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Finite-settling-time systems which are non-minimal have some constants
which can be arbitrarily assigned. This opens up the possibility of selecting
extra system constants with a view to optimizing the system under some criterion.
An approach to this problem is to minimize the integrated-square sampled error,
and another is to minimize the quadratic control area. This paper is concerned
with the problem of the synthesis of non-minimal finite-settling-time systems,
which have no ripples between sampling instants, under these two criteria. The
treatment of these optimization problems makes use of the z transform and the
modified 2z transform methods respectively. By representing polynomials by
vectors or matrices, and by making use of the linear algebra techniques, these
two synthetic studies are carried out in a systematic manner. Fundamental
design equations of the optimum system, and evaluating formulas of the minimum
integrated-square sampled error and the minimum quadratic control area are
derived.

1. Introduction

In the synthesis of finite-settling-time systems, it is usual to design a system
consistent with the requirement that it be stable and that it have the shortest
settling-time. When so designed, it is called a minimal system. In such a system,
system parameters are determined uniquely, so the system has no parameter to
be adjusted at all. In consequence, a minimal system is not always the optimum
one under some other criterion. Here if some additional constants are used and
the settling-time is made a little longer, the system becomes non-minimal and
gets to have some constants which can be arbitrarily assigned. This opens up
the possibility of selecting the extra system constants with a view to optimizing
the system under some criterion. From this point of view, authors reported
studies on the synthesis of this kind of problem in another paper®. However
the system treated in it was one which contained ripples between sampling
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instants. In this paper the same kind of problem will be inquired into further.
That is, this paper is concerned with the problem of synthesis of non-minimal
finite-settling-time systems which contain no ripples after a suitable short transient
period has elapsed. The word ‘complete’ given in the title means ‘ripple-free’
after systems once settled to the desired value.

In general, the z transform and the modified z transform of the error of
complete finite-settling-time systems are both polynomials in z7? so that

E(z) = eo+elz_1+..-+eN_lz-—N+1 (1)
E(z,m =esmz te,(m)z 2+ - +en(m)zN (2)
where m is a real number and 1=>m=>0. By making use of vectors e=(e, ¢,

y en—1) and e(m) = (e;(m), e;(m), ---, en(m)), the integrated-square sampled error
and the quadratic control area are expressed as follows :

Se=(e (3)
and .
[~ ewyar = | eom, eomyam (0

respectively, where the round brackets denote the inner product of vectors e or
e(m). The form of Eqs. (3) and (4) imply the possibility of employment of the
linear algebra techniques, with which synthetic studies will be carried out readily
and systematically in this report.

2. Mathematical Preliminaries
Prior to main discussion it seems to be necessary to explain new mathe-
matical methods employed in this paper. The methods are to make operations
of polynomials correspond to those of vectors or matrices.

2.1 Reprecentation of polynomials by vectors or matrices

Representing a polynomial by a vector or a matrix whose elements are
coefficients of the polynomial, we can put the four rules of arithmetic for poly-
nomials in correspondence with the operation of vectors or matrices as mentioned
in the following subsections. The correspondence will be denoted hereafter by
the notation ‘=,

1) Addition and subtraction
Let
f@) =aytaz t o taz ™ = Ff=(@) m=i>0), (5)
8@ =by+bz 4 tbuz™ = g=(0) Mm=i=0), (6)
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where £ and g are both column vectors. Then the following correspondences

may be readily verified
f(@*+g@@ = frg=(a;+b) (max(m,n)>i=>0). P)

2) Multiplication
Suppose that g(z) X f(2) makes k(2) which is a polynomial of the degree m+»
so that
B(2) = cot ez +C 4 o + Comyg "™ (8)

and let A=(c;), (m+n=>i{>0) denote the column vector corresponding to %(z).
Then we can regard the relation %(2) =g(2)f(z) =f(2)g(2) as a transformation
from a vector £ to a vector A by G, or a transformation from a vector g to a
vector h by F, namely :

h(2) =gl f@ < h=G-f=F-g €]

where the two transformations G and F represent the following matrices

Qo bO
Qo bO
N al * . b1 ".
ey e b
f@eF=|: i af|, gd=G=|:1 " b Qo
Gn : . bm : ",
Qn a, bm b.1
Gy bm

And F and G, respectively, are (m+n+1) X m+1) and (m+n+1) X (n+1) arrays,
and all other elements than a@’s or »’s are zero. Thus the multiplication of a
polynomial by another is found equivalent to the linear transformation of the
vector corresponding to one polynomial by the matrix corresponding to the other.

3) Division
In the first place, assume that 4(z) is divisible by g(z) and the quotient is
f(2), then

_k@
f@ =25 an

Multiplying both sides of (11) by g(2), there results %(z) =g(2)f(2) which is
expressed by h=G-f. Here if there exists a (#+1) X (m+#n+1) matrix G such
that

G-G=E , 12)

where E is the unit matrix of the order n+1, multiplying both sides of A=G-f
by G leads to the following expression
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__1 . - =
f(z)—g(—z) 1165 rf=Gh. 13

In the next place, consider the case that 4(z) is undivisible by g(z). Assume
that the expansion of 1/g(z) into an infinite series is ’

1 dtdetrdatte. 14

g@
Then the right hand side of (14) may be represented by the same kind of matrix
G* as (10). Needless to say, the number of rows of G* is infinite. The first

n+1 rows of G* is equal to G.
For example, let

-1 _ Cotezite
Gt a gt = % (15)
or
cte2 ez t= 1-BzHa+taz™ . (16)

Then, according to the above discussions, (16) may be expressed by using matrix
notation, namely :

Co 2
| =G ’ amn
a,
Cz
1 0
1-8zt e G=|—-p 1 18
0 -8
Hereupon
Hl 0 OH 1 0] “ 10
B 10 -8 1| o 1], a9
0 -B '
hence
1 ~_ ||t 0 O
e o €= BIOH (20)
and
1ao‘ =5 Co )
=G.
| a,] & @D
C2

which is the expression of (15) by means of matrix notation. If ¢,+c.2 ' +c272
is undivisible by 1-—pz~% the expansion of 1/(1—fz™ into 1+Bz'+8%27 %+ -

gives
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[/ 1) Co
& = G €y
as Ca (22)
as
where
1 0 O
Gk=(| B8 1 0
N @)
B g8

A glance at (23) shows that the first two rows of G* is equal to G. In divisible
cases, the condition that ¢,+cz '+ ¢z 2 is divisible by 1—8z7! is given by ci3*+
cB+c.=0, so we have &,=a;=--- =0 in (22).

2.2 Structure of transformation matrices
Studies on the structure of the transformation matrix G defined in 2.1 lead
one to find G. By making use of matrices of the following form

i+1{

R; = 1,_. m+n+l 24

n+1

where every element at the position (¢+k& k) (n+1>k=>1) is unity, and zeros
elsewhere, the transformation matrix G in (10) can be expressed as follows:

by
bo
b,
E b1 KX
G = bo = boR0+b1R1+ "'mem- (25)
bm E .
bm_ b,
.b.m
Now, consider a nilpotent matrix N of the order m+#+1 such that
0
0-
N=| L ™. |, Nmg0, Nmmio0 26)
10
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where every underdiagonal element is unity, and all other elements are zero.
Then
R, = N*-R,,
hence
G = (bE+b N+ - +b,N™R, @n

where E is the unit matrix of the order m+#z+1. Now let
G = bE+bN+ - +buN™. (28)
If there exists G'%, the inverse of G’, it is easy to show that
G =‘RG™ 29

G’~! may be found without any difficulty by the use of the fact that N is a
nilpotent matrix as shown in (26).
To illustrate with a practical example, consider the case g(z) =1—pz~'. Then

g@) =1-pz7' @ G =E—-BN

gg._z)z 14+Bz-14 B4 oo & G = E+BN+FNZ+ .. fpmtnNmtn,

and evidently
G/—IG/ — E—dm+”+le+”+l — E

the last equality follows (26). Thus, by replacement of z~' by N we can obtain
G’, and from the expansion of 1/g(z) G'! can also be obtained with the same
replacement.

3. Synthesis under the Minimum Integrated-Square Sampled
Error Criterion
3.1 Error vector
Consider the sampled-data system with a series compensator C(z) shown in
Fig. 1. For simplicity, the synthetic study will be carried out on the assumption

U/i‘G/Z/
7G(zZm)
V(l“ /fo oz 70 ]_g-fos— oo Xt

Fig. 1. Sampled-data system with series compensator C(z).

that an input is a step function. To the synthesis for other inputs the procedure
mentioned below can be applied in the same manner.
The z transform of the error of the system subjected to the unit step input
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is given by
E@) =1=CRHGCR) (30)
1-z
where HG(2) is the pulse transfer function of a controlled system with a data
hold. In order to make the output settle completely to the desired value after
N sampling periods have elapsed, C(2) must be a polynomial in z* of the degree
N and have the denominator of HG(z) as a factor. Hence let

HG() = g:gg and C() = D@ Gy(@) @D

where G,(2) and G,(z) are both polynomials in 2z~ of the degree #, and D(2) is
a polynomial in z* of the degree N—n. Substitution of (31) in (30) gives
E@ = 1=G@D@ 32)
—z
where
D@ = ataz+ - +an_pz N

Gi(2) = got gz '+ - +guz ™.

(33

In the present instance, the right-hand side of (32) is divisible. Then E(2)
becomes a polynomial of the degree N—1 because the degree of G,(2)D(2) is N.
According to the discussion of the previous section, make E(z), 1 and D(2) cor-
respond to the following vectors

E(@ < e: N dimensional vector
1 < u: N+1 dimentional vector (34)

D@ e a: N—n+1 dimentional vector
and make G;(®), 1—z! and 1/(1—2z"Y correspond to matrices as follows:

G, (2) o G: (N+DX(N—n+1) matrix
1-2¢ < V: (N+1) XN matrix (35)
1/A—-2Y o V: Nx(N+1) matrix.

Then it follows that (32) can be represented in the following vector form
e=Vu—Ga)=V({1|-G|a |)=v—B-a
9 a (36)
O a'N—n

where
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N—n+1
B
&o N+1
g 1 Qereereens 0
Gl ™ &iNgr, V=0 o~ - N @D
&n : - : oo
g”. gl 1eeeenenn. 1 0
gn

v=Vu and B=7VG.

Expression (36) is the desired error vector every component of which is equal
to the error at the sampling instant.

3.2 Derivation of design equation
As described in section 1, the integrated-square sampled error is given by
the inner product of (36). Then

o

I[a] = ”go ¢z = (e, ¢) = (v— Ba, v— Ba)
= |v|*—2(Ba, v) + (BBa, a) (38)
where ‘B is the transpose of B.
On the other hand, conditions for obtaining complete finite-settling-time
response can be formulated as follows:®
N-—nt1

PN fiiai_d.i, (.7 =12 --,D (39)

§=0
or in terms of vector notation
Fa—d =0. 40)

Since conditions that C(z) contains the denominator of HG(z) are excluded from
(39) or (40), the number of conditions for step response synthesis is unity. But
in expectation of the extention to the other higher order inputs synthesis, we
assume that the number of them is /. Hereupon our problem can be described
mathematically as follows: “To obtain such a vector that satisfies the condition
(40) and gives the minimum value of (38)”, because if such a vector @ is found
the optimum pulse transfer function of a controller can be determined by the
use of (31).

Maultiplying (40) by a Lagrange’s multiplier 22=(24;) (/>>i>1) and adding
to (38), there results

Jla, 21 = |v|*—2(Ba, v) + (*BBa, a) + (Fa—d, 22) . (CY)

The condition that (41) have an extremum is then expressed in the form
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0Jla, 2] = 2(!BBa—*Bv+*F2, da) + 2(Fa—d, 64) = 0. 42)

It follows, therefore, that the coefficient of each variation éa, 62 within the
bracket must vanish, so that we have

‘BBa+'FA = 'Bv (43)
Fa=d (44)
or in a single form
‘BB 'F a ‘Bv
. = 45
7 ollal=1% 2

which is the fundamental design equation of the optimum system as proved
below.

3.3 Uniqueness of solution of design equation ,
Equation (15) has the unique solution, if and only if

‘BB tF
det< F 0 )#0. (46)

This may be easily varified as follows.
Using Laplace’s expansion theorem twice leads to

4 t
det ( BB ‘'F ) — 3 BixFr-Fx %)
F 0 TK

where frx is a determinaht of the order N—n+1—/ made by taking off all the
elements at the intersections of / rows, which have numbers I: §,< i< - <lis,
and / columns, which have numbers K: k< k< ---<ki, out of the (N—n+1) X
(N—n+1) matrix *BB. And Fr is a determinant of the order / formed from /
columns numbered I: ¢,<i,<---< 4i; in the /X (N—#n+1) matrix F. The summa-
tion ranges all the combinations of (N _;H_l). If *BB represents a positive
definite quadratic form and the rank of F is /, (47) does not vanish. Because
||Brx]| becomes also a matrix representing a positive definite quadratic form®,
and there exists a combination I= (¢,<i,<--< ;) such that Fr==0. The second
assumption is naturally satisfied, because condition (40) is composed of / linearly
independent equations. And it is easy to show that ‘BB represents a positive
definite quadratic form.
Note that

(*BBa, a) = (Ba, Ba) >0 (48)

namely, {BB represents a non-negative quadratic form. Hence, it is enough to
show that def(!BB)==0. Clearly, ’

det (tBB> = Z {D(il’ iz, Ty Z'N—n+l>}2 (49)
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where D(iy, 45, 5 in—p+1) is a determinant of the order N—#n+1 formed with
N—n+1 rows numbered ¢,< s, -<{N_u+ in B which is a Nx (N—z+1) matrix.
The summation ranges all the combinations of ( N _Z\i; +1). Now from (37), if
o=gi= g-1=0, &n40, then D@A+1,2+2, -+, N—n+1+2)=g{"'40. There-
fore we have det (*BB)=0, unless G,(2), that is, HG(2) is identically equal to
zero. This accomplishes the proof.

3.4 Proof of the fact that solution of (45) gives the minimum value of (38)
The design equation (45) is a necessary condition for an extremum. In this
case it is easy to show that the solution of (45), which is denoted by @, makes
the integrated-square sampled error (38) minimum under the condition (40).
To prove this, assume that a=a+da is an arbitrary vector satisfying (40),
then

Féa=0. (50)
Now from (38) we have
( 20 Dal—( ”2) ed[a] = 2(‘BBa—'Ba, da) + (BBda, da) . (51

Since it is shown by the use of (43) and (50) that the first term of the right-
hand side of (51) vanishes:

(*BBa—*Ba, da) = (—*F2, 0a) = — (Féa, 2) = 0, (52)
then we obtain
(X edlal— (X edla) = (‘BBa, a) >0, (53)

which is the proof. The last inequality in (53) follows the fact that ‘BB re-
presents a positive definite quadratic form.

3.5 Evaluation of ( f‘:, €2) min.
=

The minimum value of the integrated-square sampled error is evaluated from
the following formula.

‘BB 'F ‘Bv
oo ‘BB 'F
(ZeDmn=N+| F 0 d (G
n=0 F 0
'wB d 0

Proof :
1@ = (3} )i = |0/~ 2(BE v) + (‘BB @)
— |vl*~ (*Bv, @) + (‘BBa—*Bv, @) .

Substitution of (43): tBBa—!Bv="'FA in the above expression yields
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Ilal = |v|*~ (*Bv, &) — (‘F2, @)
= |v|*— (*Bv, @) — (Fa, 2) .
This can be written, by the use of (44): Fa=d, as
I[@) = |v|*~ (Bv, & — (d, D)

= |vl*=||vB, d|I-||@
a

= |v|*—||*vB, td||-||*BB *F|*|*Bv
F 0 d

Expression (37) shows that |v|?’=N. Hence we have the formula (564). This
accomplishes the proof.

3.6 Example
To illustrate a practical example, consider the system whose transfer function

is given by
-1 |
€O = strsip (55
The pulse transfer function of the system including a zero-order hold element is
__az’l @z -q)
HG® = gy ad—ary (56)
where
- g _1-d—p
a=TA—-d—-pd), q i—d—pd
d=e* y M= —t]—,— .

In order that the output of the system shown in Fig. 1 settles completely to the
unit step input after a short time period N¥, has elapsed, the form of C(2) must
be a finite polynomial in z7*;

C@ =by+bz™+ - +byzN G

whose coefficients satisfy the following linear conditions?

bo+by+ - +by =0 (58)

BodN +b, N1 oo £ by = 0 (59

bt 20+ - +Nby = = (60)
0

Equations (68) and (59) show that C(2) is divisible by (1—2z"9) (1—dz™? which
is the denominator of HG(z). Let

C@=>0A—-2YA—dzV)(@G+azt+ - tan—g N2, (61)
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then condition (60) can be rewritten as

A+t - tan— = 1 = 1 (62)

tdl—d) ad—¢q°
In designing a controller, we can assume that a=1 in (56), because the optimum
pulse transfer function of a controller for @=1 is obtained from the optimum
one for «=1 by multiplying it by 1/@. According to the general discussion, the

numerator of (56): G,(z) =gz~'+2z~? is represented by the following (N+1) X (N—1)
matrix G

0
_q.. 0
G = 1
) —q
1
And referring to (37) leads to
* N—1
——
0 cereeereeees 0
B=VG = ) N
0

1;q.....1-—q —q

Therefore, the design equation of this case is given by

.: ............. :- 1 ao ) _q+ (N_z) (1._.q>
e 1@ ~g+ (V=3 A0 |
: SN | R s (63)
............... 1 AN —2 —q
1
11 1 0 A 14
where :
e+ (N-2)A—¢)? —q(1—@) + (N=3) A—g)?-- —q(1—q
g — | TIADTN-D A= g+ W= A" oo ~¢(1—0)
—g(1—g) —g(Lmg) oo e
The solutions of (63) are
N—n—1_|_ n42
(/2% =q2q2___;_?q_2_1vq_~, (”_0’ 1, b ’N_3> (64)
N
Ay = LtDa

qz_qu
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13 —y And by making use of (45), we get the
< \ /;; 7 minimum integrated-square sampled error
3 2R ‘ = 1+g. 1
O AY 1
w \ t (2 D min = Ll vy = RGO
\
1
- T ?\\( Fig. 2 shows (65) where u=#/T=0.5. It
‘ ﬁ 0 ~c£-~ ~is natural that the minimum integrated-
20 3 4 5 6 N

I square error decreases monotonically with

Fig. 2. Minimum integrated-square increasing N. The transient responses for
sampled error of system discussed - . .
in subsection 3.6. N=2, 3, 4, and 5 are shown in Fig. 3.

Owing to the criterion adopted here, which
concerns errors merely at sampling instants, it is observed in Fig. 3 that the
system response has fairly large ripples. To improve this respect, some other
criterion which concerns response between sampling instants must be introduced.
This will be considered in the next section.

L5

. N T T~

o5

0 !/ 2 ‘ 3 4 5
Time in sampling periods

Fig. 3. Transient responseslof{system designed under minimum
integrated-square sampled error criterion.

4. Synthesis under the Minimum Quadration Control Area Criterion

4.1 Error vector

In the case of synthesis under the minimum quadratic control area criterion,
it is convinient to make use of the modified z transform method as mentioned
in the introduction. The modified z transform of the error of the system shown
inYFig. 1 is of the form
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E@m - T -C@HCEm 66)

where HG(z, m) is the modified pulse transfer function of the controlled system
including a hold element. In general, HG(z, m) is a rational function in z™* and
contains the parameter m in the numerater only. Consequently we may put

HG(z, m) = QJG%") 67

where G,(z) is a polynomial of the degree » and G,(z, m) is, in general, a poly-
nomial of the degree »+1 without a constant term. So G,(z, m) may be written as

Gilarm) =2 ga(m)z*. 68)

Similarly to the discussion in section 3, let

C@@ =G,(D() 69)
where

D@ = aytag™+ - tan-,z V",
Substitution of (67) and (69) in (66) gives

B m) =T =GEmb@, 70

Here the right hand side of (70) is divisible and E(z, m) is a polynomial of the
degree N without a constant term as shown in (2). Then (70) may be represented
by the vector notation

ey (m) =I7( 1 ¢, a, ’)

ex(m) 9 a“ (1)
en (m) | 0 ON-n

or more simply
e(m) = V(u—Gma) = v—Ba 72

where V is the same matrix as shown in (37) and G,,, which is the representa-
tion of (68), is of the following form

& (m)
g; (m) &1 (M?

Gm=1: Z(m) . , (N+DX (N-n+1 (73)
Enri(m) i " g(m)

Enri(m) ga(m)

'.g:'nh(m)
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4.2 Derivatiun of design equation
The quadratic control area can be obtained by integrating the inner product
of e(m) from 0 to 1 with respect to m

S: {e(®)2dt = S: (e(m), e (m))dm = S: (0— Bty 0~ Byt dm
= {1012 ~2(Buat, ©) + (BB, @)} . (79

Since only the elements of B,, and !B,,B, are functions of a parameter m, (74)
may be written as

S: fe(®))dt = |v|2—2( S:Bmdma, v) + (S:'B,,,Bmdma, a)
— N—2(Ba, v) + (‘BBa, a) (75)

where B and *BB are matrices whose elements are obtained by integrating each
of the corresponding elements of B,, and fB,B,, with respect to m.

On the other hand, the condition imposed on a for obtaining the complete
finite-settling-time response is the same with (40): Fa—d=0.

Similarly to the discussion described in subsection 3.2, we can obtain the
desired vector @, which satisfies (40) and minimizes (75), as a solution of the
following equation
tBu |
d

‘BB 'F
F 0

a

2

(76)

4.3 On the solution of (76)

It is easy to show that equation (76) has the unique solution. In order for
this to be the case, it is enough to show that ‘BB represents a positive definite
quadratic form.

Proof :

(BBa, a) = S: (‘BB a, a)dm = S: | Ba|?dm > 0. 18)

The left hand side of (78) does not vanish unless |B,,a|? is identically equal to
zero. Now, in the expression of the error vector e=v—B,a, v stands for the
unit step input and B, a stands for the response to the unit step input of the
system shown in Fig. 1. Consequently, if B,,a is a zero vector, the output of
the system can never be observed. This means that the system is cut off, that
is, C(2)=0. Hence, we get (!BBa, a)>>0 whenever a==0,

4.4 The minimum value of quadratic control area
By the procedure exactly similar to subsection 3.4, it is easy to show that the
solution of (76) makes the quadratic control area (75) minimum. The minimum
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value is evaluated by employing the following formula
tBB tF ‘Bv‘
F 0 d
o0 tvB td 0 1 79)
2 — - - \
[So fe®) ‘”]min N+ =55 T
F 0]

The procedure of derivation of (79) is all the same as subsecfcion 3.5.

4.5 Example

As an example, consider the same system as discussed in subsection 3.6.
The modified z transform of 1/s(Ts+1) including a zero-order hold element is
given by

_gmz '+ gm)z’+ gs(m)z®,
HG(z,m) = A=z d—dz) T (80)

where
gim) = mp—1+dm
&m) = —mpu(1+d) + (u+d+1) —-2d™
g:(m) = mpd—d(p+1) +d”

and y, d are the same symbols as before. In this case, the controller must satisfy
the same conditions as (58), (59) and (60). By applying the general procedure
discussed in preceding subsections to this case, we can design the optinum con-
troller under the minimum quadratic "

control area criterion. Fig. 4 shows the . & Hu=05
minimum quadratic. control area as a '§ 025 \ r=1
function of settling-time Nt,. Itisnmatu- % \

rally observed that the minimum value %? \‘\‘

decreases monotonically with increasing - l

N. The difference of the values between \O'“—?““?‘“
N=2 and 3 is remarkable. In this ex- W=z 3 4 5 & W
ample, the system can not be adjusted Fig. 4. Minimum quadratic control area

. of system discussed in subsection 4.5.
by the above method till N becomes 3.

Fig. 5 shows transient responses to the unit step input of the optimum system
designed by the method mentioned in this section. In Fig. 6 and Fig. 7, to discuss
the comparative merits of the minimum integrated-square sampled error criterion
and the minimum quadratic control area criterion, differe;nces are shown between
the unit step responses of the system designed under the former criterion and
under the latter one. Dotted lines represent the former and solid lines the latter.
A glance at these figures shows that the latter is superior to the former.
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Fig. 5. Transient responses of system designed under minimum quadratic
control area criterion.
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Fig. 6. Comparison between transient responses
for N=3 under two kinds of criteria.
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Fig. 7. Comparison between transient responses
for N=>5 under two kinds of criteria.
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5. Conclusion

With a view to optimizing systems under the minimum integrated-square
sampled error or the minimum quadratic control area criterion, the synthetic study
is carried out in a systematic manner by representing polynomials by vectors or
matrices and by making use of the linear algebra techniques. Two types of
design equations and evaluating formulas of both the minimum integrated-square
sampled error and the minimum quadratic control area are derived. In the case
treated in this paper, the minimum quadratic control area criterion is found
superior to the minimum integrated-square sampled error criterion. The linear
algebra techniques used for the step response synthesis may be also applied to
the other input response synthesis.
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