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The Effects of the Degree of Liquid Mixing on Unsteady Perfor-
mance Concerning Fluid Concentrations on Fractionating Plates

By
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In order to investigate the effects of the degree of liquid mixing on the
dynamics concerning fluid concentrations on a fractionating plate, four kinds of
transfer-functions describing the unsteady performance of vapor and liquid con-
centration were derived and analysed, using two “mixing models” for expressing
the liquid mixing phenomena on a plate. Furthmore dynamics concerning unsteady
fluid concentration change in the multistage fractionating plates were developed
with the results obtained on a plate.

§1. Introduction

Dynamic performance of gas-liquid contacting plate columns concerning the
concentration changes of flow have been investigated particularly for the distil-
lation operation, assuming that vapor and liquid are perfectly mixed on each
plate and that both leave each plate at equilibrium concentrations’*—*®. In large
columns for industrial use, however, it is doubtful whether these two assumptions
are satisfied.

In this paper, the effect of the degree of liquid mixing on the dynamics of
a plate is discussed in relation to concentration change. It is most important to
express analytically or in formulae the mixing phenomena on a plate so as to
obtain the effect of the degree of liguid mixing on static and dynamic per-
formances. It is impossible, however, to express this phenomena faithfully or
strictly, because the mixing state on a plate is quite complicated, and an assumed
reasonable, “model of mixing”, must be introduced to express liquid mixing
phenomena.

In this paper, only the problem of liquid mixing in the direction of liquid
flow is taken account, while it is assumed that vapor and liquid in the direction
of vapor flow are perfectly mixed on a plate where both fluids are cross-currently
contacting each other.

* Sanitary Engineering
** Chemical Engineering
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For liquid mixing phenomena in the direction of liquid flow, two familiar
models such as the following are adopted, and the transfer-functions which give
the unsteady behavior of vapor and liquid concentration changes are considered
theoretically.

One mixing model is called the “perfect mixing model®”, which states that
one fractionating plate is equivalent to a series combination of # imaginary
perfectly mixed vessels equally divided in the direction of liquid flow, as shown
in Fig. 1. In this model, the state of perfect liquid mixing is represented by
n=1. The state of liquid mixing on a plate becomes apart from the perfect
mixing state with the increase of #, and finally the perfect piston flow state is
accomplished when »n tends to infinity.

The second model of liquid mixing is the well known “diffusional model”
which states that “back mixing” occurs in proportion to the liquid concentration
gradient in the direction of liquid flow so as to reduce the liquid concentration
gradient. The liquid mixing degree is expressed by a “back mixing coefficient”
E which is similar to an ordinary diffusion coefficient. The value of E represents
the degree of liquid mixing, that is, perfect liquid mixing state is represented
by E=infinity, and the degree of mixing decreases with the decrease in E. On
the other hand, perfect piston flow is represented by E=0. The degree of liquid
mixing on perforated plates and bubble cap trays®, and also in multi-tubular
heat exchangers®”, have been investigated by experimental methods with the
diffusional model. '

As will be mentioned in a separate paper®’, the expression of the degree of
mass-transfer on a plate is to be considered more carefully than the problem of
liquid mixing, and only the expression of Kra or Ksa has been concluded to be
reasonable in the consideration of dynamics by authors’ investigation, while the
Murphree efficiency was introduced by Wood and Armstrong!>. Therefore in
this paper, these overall mass transfer capacity coefficients are used in respect
to the expression of the degree of mass transfer.

$2. Transfer-functions for concentration change by “perfect mixing model*”

In a fractionating plate in which vapor is in contact with liquid cross-currently
and the hold-up of vapor is assumed to be negligibly small in comparison with
that of liquid, the transfer-functions which express how a change in concentration
of the inlet liquid or vapor, xr or yr in mole-fraction, is transferred to those of the
outlet liquid or vapor, are considered in this section. With the perfect mixing
model, it is supposed that a plate is equivalent to a system combined in series by #

*)  Unpublished
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Fig. 1. Material balance on a plate for “perfect mixing model”

perfectly mixed vessels as shown in Fig. 1, where the flow rates of liquid and
vapor R and V (kg-moles/hr), the hold-up of liquid on a plate H (kg-moles) are
constant for a given plate. Obviously from Fig. 1, in each vessel, the flow rates
of liquid and vapor are R and V/# respectively, and the hold-up of liquid is H/n.
In addition, it is assumed that chemical and physical properties, eg., the degree
of mass-transfer and the relation of equilibrium between the concentrations of
vapor and liquid are constant through all vessels.

In these conditions, the material balance or the equation of continuity for
the i~th vessel (in which liquid and vapor are perfectly mixed in all directions)

is given by
H &G _ pLei-1, 0)—xG, D1+ L[y~ G, 0] (1)
n dt n
Similarly the equation of mass-transfer rate in the liquid phase is given as
follows.
B EGD _ RLs-1, -2G, D]~ KeaWIxG, —2%G, D] (2)

, where W (m?® is the volume occupied by fluids in a vessel, and Kre (kg-mole/m?® hr
unit driving force) is the overall mass transfer capacity coefficient based on the
liquid phase and x*(Z, #) is an imaginary liquid concentration which is in equili-
brium with the outlet vapor concentration y(i, #).

Now the relation of equilibrium between the concentrations of vapor and
liquid is supposed to be expressed by

y(i, t) = mx*(i, t) +constant (3)

,where m is always constant.

The fluid concentrations x and y which are dependent on time, may be
seperated into the steady-state terms x° 3° which are independent of time and
the unsteady-state terms 4x and 4y which are dependent on time, that is,

x4, ) = 2°@) +4x(, 1)

4
G, 1) = () + dyG, B (4
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From equations (1), (2), (3) and (4)

T ddx(i, b) — dx(i— _( 1 ANy ) . 1, N 4

P x(i—1,6)— |1+ w Tt Na dx(, ) + 0 MmO END y1(t) (5)
,where 7, 4 and N, are the residence time of liquid on a plate, stripping factor
and overall number of transfer units of liquid phase respectively, and given by

~ By, =201, N =B

Considering that the concentrations of the inlet liquid and vapor change around
their steady-state (#<{0) values x% and 3% by 4x;(#) and 4y;(¢) at t>>0, respec-
tively, dx(4,t) and 4y(i,t) are zero at ¢#=0, and hence equation (5) may be
rewritten as follows.

f 1 NoL 1‘_ ZNOL =
XG—1, s)— (1+7 i L s)X(z s)+n L Yi(s) =0 (6)

,where X(z,s) and Y(i,s) are Laplace-transforms of 4x(i,f) and 4y(i,¢) with
time ¢, respectively, that is,

X, s) = L[4x(, )]

Y, s) = L{4y(, t)]
From the difference equation (6) of 7, the following equation (7) is obtained by
using the boundary condition that x(i,¢) at {=0 is equal to the inlet liquid
concentration xr(f).
1

X4, s) = X
(O (1+_1, NG +_ s) 1(s)
n A+Nor
1 ANoL
m A+ NoL 1
T ANy [1- (oI e T )]Y’<S) (D
A+N0L n l‘}‘NoL

Equation (7) indicates how the outlet liquid concentration of the i-th vessel
changés around its steady state value in response to an arbitrary change of the
inlet liquid or vapor concentration by the Laplace transform. From equation (7),
the response of the outlet liquid concentration is obtained by using the following
boundary condition.

Xiu(s) = X4, 5) at i==n

For the response of the outlet vapor concentration, since the outlet vapor
concentration of each vessel is different, the average concentration from a plate

must be calculated by the following equation.
[}

) =132 3G, 0 (8)
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The Laplace transform of the unsteady state term of equation (8) is given as
follows.

Yu(s) = - 32 ¥G, ) (9

i=1

On the other hand, Y (i, s) is obtained from equations (1), (2) and (3) as
follows.

e Yr(8) + mNoL x(; <) (10)

YG,s) = T Nos

A+ Noz N

From equations (7), (9) and (10), the equation describing how the outlet
vapor concentration changes around its steady state value in response to an
arbitrary change of the inlet liquid and vapor concentration at #>>0 is obtained
in the form of the Laplace transform as follows.

TN 1

— +NoL _

Yi(s) lﬂ(\}l‘{f [1 (1+% Aﬂ_N;i +_ )]Xz(s)

o[ (/I+No,-,) _ (1533@)22{1_ 1 J| 7o an
T e

From equations (7) and (11), four kinds of transfer-functions describing the
unsteady performances of fluid concentration are obtained.

_ Xnu(s) _ 1
R I (Ve W P B (m
n Z‘|‘N0L
mNor,
_Yuls _ _A+No _ 1
Gals) = Xi(s) s+ ANoL [1 (1_}__1_. ANoL +i1‘s)n] a3
A+Nor n A+Nop =n
ANoL
_Xn(s) _ mUA+No)[_ 1
Gl =Tt o5 1 Ao [1 (1 L1l Ny T Ts)n] b
A+Nor n A+Nop n
Z( NoL )
G (S) _ YII(S) — A A+ Nor
4 Y:(s) A+Nor st AANJS/'L
+NoL
N,
z( oL )
_ A‘i‘NoL _ 1
(TS+ ANor ) [1 (1-#l ANoz_ !!—irs)n] 1
A+NoL n A+Ny =
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The effect of the degree of liquid mixing on the dynamics of a fractionating
plate can be discussed by analysing the transfer-functions given above, because
the degree of liquid mixing is expressed by the value of x.

First, in the case where the liquid on a plate is perfectly mixed, that is, the
liquid mixing parameter # is equal to unity, the following transfer-functions are
obtained from equations (12), (13), (14) and (15).

_ Xu(s) _ 1
G = Xi1(s) 1-I-———AN°L +7s e
A+Nop
mNoL
_Yu(s) . A+Nuy
GZ(S) - XI(S) 1+ ANOL +Ts (17)
A+Nop
__ANor _
_ Xu(® _ _mA+No)
G,(s) = Y1(s) - INoL s (18)
A'I"NOL
Y (s) yl A(lf})\Lf )2
= — oL
GO =¥ “ T Ne T Wy (19
A‘}‘No[‘

These transfer-functions are all of the first order except that expressed by
equation (19), and they have following common time constant.
T — }s +N oL
A+ANor+ Nor
Since only G,(s) is essentially different from the other three transfer-functions,
some discussion will be given in §4. It is worth while to notice that », which
describes the liquid mixing degree on a plate, is involved only in the following
term of the four kinds of transfer-functions.

1
T W 1)
(1+ n /H—Noz.Jr n Ts)

Therefore, it may be, first of all, desirable to speculate how G,(s) is affected by
the value of n#. G,(s) is transformed into

1 1

= . N
G 1+ L. Wep T 10" @0
n A+NOL
, where
T,, A +N0L

= 2GF Nor) +ANoL.©
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Fig. 2. Transient response of the outlet liquid concentra-

tion with unit step change of the inlet liquid concentra-
tion with “perfect mixing model” for A=1, 1/N;;=0

Fig. 3. Bode Diagram of 1/(1+joT,)*

G,(s) expressed by equation (20) is a transfer-function of the n-th order and its
dynamic behavior differs from the transfer-function of the first order shown by
equation (16) with increase of ». This fact can be more explicitly seen by the
indicial or frequency response curves in Fig. 2 and Fig. 3 calculated from the
transfer-function G,(s). In the perfect piston flow state which is the limiting case,

Gi(s) = exp (—A/_Il_N;;;L)-exp (=79) (21)

The above equation states that the value of the outlet liquid concentration chan-
ge for a unit step change of the inlet liquid concentration comes to exp (— /lﬂ—NZQfL )
oL.

after #=r and in frequency response the gain has a constant value of

exp (— /IiN]‘\)/L ) and the phase lag increases to infinity from zero with increase of o.
oL
From the analyses of indicial response or frequency reponse as shown above,

G.(s), the only term involving parameter # in the four kinds of transfer-functions,
is seriously affected by the value of #, that is, by the degree of liquid mixing.

On the other hand, the other three kinds of transfer-functions G,(s), Gs(s)
and G,(s) are not affected so greatly as G,(s) by the degree of liquid mixing.
This explanation will be given in §3 in detail.

£38. Transfer-functions for concentration change with “diffusional model”*®

In this section, the same problems as discussed in §2 are analysed in the
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Fig. 4. Material balance on a plate for “diffusional model”

form of a “distributed system” with the assumption of a “diffusional model”
for the expression of the degree of liquid mixing. In this case the form of the
liquid concentration distribution curve is smooth in the direction of the liquid
flow on a plate while the liquid concentration distribution in §2 is assumed to
be stepwise. The assumptions used in this section are the same as those of the
previous section, except for the method of expressing the degree of liquid mixing,
and are as follows;

a) Vapor hold-up is negligibly small in comparison with that of the liquid
on a plate.

b) Liquid and vapor are perfectly mixed, that is, there is no concentration
gradient of liquid or vapor, in the direction of vapor flow.

¢) Liquid stream is continuous and smooth, and the “diffusional model”
can be assumed for the concentration gradient of liquid in the direction
of liquid flow.

d) All the physical or chemical properties, eg., the mass transfer capacity
coefficient and the relationship of equilibrium between the concentrations
of vapor and liquid are always constant despite of changes in fluid con-
centrations, and are independent of time and position on a plate.

e) Mass flow rate of liquid and vapor and hold-up of liquid are always
constant.

In Fig. 4, L is the molar mass velocity of liquid per unit width in kg-moles/
m-hr, G is the molar mass velocity of vapor per cross sectional area of a plate
in kg-moles/m’hr, / is the liquid travelling length on a plate in meters and « is
the constant liquid linear velocity in m/hr.

In the infinitesimal interval between z=z and z=z+dz in the direction of
liquid flow in Fig. 4, the material balance (the equation of continuity) and the
equation of mass transfer rate are given under the assumptions mentioned above
as follows,
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0%x 0x 0x  u
Ese "5 ot B =0 @2)
and
L Ox 1 L 0x E L 0%
R N FEA A TR e (23)

As in §2, the relation of equilibrium between the concentrations of vapor
and liquid is given by the following equation.

y = ma*+constant @4

In equations (22) to (24), E is the “back mixing coefficient” in m?/hr and
H,; is the length of an overall liquid phase transfer unit in meters. H,r is
essentially the same expression for the degree of mass transfer as an overall
mass transfer capacity coefficient Kre and is equivalent to //N,z. x and y, of
course, are functions of time ¢ and position z. The boundary conditions for
equations (22) to (24) are given from the material balances at the inlet and
outlet positions of the plate as follows;

E [g_g]z=0 s (zfﬂ —-xl) (25)
and

Using the boundary conditions (25) and (26), the following equation for the
liquid concentration distribution on a plate is obtained from equations (22) to
(24) in the Laplace transforms of fluid concentration changes 4x and 4y from
their steady state values x° and 3°.

P, (byebatb:1C2/D> b, gb1+82(2/13)

X(z,5) = B — R eh 1(s)
ZA’Vol,
MG+ Nor) [1_ Pe(by ebatb1C2/D_p, gbr+ba(2/1)
+ st ANor [ biedz—btehr ]YI(S) @n
A+Nor

, Where

by, bs = —(Pe+~/P2+4Pe(rs+xiN1{’/,’;L))

In the above equation, 4 and N,z are defined as follows;

= mGl L
- L > NOL - H()L

These parameters 4 and N,; are exactly the same as those in the previous
section.
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From equation (27), the liquid concentration distribution on a plate is easily
obtained, where P, is called the “Peclet number” which gives the degree of
liquid mixing on a plate in the direction of liquid flow, and is a function not
only of the back mixing coefficient but also of the liquid travelling length / and
liquid linear velocity #. That is,

— Ul
P, =%

From the fact mentioned above it may be found that the degree of liquid
mixing on a plate can be accounted for more reasonably by P. than by the back
mixing coefficient E alone. Therefore P, will be used to describe the degree of
liquid mixing on a plate, hereafter.

Similarly, the concentration distribution of the outlet vapor may be obtained.
The concentration of “local” outlet vapor from the infinitesimal section in the
direction of liquid flow is a function of position z and time £, and therefore the
average concentration of all outlet vapor rising from a plate must be calculated by

1 (¢
yu®) =3 5 e (28)

From equations (23), (27) and (28), the following equation describing the
average concentration distribution of the outlet vapor on a plate in Laplace
transform is obtained.

mNor
A+ N, P,oPe(b,—b))
YII(S) = st lz(\)]LoL [1'— b%ebz—lzﬁebI ]XI(S)
A"’NOL

Heo @9

A+Nor " o ANor _<Ts L ANo Bieh—bledr

Z'|‘1\[0L

[ J(ai\]}’\?;) (xiv})\?@) {1 Beere b
1+NoL>

From equations (27) and (29), the following four kinds of transfer-functions
are obtained as well as in the case of §2.

X11(s) _ PeePe(b,—by)

Gi(s) = Xi(s) = biebz—bietr B0
mNoL
_ Y1r(s) _ A+Nor _P23P2<b2‘“b1>
G:(s) Xr(s) s+ Nyt (1 b ebz—bi et ) @BD
A + NoL
ANor
_ Xr(s) _ m(A+Ner) __PeePe<b2—b1>
Gs() = Yis) + Nz (1 b} ¢bz— b5 gb1 ) (82)

}»'f‘NoL
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Z(—NOL“Y
G,(s) = Yi(s) - A A+Nor
' Yi(s) A+Nor rs—|——@v°—l‘«
A+ Nog
%)
_ A+Nop [1_&9[,9(172"171)] (33)
(rs+ AN, )2 2 eb2— bl et
A+Nor

In both extreme conditions, that is, in the state of perfect liquid mixing
and of perfect liquid piston flow, these transfer-functions expressed by equations
(30) to (33) are found to be equivalent to the corresponding transfer functions
obtained in §2.

As in §2, the meaning of the transfer functions given by equations (30) to
(33) can be analysed by indicial response and frequency response methods. The
response of the outlet liquid concentration with a step change of the inlet liquid
concentration, as one example of indicial response, is given by the following

equation.
4 ~ o
540 1[89] -5
, where
Ry = [Boete 0]
0 b%ebz—b3ebr ls=o
PZ
2P, erer 0383 — L) v
R, = :
Pz)( P? )( » P2 N, )
0 2 £ e 02 £ e . 6., L e oL .
COos k( k+4 k‘|‘4+P k+4+x‘|‘NoLP
PZ  JN,
03 L e oL .
A B
k P.-T
and 4, is the k-th positive 0.5 | T
root of
4P 0 041 =
tanf = g5 p
Numerical solutions of .35} 7
equation (34), as one ex- P =10
ample, with A=1 and 1/N,z o2 Pe=5
=0, is shown in Fig. 5. It h=Z
is seen from Fig. 5, that the = 2=1
response of the outlet liquid pe=0
concentration deviates ra- 0f s 1_'0 75

ther markedly from that of Vg

the first order system and  Fig. 5. Transient response of the outlet liquid concentration
. . . . with unit step change of the inlet liquid concentration with
its dead time increases with “diffusional model” for A=1, 1/N,;=0
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increase in P.. This fact is more obvious from the Bode Diagram showing the
frequency response of G,(s) as shown in Fig. 6. The response at P.=0 is
essentially different to those at P.==0, particularly in the region of higher fre-
quency.

Similar numerical calculations of the frequency response of G,(s) or G,(s)
and G,(s) expressed by equations (31) or (32) and (33), are shown in Fig. 7 and 8.

7
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Fhase lag

=2
360 P=5 ]
Pe=10.
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wT
Fig. 6. Bode Diagram of G,(j») for A=1, 1/Nyz=0
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Fig. 7. Bode Diagram of G,(jv)/m or mG;(jw) for
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Fig. 8. Bode Diagram of G,(jw) for A=1, 1/Nyz=0
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From these diagrams it can be seen that the transfer-functions of G.(s) or G,(s)
and G,(s) are slightly affected by the value of P..

From these frequency response analyses, involving results for several condi-
tions in addition to the above, it may be concluded finally that the effect of the
degree of liquid mixing on unsteady performance with respect to the fluid
concentration on a plate is large only in the case of the signal transfer given
by t‘he transfer-function G,(s) and is negligibly small for those given by the
transfer-functions G.(s), G,(s) and G,(s).

Therefore these transfer-functions may be substituted for with first order
functions without large error. This fact also may be recognized in §2.

§4. Discussion of the expressions for the degree of liquid mixing and other
problems from the view point of “dynamics”
1. On the expressions for the degree of “liquid mixing”

From the discussion of the transfer-functions given in §2 and 3, it has been
concluded that the unsteady performances expressed by the transfer-functions
G:(s), G3(s) and G,(s) are affected but slightly by the degree of liquid mixing
and in practice may be replaced with fair accuracy by the corresponding transfer-
functions at P.=0, and that G,(s) is remarkably affected by the value of # or
P. which is the parameter of the liquid mixing degree. In this section, the
differences between the transfer-functions expressed by the two “liquid mixing
models” are discussed. By comparing the four kinds of transfer-functions G,(s),
G.(s), G4(s) and G,(s) given by equations (12) to (15) for the case of the “perfect
mixing model” with those in the “diffusional model” given by equations (30)
to (33), it is easily recognized that the difference between both models is only in
G,(s), that is, in the following term showing the effect of the liquid mixing degree.

= 1 .
- (1+L._1N<>L +_1_Ts)” (for perfect mixing model)
n A+Nor n

P, = %‘%875:—(%9 (for diffusional model)

In the above equations, it is worth noticing that when P, is always equal to
P, analytically, the two expressions for the liquid mixing degree are equivalent
to each other in the sense of “dynamics”. However, P; is generally not equivalent
to P, except for the two extreme cases when the state on a plate is one of
perfect liquid mixing and perfect liquid piston flow.

In the Bode Diagram of G,(jw) based on the “diffusional model”, the phase
lag changes from zero to infinity corresponding to values of @ from zero to
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infinity, and the rate of decrease in gain becomes large with increase of w. On
the other hand, in the Bode Diagram of G,(jo) expressed by the “perfect mixing
model”, the phase lag approaches 90x° and the gain decreases linearly with a
slope of 20# decibels per decade in the region of large w.

From the considerations mentioned above, it may be concluded that when
P, and P, are not equivalent to each other, both expressions for liquid mixing
degree are not essentially equivalent to each other in the sense of “dynamics”.

These essential differences caused by the expression of the liquid mixing
model are not found in analyses of steady state performances, for example the
effect of liquid mixing degree on plate efficiency.

2. On the effect on the transfer-functions of neglecting the vapor hold-up on
a plate.

In the discussions given above, it was assumed that the hold-up of vapor is
negligibly small in comparison with that of the liquid. It must be noticed that
in the transfer-function G.(s) expressed by equation (15) or (33), the phase lag
and the gain for very large values of @ come to zero and constant value 4/(A+Nyz)
respectively if the vapor is not completely in equilibrium with the liguid on a plate.
This fact, for example, is shown in Fig. 9 for i=1, N.=3. And furthmore the
transfer-function G,(s) given by equation (15) or (33) expresses that the outlet
vapor concentration change 4y;(¢) is not zero at £=0, for example, with an unit
step change of the inlet vapor concentration. These phenomena, however, can not
occur in actual practice and therefore these irrationalities are due to neglecting
vapor hold-up. This discussion will be given in detail in another paper®.

1

Gain

D207+ ~
3 | p=10 |
€ wt Z::j ~
L=0
6010" 10 7 0 10°

wT
Fig. 9. Bode Diagram of G,(jo) for a=1, Ny;=3

*) Unpublished.
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$5. Development to multistage fractionating plates

In §2 and 3, the transfer-functions concerning Ly uz=n Gty =

fluid concentration ch late have bee
u%. ncentration angeonap'a' av n 777
considered for the case where the liquid on a plate

is not perfectly mixed. This information obtained Z:: f::
from $2 and 3 can be used to procure the “dynamics” .
of fractionating plates column. B
Fractionating column has multistage fraction- %m .
ating plates ‘as shown in Fig. 10, in which the Y

Xy
total number of plates is N. In fractionating it
plates as shown in Fig. 10, assuming that the

Me~s /=

transfer-functions of all plates are the same

througout a column, the following equations are ¥ n
obtained around the k-th stage. W !
Xi(s) = Gi() X1 (8) +G3(8) Yia(5) (35) Lin=xn 6 4=y
Yr(s) = Go(8) Xp11(8) +Go(8) Yi_i(8) (36) Fig. 10. Schematic diagram
of multi-stages fractiona-
and hence, ting plates

G1(8) Xp41($) — A+ G1(8)Gi(8) = G2()G3()) Xk ($) +Go(8) Xp—i(s) =0 37

From the difference equation (37), the following four kinds of transfer-
functions for multistage fractionating plates are obtained.

_ X1(S) __ Gl(s) (Ax_A2>
gl = X0 ~ AV =AY) —Ci(s) (AF—4F (38)
_ Yule) Ga(s) (AV— AP
&) = % L0 T AV=AP) =G.(s) (AN = AF (39)
N _ X, (s) _ Ga(-?) (AN—AQ’)
88 = T T CAV=AY) —C.(s) (AVT—AFT) (40)
_ Y (s) . G1(3> (AIAZ)N(AI—AZ)
&) = Yy T (A=A = Gu(s) (AT —AF D D
, Where
1 ~
A, A = m {1‘|‘G1<3)G4(3) 62(3)63(3)

£V A +61()Gi(8) —Go()G3(9))*— 4G(H G ()}

The transfer-functions as shown above can be analysed analtically in the
form of frequency response, but it is rather difficult to obtain the indicial
response from equations (38) to (41), except for the extreme case calculated by
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Voetter®. From the frequency re-

sponse analyses of g}V (s), gV (s), gV (s)

and gY(s) by using the NO. 1 digital

computer of Kyoto University (KDC-

1) for several conditions of 4, P,

and N for 1/N,.=0, the following

conclusions have been made.

1. The transfer-functions gP(s) is
seriously affected by the value of
P, and the effect of P, on the
transfer-function g{¥(s) becomes
large with increase in the total

number of plates N, and g{¥(s) can

not be replaced easily by a simple
equation.
2. The transfer-functions g#(s) or
g¥(s) is almost not affected by the
value of N and P,., that is, G,(s)
and G;(s) at P,=0 may be substi-
tuted for g#(s) and g¥(s) respec-
tively with considerable accuracy.
3. The transfer-function gd(s) is
affected slightly by the value of
P., and in practice gl (s) at P.=0
may be substituted. In Fig. 11, the
Bode Diagram of g}(s) is shown,
as one example, for A=1, 1/Nor=0
with several values of N and P,
as parameters.

From the conclusions mentioned
above, the only remaining problem
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Fig. 11. Bode Diagram of g, ¥ (jw) for

A=1, 1/Nyz=0

for expressing simply and accurately the complicated transfer-functions of multi-

stage fractionating plates is how to express the transfer-function g¥(s) simply.

In the region of large w in frequency response,

and A,(jo)—1/G,(jw)

1A, (J) 1> 1> 1A:(jo) |

and hence,

gl'(jw) = G,(jo)¥
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That is, g{Y(s) approaches the transfer-function of the system which is com-
bined of # elements, the transfer-function of which is equivalent to G,(s). From
the point of view mentioned above, it may be worth while to define the follow-
ing two factors.

_ 1gVlw)|

Cwn TC.Cia) TV and ¢y = (—2gV(jw)) -N(—~£LG,(jo))

wr
Fig. 12. Diagram of Cx and ¢y for A=10, 1/Nyz=0
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In the region of large w, Cx and ¢n approach to unity and zero respectively.
Cnv—1, ¢ —>0 for o»1 (42)

On the other hand, in the region of very small o,

Cy = lim 1%%%' — lim %f%‘v — constant, ¢y —0 for o<1  (43)

Cy and ¢n are shown in Fig. 12, as one example, with A=10 and 1/N,.=0.

From the results in the case of 1/N,.=0, the conditions given by equations
(42) and (43) may be satisfied only in the region of »T>10 and o7 < 107*
respectively. In Fig. 12, T is defined by

T=1/A+4

That is, gV¥(s) may be estimated rather accurately only in the region of &7<107*
or wT>10.

Nomenclatures

E ; Back mixing coefficient (m?/hr)

vapor flow rate per unit cross-sectional area (kg-moles/m?hr)
H ; liquid hold-up (kg-moles)

H,r ; overall length of transfer unit based on liquid phase (m)
K;a ; overall mass transfer capacity coefficient based on liquid phase

()

(kg-mole/m®hr unit driving force of liquid phase)

L ; liquid flow rate per unit width (kg-moles/m hr)
L ; operator of Laplace transformation

L ; operator of Laplace inverse transformation

! ; liquid travelling length (m)

N ; number of plates in the fractionating column (—)

N,z ; overall number of transfer units based on liquid phase (—)

P. ; Peclet’s number defined by P,,,=_“EI_ (-)

R ; liquid flow rate (kg-moles/hr)

T ; modified time constant defined by :r=1—i—/1 (hr)

T. ; modified time constant defined by T ,,=W—_|_AA';O—LA§"—:‘_XN—M z (hr)

# ; liquid linear velocity on a plate (m/hr)

vV ; wvapor flow rate (kg-moles/hr)

W ; volume occupied by fluids in a vessel (m?)
X ; Laplace transformation of 4x with time ¢

x ; liquid concentration (mole fraction)

Y ; Laplace transformation of 4y with time ¢
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; vapor concentration (mole fraction)
; distance from liquid inlet point (m)

; stripping factor defined by A=’—’}"¥ or X=mTGl (-
; residence time of liquid on a plate given by r=% or r=—1i— (hr)

; angular frequency (rad/hr)
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