasin zbd—f=%1ogg‘;—f%, $>0, “2)
the following infinite series are obtained :
B Sy tan g 3 tant o ST
+tan~? @%ﬁj}—ktan" (Z;'Lj-_‘rTxhﬂ] , (43)
By =g B [l 5 { G e

(c+x)2+{(Cn+1Dh+y}?
—0g (c+x)2+{(2n+1)h—y}2]’ “h)
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/” _
sz = "k E"[tan“‘yc—“__xﬂan“-cﬂ

2r h y—h
St 1 c—x IR . ] (
K2k (tan @nsDhty @n (2n+1)h+y) (45)

(c+x)2+(y—h)?
Ele=n)+(y—h)"

&S m (e+2)+{@n+1)h+y}?
—K 2 k" log (c—x)2+{(2n+1)h+y}2:|' (46)

log

B, - k”EO[

At the boundary plane y=h these components become as follows:

1,7 »—E, —c<x /+C,
E,.= kk EO Lk” l(1’.31’1"16 x+ta _10+x)+12 0 SES

2nh 2nh '0, e< |4,
y=h_; @D
k//
/7 3 x +c’
Ey = k’; E, Z,k” 1(tan‘1 Znhx—ktan“czihf) {2 b TE<ES
o, o<,
y=hy; 47.2)
(c+x) S yaa (c+x)2+ (2nh)? . ’
e K 2 F T log (c——x)2+(2nh)2]’ y=h-;
(48)
Ezy P El)’r y=h+ .

Fig. 7 shows the horizontal components E,; and E,, on the boundary of two layers,
for £k=1/10. There is a discontinuity of amount E, between E,, and E,, on both sides
of the plane y=h, —c<x<+¢ Fig. 8 shows the vertical components E,, and E,,
on the plane y=h, and these components become infinite at the points x=+c¢, y=Ah.
This is due to the assumption that the velocity of flow of the domain (A) vanishes
suddenly at the corners of the domain.
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- . .A
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4. Case II: The velocity diminishes
towards the bottom.

4.1. Homogeneous Medium.

If the velocity of the moving medium (A) in
Fig. 9 is given by

v=1v,=const.,, 0<y<g, }
h— 49
v=vg—r  €<y<h,
Fig. 9 the expression for the potential ¥V’ becomes as follows:
,__ E T _
v RTICET) [F(c—x, h—y)—F(c—=x, g—y)+F(c—x, h+y)
—F(c—x, g+y)—F(c+x, h—y)+F(c+x, g—»)
—F(c+x, h+y)+F(c+x, g+»], (50)
where the function F is defined as
F, 1) = 5 (€7 log (§+7) —267 tan™" (2/8) . (1)
By means of Eq. (60), we get following expressions for the electric fields:
PR g B —Cle—x g _
E, —4n<h_g)[G(c % h—y)—G(c—x, g—y)+G(c—x, h+y)
—G(c—x, g+y)+G(c+x, h—y)—G(c+x, g—¥)
+G(c+x, h+y)—G(c+x, g+)], (562
e By e By —Hlc—x o) —H(o—
Ey = ey [H(c—x, h—y)—H(c—=x, g—y)—H(c—x, hty)
+H(c—x, g+y)—H(c+x, h—y)+H(c+x, g—y)
+H(c+x, ht+y) —H(c+x, g+3)], GE)
E,, —elxl+e, 0<p<g, |
h—y . in (A)
=E,/ Ez—, —c<lax<+c, ,
E,=E/+ ) Ep—y clx gy 60
- ’ h »
0, c<lx+¢c, By } in (B)
or ¢z}, 0y,
E,=E,, in (A) and (B). (55)
The current flux across the plane x=x,, 0<Cy<y,, is given by
oE,y,, —cl < +¢c, 0<3n<g, )
— 2 2 .
B IUEIN) | o n e, g<ni<h,
J=J+ g (56)
oEL2E, —e<m< e, B,

0, <[z}, 0<yy,
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where
T = =g e, h=3)—I(c—m, g=3)—I(e—1, h+)
+I(c—%,, g+y) +1{c+x, h—y)—I(c+x,, g—y)
. =I(c+xy, bty +I(ct+x,, g+y0], 6D
and
I(§, ) = éylog (82+9°) + (£2—97) tan™" (9/€) . (68)

The distribution of the field at various depths are shown in Figs. 10 and 11. In
this case, E, and E, are finite everywhere, and on the bottom of the domain (A)
Ea,=Epg,, since the velocity of the medium is zero on the bottom.

The current lines and equipotential lines are plotted in Fig. 12. The center of
circulation of the current is not on the bottom of the domain (A), but in the region
g<»n<h, x,=0. This point and the
amount of total current J; is calculated
numerically from Eq. (56), substituting
x,=0 into it. The point %,=0, y,=3,, at

which the current J becomes maximum is
the center of circulation, and the maxi-
mum value of J is the total current J;.
In Fig. 12, y,,=0.954 , and J;=0.659¢Eh.

It can be found from this figure, that

the greater part of the current flows in

the upper region of (A), and more than
half of the total current passes the sides

of (A). Every current line is a smooth

curve, and some of the turning points,

at which the hosizontal component of

'
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current density vanishes, are in the domain (A)

/////////% This means that a small part of the current fows

2 against the distributed e.m.f. in the lower region
2 of (A).

4.2. Two Layer Problem.

We can solve the boundary value problem as

shown in Fig. 13, by a similar way described in

§3.2. The results are as follows:

E..=Ep,+ Ef)fz ’ Exy = Epy+E1y , (59)

= E, S “ACA=P) | =AY A=) 4 p=N(EHP) dl
Ep,=— Zh—g) [(e +e )— (e +e )] sin Accos Ax =5~ T
0<y<g; (60a)
- E, “ACR=3) 4 oAt AY-8) | p=A(Y+E dl
Epy = — 2 lh— g)g [(e +e N — (e~ +e >)] sin Ac cos dx 5 50
g<y<k, (60b)
Epy= n'(hE g)S (e‘”' e~ (eM —e~M)sin Acsin Ax ‘ié , 0<ly<g; (61a)
E Eo S [2 (e—}\(h—y)_e—'k(h"’y)_i_e—)\(y g)+e—)\(y+g)>] sin Acsin Ax —=- dl
T rh—g) K3
g<y<k, (61b)
M o=\ AL —AE
EX=— (l;F 2 S (e +e i >ke‘<ze”' +e%) e~ (M =) sin Ac cos Xx‘i—é,
0ly<lh, (62)
kE, oM g—AK) _ (gAE 4 g=AE) _ . . di
EX= =g S ( i >ke‘2’~" e~h(gr? —g—2Y) sin Ac sin XxF,
0ly<h, (63)
k’E, et g—Mh A1 g~AE . di
Epx= — e g>8 ( )ke-(;i" ) e~M sin Ac cos Ax7, <y, (64)
E'E, (= (eMte=Mh)— (gr84 28 . . di
E,y= +7z(h—?g) S ( 1—)ke‘<”~" ) ¢~M sin A¢ sin Axﬁ, h<y. (65)

These can be expanded into the following infinite series:
EE= gt ¥
X[{M(c~zx, 2uh+k—y)+M(c—x, 2nh+h+y)

+M(c—x, 2nh—h+y)+M(c—x, 2nh—h—y)

+M(c+x, 2nh+h—y) +M(c+x, 2nh+h+y)

+M(c+x, 2nh—h+y)+M(c+x, 2nh—h—y) .
—{M(c—x, 2nh+g—y) +M(c—x%, 2nh+g+y)

+M(c—x, 2nh—g+y)+M(c—x, 2nh—g—y)
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+M(c+x, 2nh+g—y)+M(c+x, 2rh-+-g+y)
+M(c+x, 2nh—g+y) +M(c+x, 2nh—g—3)}1], 0<y<h, (66)

=gy (=, h=y)+ M(c—x, h+5)+M(c+x, h—)

Epy=
+M(c+x, h+y)—M(c—2x, g—y)—M(c—x, g+y)
—M(c+x, g—y)—M(c+x, g+»], 0<y<h, (67
E,
g 2
X[{H(c—x, 2nh+h —y) —H(c—x, 2nh+h+y)
—H(¢c—x, 2nh—h+y)+H(c—x, 2nh—h—y)
—H(c+x, 2uh+h—y)+H(c+x, 2nk+h+y)
+H(c+x, 2nh—h+y)—H(c+x, 2nh—h—y)
—{H(c—x, 2nh-+g—y)—H(c—x, 2nh+g+y)
—H(c—x, 2uh—g+y)+H(c—x, 2nh—g—y)
—H(c+x, 2nh+g—h)+H(c+x, 2nh+g+y)
+H(c+x, 2nh—g+y)—H(c+x, 2nh—g—y»)}], 0<y<kh, (68
tﬁ%ﬁEH(C x, h—y)—H(c—x, h+y)—H(c+x, h—y)
+H(c+x, h+y)—H(c—x, g—y)+H(c—x, g+¥)
+H(c+x, g—y)—H(c+x, g+y)]), 0<y<h, (69)

¥ —
EX=

Epy=

¥'E, )
I e P

X[M(c—x 2nh—h+3y)+M(c—x, 2nh+h+y)

+M(c+x, 2nh+h+y)+M(c+x, 2nh+-h+y)

—M(c—x, 2nh—g+y)—M(c—x, 2nh+g+y)

~M(c+x, 2nh+g+y)—M(c+x, 2nh+g+y)], <y, (70)
k"E, e

) b ©

x[H(¢c—x, 2nh—h +y)+H(c—x, 2nh+h+y)

—H(c+x, 2nh—h+y)—H(c+x, 2nh+h+y)

—H(c—x, 2nh—g+y)—H(c—x, 2nh+g+y)

+H(c+x, 2nh—g+y)+H(c+x, 2nh+g+»], hy, QY

E,,=

Eyy=

where
M(§, p) =& log (£%+9°) +2p tan— (§/9)
=H(y, &), (72;

and H(§, ) has been defined by Eq. (21).

On the bottom y=4h, the expressions for the field become as follows;
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_ k'E, "
Ey=E, = inli—g) "=0k [M(c—x, 2nh) +M(c—x, 2nh+2h)
+M(c+x, 2nh) +M(c+x, 2nh+2h)
—M(c—x, 2nh+h—g)—M(c—=x, 2nh+h+g)
—M(c+x, 2nh+h—g) —M(c+x, 2nh+h+g)], y=h, (73)
By = xEy, = 4nfhE S n; K*[H(c—x, 2nh)+ H(c—x, 2nh-+2h)

—H(c+x, 2nk) —H(c+x, 2nh+2h)
—H(c—x, 2nh+h—g)—H(c—=%, 2nh+-h+g)
+H(c+x, 2nh+h—g) +H(c+x, 2nh+h+2)], y=h. (74)

In Fig. 14, the horizontal component of electric field on the bottom is shown. As

mentioned above, the field in this case 0
is continuous everywhere, so that no -
discontinuity occurs even at the points @ i
x==xc, y=h. Fig. 156 shows the vertical 06}

component on the same plane y=h.

Fig. 15

5. Case III: The velocity diminishes towards the sides.

5.1. Homogeneous Medium. / %
In case the velocity of the medium in the /////

domain (A) of Fig. 16 is given by “ _*d—"
v=v,=const., —d<x<+d,
c—x
v=uE, d<|xl <o, }
0<y<h, (1)
the potential V’ is expressed as follows: Fig. 16
E,

V= —frtcoay LK(e—%, h=y) +K(c—x, h+y)—K(c+% h—9)

—K(c+x, h+y)—-K({d-—x, h—y)—K(d—=x, h+y)
+Kd+x, h—y)+K{d+x, h+y)], (76)
where
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K(&, n) = &plog (6495 +& tan~* (3/6) +y* tan™" (§/7) .

The components of electric field are given by

E,
E/ = —4——71(61(1) [H(c—x, h—y)+H(c—x, h+y)+H(c+x, h—y)

+H(c+x, h+y)—H(d—x, h—y)—H(d—x, h+y)
—H(d+x, h—y)—H{d+zx, h+»)],

E,, —dx<+d, 0<y<k,
E.=E/+{ E, =% a<|x|<c, 0<y<h,
c—d
0, —c<lxl+ec, <y, or ¢ |x}, 0<y.

E,
E,= —E(ci“d) [M(c—x, h—y)—M(c—x h+y)—M(c+x, h—y)

+M(c+x, h+y)—M{d—x, h—y)+M(d—x, h+y)
+M(d+x, h—y)—M(d+x, h+y)].

The current flux J can be calculated by the following relations:

(6Eoy:, —d<xs<+d, 0y, <h,
UEOh’ —d<x1<+d7 h<yl7
c— X

J=J+ ”Eoz:jyn d<|z|<lc, 0<y<h,

c—x,

"'Eoc_d k, d<|x|<c, <y,

\0, C<|x1|’ 0<y1)
where,

J= —;% [Flc—=x, h—»)

—F(c—x, h+y)+F(c+x, h—y)

269

an

(78)

(79

(80)

(81

—F(c+x, h+y)—F(d—x, h—y)
+F(d—=x, h+y)—F{d+x, h—y)
+Fd+zx, h+y)], (82)

and the function F has been defined by
Eq. (51).

The center of the circulation of cur-
rent is at the point =0, y=h, and the
total current is given by

J: =oE 'fﬁ%ﬁ [F(c, 0)—F(c, 2k)
—F(d, 0)+F(d, 2)]. (83)

Figs. 17 and 18 show the distributions

of horizontal and vertical components of
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the electric fleld at various depths, These curves are similar to that of Figs. 3 and
4, but the horizontal component on the plane y=# varies continuously, and the
vertical component does not become inflnite even at the points y=h, x=+c. The
minima and maxima of E,, for y=const. =% occur at the points x===+d and x==+c¢

respectively.

Fig. 19 shows the current lines and equipotential curves. These curves are similar

to that of Fig. 5, but the effects of the transition ///// %
region of velocity (d<|x|< ¢, 0< y<_h) are’'shown

4!—*—»'

very clearly,

5.2. Two Layer Problem.

N

Also the problem of Fig. 20 can be solved by

means of the method described in §3.2. The re- ~—e—p—c— B

J 2
sults are as follows: Fig. 20
K'E, < e di
E.x= *77:4(0——70(13 S i— ke‘z”‘ (er +-e~2) (cos Ad —cos Ac) cos Ax =5 R 0<y<h, (842)
B, = FE Sw O (&M —e"M) (cos Ad—cos Ac) sin Az Fh | 0<y<h, (84 b)
W= nle—d) Jo T—ke~*\k /12 P UsY
V73 oo -2,
E,,= — r:’zcliod) S 11 kee-z’*" e~2I=m (cos Ad —cos Ac) cos Ax (ié , h<y, (85a)
RE, (= 1—e~ . dd
Egy = +T(C——OT) SO i‘;“k”eé'_m e—2I-m (COS Ad—cos XC) sin /Ix7 , h<y y (85 b)

E07 _d<x<+d!
E..=E/,+ Ec d ,  d<|x|<c, (86)
0, c< %},
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A kE 7

Ej,=— drle—17 . Z‘ F[H(c—x, 2nh+h—y)+H(c—x, 2uh+h+y)
+H(c+x, 2nh+-h—y)+H(c+x, 2nh+h+y)
—~H(d—x, 2nh+h—y) —H({d—x, 2nh+h+y)
—H({d+x, 2nh+h—y)—H(d+x, 2uh+h+y)],

E,

E,= 471_?; . E E'[M(c—x, 2nh+h—y)—M(c—x, 2nh+h+y)
—M(c+x, 2nh+h—y) +M(c+x, 2nh+h+y)
—M(d—x, 2nh+h—y)+M({d—x, 2nh+h+y)
+M(d+x, 2uh+h—y)—Md+x, 2nh+h+y)],

k//E 1 " _ _ _ _

E,, 47r(c In(o—d) = k [H(c—x, 2nh—h+y)—H(c—x, 2nh+h+y)
+H{c+x, 2nh—h+y)—H(c+x, 2nh+h+y)
—H(d—x, 2nh—h+y)+H(d—=x, 2nh+h+y)
—H({d+x, 2nh—h+y)+H({d+x, 2nh+h+y)],

E,y= 4;1’2”E gm F{M(c—x, 2nh—h-+y)—M(c—x, 2nh-+h+y)

—M(c+x, 2nh—h+y) +M(c+x, 2nh+h+y)
—M(d—x, 2nh—h+y) +M(d—=x, 2nh+h+h)

+M(d+x, 2nh—h-+y)-M(d~+x, 2nh+h+y)].

On the bottom y=#h,

E,, —d<x< +d,
Elx=sz+lEo§:§, d<|x|<e,
0, c< x|,
kKRk'E, .
Epe= — In(c—dy M k “[H(c—x, 2nh) +H(c+x, 2nh)
—H(d—x, 2nk) —H({d+x, 2uh)],
k'E
E1y=ICE2y= —“m [M(c—x, 0) ,
—M(c+x, 0)—M(d—x, 0) f
+M(d+x, 0)

Y il E={M(c—x, 2nk)
—M(c+x, 2nh) —M(d—x, 2nh)
+M(d+zx, 2nh)}]. (92)

2n

(86"

@&

(88)

(89

(90)

(o1

45 Ay
Fig. 21 shows an example of the
distribution of the horizontal component of

electric field on the bottom (y=Fk). This l/;‘- -z

is very similar to Fig. 7, but in Fig. 21, Fig. 21
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there is no discontinuity on the curves, and the negative peaks of E,, are somewhat
smaller than that of Fig. 7.

6. Potentital Difference Observed Between Two Electrodes.

When we lower two point electrodes into the medium, a potential difference will
be observed between them. If both electrodes are in the stationary domain (B), the
potential difference will be simply

AV =Vip—Vi, (93)
where V{;, and V{,;, are the values of potential V' at the points (1) and (2) where
the two electrodes are placed. The potential V” has been defind in §2.

If one of the electrodes is placed in the domain (A), and the other in the region
(A) or (B), the potential difference between them must be calculated from the relation:

@

av={ (E—]T) ds, (94)

W
where s is an arbitrary curve connecting the points (1) and (2), and E” is the tan-
gential component of the distributed e.m.f. per unit length along the curve. The
tangential component j; of the current density is equal to ¢E;, where E; is the tan-
gential component of the resultant field, so that Eq. (94) becomes as follows:

(¢)) (2)
4V = S (E/—E)ds= — S E/ds, (95)
(€3} (5}

since E, is equal to E/+E/".
Since the potentiaf V’ at any point P is given by
P
V= —S Esds,

oo

Eq. (95) can be written as follows:
AV =Vip—Vu, (96)
which is the same as Eq. (93).
As mentioned above, V’ is continuous everywhere in whole domain, so that 4V
is determined uniquely for the given points (1) and (2), wherever they are placed.

7. Current Induced in a Linear Conductor.

In general, a conductor placed in a stationary current field would produce a
secondary electric field, so that the resultant field near the conductor would be different
from the primary field, i.e. the field before the conductor had been placed. However,
a very thin conductor such as a submarine cable does not affect the field materially,
and the secondary field due to the concuctor can be neglected. In this case, the
resultant field on the conductor’s surface is given by the field when the conductor does
not exist,
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When the primary field is produced by tides, a cable laid in the stationary region
(B), which acts always as a part of the return circuit of the current, would obviously
have a current density in its sheath given by

j.=0o.E in (B), oD

where o, is the conductivity of the cable sheath and E is the field intensity in the
domain (B).

If the cable is laid in the tide-way (A), the cable acts as a return path of the
current, and a discontinuity of tangential component of the field will occur on the
surface of the cable. The field outside the cable is E, but the interior field is E’,
The difference E—E’ corresponds to the distributed e.m.f. per unit length in the domain
(A), which is equal to E”., Hence we can write

je=0.E in (A). (98)

Since in the domain (B) E=E’, we can always express the magnitude of axial current
density in the cable sheath as follows:

je=0cES, (99

where E, is the tangential component of the field E’.
Since the cable is normally laid on the sea bed, the axial current in the cable
sheath can be calculated by the relation:

Je=0S:E/(y=h), (100)

where S, is the effective cross-sectional area of the cable sheath.

We have found in §§3, 4 and 5, that the horizontal component E,”(y=Fh) of the
partial field E’ changes its sign at the points near the both ends of the tide-way. This
means that the amount of the sheath current varies rapidly in these regions, and the
possibility of the electrolytic corrosion will be also very large. The facts that the
cable faults occur very often at the ends of tide-way can be explained by the theoret-
ical results obtained above.

The effect of the conductivity of the bed on the sheath current and other factors
such as the existence of highly resistive rocks are also understood by this theory.
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