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In the engineering field, many problems arise which are solved by Laplace’s
equation. These problems such as gravitation, electrostatics, magnetics, heat
transfer and fluid mechanics, can be solved approximately by use of a resistance
network analyzer.

In the present paper, the authors discuss the resistivity method with such an
analyzer which has been applied to the investigation of electrical prospecting by
the authors and their assistants since 19541,

It is shown that the resistivity curves obtained with this analyzer agree with
the curves calculated theoretically, so that the authors are sure that this method
of determining the resistances of boundaries is satisfactory, and that this analyzer
will be an indispensable instrument in the solution of resistivity problems that
can not be solved theoretically.

1. Laplace’s equation for a two dimensional resistance network analyzer®

Portions of the two dimensional resistance network are shown in Fig. 1
Typical junctions are presented in Fig. 2. V,, V,, V., -+ are voltages at points

Fig. 1. Portions of the -
two dimensional re- g
sistance network. Fig. 2. Junctions of resistors.

P,, Py, P,, ---. Applying Kirchhoff’s law to the node P,, we obtain

V1—Vo Vz—Vo Va“ Vo Vt_ VO —
R R R TR @D

and then we get
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(Vi V-2V + L (V4 Vi-2vy = 0. (1.2)
X RJ’
If there is the following relation

R, _ [dx\?

&%), .9

inserting eq. (1.3) into eq. (1.2), we get

ALxZ(V1+V2 2V) +-L (Vo +V.—2V) = 0. (14

4y
Eq. (1.4) is the potential equation at the node
of the resistance network.
On the other hand, Laplace’s two dimensional
equation is

0% 0%
5 gy = 0- (1.5)

Portions of the two dimensional infinite medium
. . Fig. 3. Portions of the in-
are shown in Fig. 3. v(py), v(py), v(p), --- are vol- finite medium.
tages at points py, pi, P2, -
Applying Taylor’s expansion theorem to the x axis, we obtain (p,) and

v(p):
v(p) = v(py)— Ax(gz) +%"Tz(gix”é)%_

s - ae(22), 12T,
From eq. (1.6), ignoring terms of more than the 3rd order, we get
| (52),. = ZaloCh0 +oCp0—20(p0) . n
In a similar manner we obtain the following equation about the y axis:
(52),, = 2 0(80 to(p0~20(p) . (1.8)

From eqs. (1.7) and (1.8), we get
(5),, 7 (55, = 2 080 10CB = 20(80) + 5 0(80 40(p0~20(A0) . L.9)

Therefore, it can be shown that the voltages of the resistance network

approximately satisfy Laplace’s equation.

2. Resistors in the vicinity of the boundaries

The simplest method is to approximate an irregular boundary with a jagged



A Study of the Resistivity Method Using a Resistance Network Analyzer 79

Fig. 4. An irregular Fig. 5. A jagged line.

boundary.

line, just as the irregular boundary of Fig. 4 is represented by the jagged line
of Fig. 5. In this case, the smaller the net spacing the smaller the error but
the greater the number of resistors needed. In this paper, the authors intend to
discuss an approximate method for representing a boundary with a reasonable

number of resistors.

2.1 Boundaries in the earth

We determine the value of the resistor in Fig. 6,
where the boundary MN is parallel to the x axis,
. and divides the medium into resistivities o, and o,.
The resistance (Rag),, attributed by o, is

4
(RaB)p, = 01;%, @

and the resistance (Ras),, by 0. is

4 .
(RaB)o, = pza__jfﬁ; > (2.2)

and then we obtain Ras as follows:

0102 4z

Rag

In the case of a boundary M'N’ (see Fig. 6),
using MN for M'N’, where the area AM'N'B equals
the area AMNB, we get the above equation.

We determine the resistance Rap in Fig. 7, where
the boundary is M’N’, which divides the medium
into resistivities o, and p,. In this case, the resis-
tance (Ram),, by o, only is

(Rams, = 0%, @0

and the resistance (Rag),, by . only is

T A netne, dy

M g n ndy

M’/ NT

Fig. 6. Determining the
value of resistors.

2.3

nay

"

(7-n) ay

(XAX] / Bax
(1-—p3) ax

Fig. 7. Determining the
value of Ryp.
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(Randey = %, (2.5)
and the resistance (Ras)s, s by 0, and p, is
(Rasde, i = B0-08) &2 @.6)

A=moifno, 4y’

The resistance Rsp is a series combination of the above three resistances
(RaB)e,, (RaB)p, and (Rag)p,, q,, and then we get,

_ . A—a—)pp, , 4
Ras = {ao,+fo, + G B000 . 2 @
If p,=0,=0,, from eq. (2.7), we get

Ras = p, %. 2.8

From eq. (2.8), it is easily shown that eq. (1.3) is satisfied, as we had pre-
viously assumed.

The authors call the above method the equivalent vector area method.

2.2 Boundaries on the surface

When we use the resistivity method, we usually measure potentials on the
surface and then calculate carefully the value of the resistor corresponding to a
boundary on the surface, in order to avoid the topographic effect.

A portion of such a boundary is il}ustrated in Fig. 8, where the curve AB
is the boundary between the atmosphere and the ground. By assuming ABCD,

T 5 , 8" 8
: A’ 8
4 g Ej a2 £
oo ¢ 0 c D c
-.-_A,Y_._.1 ax X -

— (a) fb)

Fig. 8. Determining the value of Ryp.

which has a resistivity o, and is surrounded by infinite resistivity, we can de-
termine the value of Ras, Rc, Rpc and Rpa.

The area ABCD can be represented by Figs. 8 (a) and 8 (b).

From Fig. 8 (a), we get

Rarz — Roc — 20, 2€, 2.9)
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and from Fig. 8 (b), we get

Rap = Rec = 200 7= (2.10)
and

BE

Ravs’ = Rpe = 200 7.

(2.11)

The resistance R4p is obtained by the projection of resistances Ra'm and
Ra7p as follows,

= 20, (PCcos 0+ BE 0)
Ras = 2p, ( 4 Dcos + apsint) (2.12)
When ABCD is surrounded by the finite resistivity, resistances Rpc, Rap and Rac
are determined by a parallel combination of their adjacent resistances which in
turn are determined in a similar manner.

The authors call the above method the equivalent vector area projection
method.

3. Examples having boundaries in the earth

In this section, the authors explain the resistivity curves obtained by the
resistance network analyzer using the equivalent vector area method. The curves
are compared with the ones obtained theoretically.

3.1 Buried cylinder (I)

In case of this example the theoretical calculation is very troublesome. On
the contrary, the resistivity curves are measured by the analyzer with ease.

This example is shown in Fig. 9, where the radius » is represented by the
net spacing and the distance s from the surface to the center is 15 times as
large as the net spacing. In Fig. 9 (a), the center of the cylinder lies on the
mid-point of the resistor, and in Fig. 9 (b), the center of the cylinder does not
lie on the resistor.

The values of the resistors are shown in Table 1, of which the resistances are
shown in Fig. 10, where the unit of resistance is k£ and the value indicated by
a single bar (—) is 1k® and the value indicated by a double bar (—=) is 2k&.
The ratios of p, (the resistivities inside the cylinder) to p, (the resistivities
outside the cylinder) are o, 10, 5, 2, 0.5, 0.2, 0.1 and 0 respectively.

The resistivity curves measured by the analyzer are shown in Fig. 11, where
the black dots (@) and the white dots (O) represent the values measured by

Figs. 10 (a) and 10 (b) respectively, using the equi-spacing four electrode method,
of which the spacing is a.
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Fig. 10. Resistances.

Fig. 11.

Ya=05

Table 1. The values of resistors.
P2/Py
00 10 5 2 0.5 0.2 0.1 0
R (kQ)
R, °0 4.50 2.62 143 0.76 0.61 0.55 0.50
R, 5.97 3.86 2.87 1.65 0.56 0.25 0.13 0
R 1.05 1.04 1.03 1.00 0.91 0.82 0.79 0.63
R, oo 10.0 5.00 2.00 0.50 0.20 0.10 0
R 1.85 1.70 1.57 1.29 0.68 0.35 0.19 0
Rs 1.75 1.63 1.47 1.21 0.81 0.64 0.57 0.50
R, 25.0 7.40 4.30 1.92 0.51 0.21 0.10 0
y:
t 16
£ @_TS M
e 2= fﬁ'\\
: N N
= A /Ll? \&
-—0—_0\/ 10 \Mm
(5/ — — >
AN, » 08
( %051 /
N vV 5
I~ ai-
A\7/
(b) \\ //
Fig. 9. A buried cylinder (I). /
0.4 r
0.2
I I [ | | - - =
R A R; /1?5 /]?5 3 2 1 0 1 2
V‘%‘R"—}*ﬁz % "?5 l /'?7 | /?5 ———7/———
T YT f ’
£ R -y -, R
[ 72 7] 61T Sfy=
mA 2 OOy
I T K/
(a) (6)

Resistivity curves.
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3.2 Buried cylinder (II)

This example is shown in Fig. 12, where the length of the radius and the
distance from the surface to the center are both represented by the net spacing.
In Fig. 12 (a), the center of the cylinder lies on the node of the resistors, and
in Fig. 12 (b), the center of the cylinder lies on the mid-point of the resistor.

The values of the resistors are shown in Table 2, of which the resistances are
shown in Fig. 13. The ratios p. (the resistivities inside the cylinder) to o, (the
resistivities outside the cylinder) are o, 10, 5, 2, 0.5, 0.2, 0.1 and 0 respectively.

Table 2. The values of resistors. When p,/p,=0co, the two resistors indicated by R, are not
connected with each other.

palps 10 5 2 | os 02 1 0
r . . 0.

R 605 | 495 | 420 | 2903 | 128 | o072 | os0 | o7
R, o | 900 | 467 | 198 | o051 | o021 | 010 | o
R, 147 | 130 | 133 | 118 | 078 | 049 | 03¢ | 013
R, o0 16 | 757 | 370 | 104 | o043 | o022 | o
R 221 | 216 | 212 | 201 | 172 | 1s2 | 130 | 127
Rs 597 | 38 | 287 | 165 | 05 | 025 | 013 | o
R, oo 100 | 500 | 200 | 050 | 02 | 010 | o
R oo | 450 | 262 | 143 | 076 | o061 | 055 | 050
R 185 | 170 | 157 | 129 | o068 | 035 | 010 | 0
Ruo 105 | 104 | 1038 | 100 | o091 | os2 | o7 | oes

AT R o
Ry R R s R
(2) s Rt Rz
Ry R, Rs  F%
AN Ry——R; RroT—Rs—Fio
\V
T T
(b) (a ) { b/
Fig. 12. A buried Fig. 13. Resistances.

cylinder (II).

The resistivity curves measured by the analyzer are shown in Fig. 14 where
the black dots (@) and the white dots (O) represent the values measured by
Figs. 12 (a) and 12 (b) respectively, using the equi-spacing four electrode method.

The theoretical resistivity curves which were calculated by Takeshi Kiyono
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Fig. 14. Resistivity curves.
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Fig. 15. Theoretical resistivity curves,
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of Kyoto University are shown in Fig. 15®,

In these examples, we see that the curves obtained by the analyzer agree
with the ones obtained theoretically and are thereby assured that the equivalent
vector area method is valid.

It is clear that the error introduced by the analyzer at the boundary may
be kept within acceptable limits, by making the net spacing sufficiently small.

4. Examples having boundaries on the surface
In this section, the authors explain the resistivity curves obtained by the
resistance network analyzer using the equivalent vector area projection method.
The curves are compared with the ones obtained theoretically.

4.1 Protuberance of the semi-circular plate section (I)

There is a protuberance of the semi-circular plate
section of which the radius » (as shown in Fig. 16) is
represented by twice the net spacing. When the cen- W/////%W/
ter of the cylinder lies on the node of the resistance  piz 16, A protuberance

network, the values of the resistors are shown in Fig. of the semi-circular
. . . plate section.
17 (a), and when the center lies on the mid-point

R

AN =231

(5 4 /?5 Rﬁl Rl_ .

PanS f r};ﬁé——ﬁ’dq— ; R,=5.00

( } r? 6 A /? 1 RJ:J.of

4 ’ R=1.12

/=103

() R=102

A
rATFTTTTN R=202 R=104
yAN ok =314 A=I114
T TN 7 AT A W T Ri= 5. ¢

[ (e R R R=686 R=141
R Fs 2y R=4.69 R,=0.40
R=104 R=100
(s) R=057 R, =04

Fig. 17. Center positions and valves of the resistors.

between the nodes, the values of the resistors are shown in Fig. 17 (b). In
Figs. 17 (a) and 17 (b), the unit of resistance is the k& and the value indicated
by a single bar (—) is 1k& and the value indicated by a double bar (=) is
2kQ.
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The resistivity curves measured by the resistance network analyzer using
the equi-spacing four electrode method, are shown in Fig. 18, where the black
dots (@) are the values measured by Fig. 17 (a) and the white dots (O) are the
values measured by Fig. 17 (b). In Fig. 18, « is the spacing between the elec-

trodes, and » and x are indicated by taking ¢ as the standard unit.

T
niiAmmr
| \
I I.U \
L[\ [l
AN
%21 1 y X\\\ I [ﬂ\ r 4
05“‘\ f" . N AT 9 L
\“ L2 \ \ g /a// z/—[j/pjane 7
7
JAh PN ERN
y g
V7
i ll
o
02 I i
d,  ea b . q
-3 = = 7 7 5 3 -1 0 +1 3
Z ¥ )  c—prane
7228 Fig. 19. (a): z-plane, (b):
Fig. 18. Resistivity curves. w-plane, (c¢): (-plane.

The authors calculated the potentials theoretically.
First of all, we must transform the domain of the z-plane (Fig. 19 (a)) into
the w-plane (Fig. 19 (b)). The transformation is given by the following equa-

tion,

_ .27
w=—i_—, 4.1)
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where

I_l /\\ ]
P
0<argw<in. 4.2 f 18
2 \ l/
Points B(z= +7r), C(z=14¢) and \ 16 l
"D(z2= —7) correspond to points b(w=0), \ l
c(w=+1) and d(w=oo) respectively N =
and the infinite point (2=) corre- / \ 2 / \ g /;00; 255
sponds to the point (w=—1). / )\ . A ’\/
Next, we must transform the do- n/ s X \ |
main of the w-plane (Fig. 19 (b)) into \ K~
the ¢-plane (Fig. 19 (¢)). This trans- \<0. /
formation is given by the following \ /
equation, U
w = &%, 4.3 0.4
L/
Both axes AB and DE correspond 0>
to the negative § axis, and the arc
BCD corresponds to the positive § - 5 ; 5 3
axis and these relations are given ———
as follows, e

9%
702,
Fig. 20. Theoretical resistivity curves.

_y\2/8

B—D, E:tanmg, x=rcosf, 0O, (4. 4)

D-E, §= —r= _(__:;i:)m x< —r.

The resistivity curves calculated by the ¢-plane are shown in Fig. 20.9
Comparing Fig. 18 with Fig. 20, the authors are sure that the equivalent
vector area projection method is settled satisfactorily.

4.2 Protuberance of the semi-circular section (II)

We discuss the case in which the radius of the semi-circular section equals
the net spacing, in order to check the effect of coarse grids. It is expected that
the resistivity curves obtained with the analyzer differ from the theoretical ones.
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/
R’/’I@\f’ R=356
f‘3 IJ /?2:].27
R=112"
(a) 7
_ #
AN “Nr
WA “fo R=062 R=128
/]2 I‘I ’Ij 1 2 R2:1.00 &:209
R=107 R=507
(6)
. fr R=087 R=403
A j/lf—?,— —/'i’?’ R=050 R=7.54

AeRL ﬁf}’ﬁ'}ﬁ;

R—=104 R~=147
R=129 R=150

(c)

R=229 R=034

Fig. 21. Center positions and values of the resistors.

Figs. 21 (a), 21 (b) and 21 (¢)
show the three different center
positions of the semi-circular plate,
namely, in Fig. 21 (a), the center
lies on the node and, in Fig. 21 (b),
the center lies on the mid-point
between the nodes, and in Fig. 21
(c), the center lies on the mid-
point between the two center posi-
tions above.

The values of the resistors are
shown in their figures respectively.
From these cases we obtain the
resistivity curves as shown in Fig.
22, where the black dots (@), the
white dots (O) and the crosses
(x) are the values obtained in
Figs. 21(a), 21(b) and 21(c) re-
spectively.

Comparing Fig. 22 with Fig. 18,
we can see that these curves agree

=7

YRR

0.25
A 1%
o AP
: 10 X

5
k) /M/x_____.—-———- ]
R
LNY
I

-2 -7 g 7 2

/ 2
/W/é///fm

Fig. 22, Resistivity curves.
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fairly well with each other, so that it is safe to
say that if the length of the radius is more than
the net spacing, we obtain resistivity curves which

// 77 ! 7 7
/

Fig. 23. A hollow of the semi-

can be considered sufficiently accurate. circular plate section.
RYR: R P i _ _
1: ’?}R'T\ o — R=230 R=041
), R BB R p R R=185 R,=120
[ 11 Ri | R% 7 % R=041 FR=185
T R=23.54
I
(a)
e —
RIS R, R=410 FR=096
7% R;l——/%_]\/?/ 14—'/%—[/?;4‘1’7‘1——‘ £=098 R=092
N ool SN B fio R=0.11 R=4.80
512 A2 5 10 - _
! ! R=738 R=126
— R=154 R,=102

&Y
Fig. 24. Center positions and values of the resistors.

4.3 Hollow in the semi-circular ‘ l

plate section (I) 18

There is a hollow in the semi-

circular plate section of which the

O
[ o

1
-
radius » (as shown in Fig. 23) is A_O;: \Z \ \v \
twice the net spacing. The center 1 \/-\ l
positions and the values of the re- / [ \ \
sistors are shown in Fig. 24. The 12 \ \ \
resistivity curves measured by the ‘/\ N
Id !
analyzer in the above two cases "\ \ / [ 40 \ \ / /
are plotted in Fig. 25, the black \ / i \ \/
dots (@) and the white dots (O) 08

>

corresponding to Figs. 24 (a) and \
24 (b) respectively. In Fig. 25,
a=2 and 4 correspond to r/a=1

——
s
D
q
<3
I~

and 0.5 respectively. From these -3 iy =7 0 7 Y 3

curves we can see that the sharp

\ | %
maximum takes place at the center 7, W 77

of the hollow in the case of 0.5

Y

Fig. 25. Resistivity curves.
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NN T D & B
] B X0 R=131
t Y Rs !
R="65
(a)
_—U —_I,q Ry Ig/?l /?,/[? g R'——— R=234 R=544
3
H AV S R=09 R=122
R=023 R=124
(6}
yel R=410 R, =151
T =N, ST =
] R AN 7/]/; R ”/=0.49 R=1.37
L ’1‘35 /?2/?3 g /%:005 /?9:055
R=720 R=329
(c) b R=142 R=107

R=137 R,~106

Fig. 26. Center positions and values of the resistors.

and that the minimum takes place
in the cases of 2 and 1

4.4 Hollow in the semi-cir-
cular plate section (II)

In a manner similar to section
4.2, we discuss the case in which
the radius of the semi-circular plate
section equals the net spacing.
Figs. 26 (a), 26 (b) and 26 (¢) show
the three different center positions
of the semi-circular plate section
and the values of the resistors re-
spectively.

The resistivity curves measur-
ed by the analyzer in the above
three cases are plotted in Fig. 27,
the black dots (@), the white dots
(O) and the crosses ( X ) correspond-
ing to Figs. 26 (a), 26 (b) and 26 (¢)
respectively. In Fig. 27, a=1, 2
and 4 correspond to r/a=1, 05
and 0.25 respectively.
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j o
D
xfprX
et |
X
x
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M Y L ge

N Lo /

=2 -1 0 / 2

r

Z o
7/%/7/% /5 )77

Fig. 27. Resistivity curves.
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T
‘\]/ Ry 2 /?123:30
! R,=112
R=0. 50

(6]

R=412 R=057

=]

k‘( Ry Ry 5
T a7 T /?2:2 79 /?5:[_04
R=122 R=107
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Fig. 28. Center positions and values of the resistors.
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Fig. 29. Resistivity curves, Fig. 30. Theoretical resistivity curves
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4.5 Hollow in the semi-circular plate section (III)

In this section, the radius of the semi-circular plate section is half the net
spacing. Figs. 28 (a), 28 (b) and 28 (¢) show the three different center positions
of the semi-circular plate section and the values of the resistors respectively.

The resistivity curves measured by the analyzer in the above three cases
are plotted in Fig. 29, the black dots (@), the white dots (O) and the crosses
(x) corresponding to Figs. 28 (a), 28 (b) and 28 (¢) respectively. In Fig. 29, a=1
and 2 correspond to r/a=0.5 and 0.25 respectively. In this case the theoretical
resistivity curves are shown in Fig. 30®.

Comparing these curves with the ones measured by the analyzer, we can
see that these curves agree fairly well with each other.

5. Conclusion .

In electrical prospecting it is very difficult to solve the general problem of
any resistivity distribution, and certain simplifying assumptions are often made
about the types of resistivity distributions which occur in practice. Within the
limits imposed by these assumptions valuable imformation can sometimes be ob-
tained. But unfortunately, the true resistivity distributions are so complicated
that these assumptions can not represent all cases satisfactorily.

It is shown in the present paper that the resistance network analyzer is
capable of high accuracy in the solution of Laplace’s equations with given
boundary conditions.
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