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In the previous paper, the authors have treated the response of non-linear
control systems with time-invariant or -variant characteristics subjected to a
suddenly applied stationary gaussian random input. However, recent trends in
automatic control systems have required much attention to random changes of
circuit parameters depending on the environment.

The description is divided into two parts. In Part I, an analytical approach
on the statistical evaluation of the response of non-linear control systems with
randomly time-variant characteristics is described. Part II is concerned with the
stability of the response of non-linear time-variant control systems under the
excitation of a random input signal. First, the stability conditions of systems
with or without a random excitation are established from general points of view.
Second, the stability of the system containing an on-off or a saturated charac-
teristic is explored respectively. Finally, the influence of the random excitations
on the stability of non-linear time-variant control systems is considered in detail.

List of Principal Symbols

t: time variable

1 3 any initial time

v(f) : desired signal to the system

z2(¢) and y(® : input and output of a non-linear element of the zero-memory
type respectively

w(?) : disturbance to the system

»(® and z(¥) : input and output of the controlled system respectively

Ay(f) : gaussian random coefficient

m and ¢(¢) : mean value and randomly fluctuating portion of A,(#) respectively

R.(4, t), Ru(t, 1) and R,(4, £ : auto-correlation functions of c¢(¥), #(¥) and
z(#) respectively
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K equivalent gain of a non-linear element of the zero-memory type
S»(2, £): time dependent gaussian probability density function of z(#)
W@ : weightihg function

¢.(f) : variance of z(¥) at the time ¢

¢z variance of z(¢¥) in the steady state

k and T: system parameters

E: symbol representing the ensemble average
Introduction

Recent trends in automatic control systems have required much attention to
random changes of circuit parameters depending on the environment. A central
problem in control theory is the evaluation of the non-stationary response of
non-linear time-variant control systems with stationary or non-stationary random
inputs.

The authors have treated the evaluation of the non-stationary response of
non-linear control systems subjected to a suddenly applied random input in our
earlier paper. The present paper develops the two aspects of the study of non-
stationary response. The first is the evaluation of the response of non-linear
control systems with randomly time-variant characteristics. An extensive
approach is established. The second is the mean square stability of the response
of non-linear time-variant control systems.

Such systems arise, for example, in the study of servomechanism and process
control systems in which several parameters are undergoing various changes of

environments.

Part I: The Response of Non-Linear Control Systems
with Randomly Time-Variant Characteristics

1. Evaluation of the Mean Squared Value of the Response

We consider, as shown in Fig. 1, a urt)
typical automatic control system con-
taining a non-linear element with zero- vi=g * z(t) W Y Vo[ Controlad Xt
i system

memory characteristic of which the
relation between the input 2(#) and the

Non—linear element of

output y(&) is given by y=s(2). We as- Zero-memory, type
sume that the dynamical characteristic Fig. 1. Block diagram of a non-linear
of the controlled element is expressed as control system with randomly time-

variant characteristics.
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a randomly time-variant system of the following form:

S 45D 40 2 = bn®), @

where A;’s are constant coefficients and A,(#) is a purely random coefficient with
the form of

Ra,(ty, t) = D*0(t,—ty) , (D constant) 1.2
as its auto-correlation function. The equation of this non-linear control system
becomes

ﬁl A;‘%Q+Ao(t) 2(®) +hfT2(D] = ku®) . 1.3)

=
In the control system under consideration, by Non—linear element

applying the statistical linearization tech-
nique,? we may replace the non-linear element

by a linear one with equivalent gain, x, as
. R "z
shown in Fig. 2. The relation between the Fig. 2. Illustration of the analytical

input signal #(#) and the response z(#) of the characterization of a non-linear
element.

equivalent linearized system can therefore be
expressed as

‘51_51 A,-"‘;t(f) + A 2(D) +kE2 () = ku (D) . 1.4

In Eq. (1.4), the equivalent gain, &, is defined by

£0:01= " af@ foa nasl | 2runae, @5

where f,(z,#) is the gaussian probability density function of z(¥) at the time ¢
Since Eq. (1.4) can, therefore, be written as

34,228 Lpsa) — v, e,
i=1 dat
where _
V) =ku®-A@® 2@, 1.6),
if we formally express the unit-impulse- Aslt)z (1)
response for the equivalent linearized control —
hu(t) l/(t) z(t

system governed by Eq. (1.6), as W,;(, &),

: Fig. 3. Block diagram of a linear-
then the response 2(f) at the time ¢ may be ized control system shown in Eq.

expressed as (1.6);.

20 = Wa,oVE© s, @
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where £, is the time which the input #(#) is applied. Therefore, we have

«0 =Fo-{ K&, 020 a, 1.8
where
Fo) = (' Wi, O u@ ag .9

and K(¢, &) is a kernel expressed by
K, & = Wi, & A& . (1.10)

In order to determine the second product moment of z(#), we multiply Eq. (1.8)
at two time instants ¢,, #{=1¢,+ 4% and average to give

<& E) 2EDDav. = F W) FH)av.
(<K@, © PO 2@y a8 <KW, O P 2@ 0. 8

+ S :1 S:II<K<t1, £) K(#, £)2(8) 2(8)) dav. db,d8, . (1.11)

We assume?

<K (b, £ F(D 2(8)av. = <Kty €)Dav. <F(#D 2(E)Dav. } 1.12)

<K(t{ ’ é) F(tl) 2(5) >av. = <K(ti » é) >av. <F(tl) 2(5) >av.
and

<K(t, &) K@, &) 2(§) 2(8)Dav. = <K (b, §) K], €D Dav. 2(ED 2(6)Dav.  (1.13)
Since it is easily seen that {A,(¥) ay.=0 from Eq. (1.2) by using Egs. (1.12),
(1.13) and <K(t, £)>ay.=0, we have
R. (4, t1) = Rr(4, tD
+ S::S::'a((tl, £) K(t, £Dav. Re (6, &) dudEe, 1. 14)

where R.(t,,t]) and Rg(,t)) are auto-correlation functions of z(¥) and F()
respectively. Since A,(¢) is a purely random signal, we have

K, 60 K(8, €0av. = D*Wi(h, §0) Wi(H, £ 6(6,—62 . (1.15)

Therefore, setting t1=ti¥t and carrying out the integration with respect to &,
Eq. (1.14) becomes
H
0® = 00+ D* () Wit 00,0 a8, 1.16)
)
where
t ¢t
e = FWDav. = £ | W IW¢, 0 R, 8 dEidEs. 1D
ovro
Since the integrand, W, &), in Eq. (1.17) involves an unknown function,
k[¢.(®]"P it is impossible to evaluate directly ¢.(?) by using Eq. (1.17). There-
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fore, as we have already shown,® let #j.,—¢;=4; (i=0,1,2,--). It can thus be
considered that the equivalent gain, &, is kept a constant independent of time in
these infinitesimally small time intervals, 4,’'s. We denote this value by «; at
the time ¢=¢;.

If we introduce the equivalent gain, &;, into Eq. (1.17), then all parameters
involved in W,(4 &) become constant in the time interval, 4;. Therefore, W.(, §)
depends on the time interval, (+—§), between the application of an impulsive
signal as the input and the observation of the output in this infinitesimally small
time interval 4;. From this point of view, if we use the conventional expression,

, 1.18)

%o

Wit &) | = Witi—d)
at 1=, K

then, from Egs. (1.16) and (1.17), the integral equation determining the mean
squared value, ¢.(#), at the time #=¢, becomes as follows;

0:) = 0@+ D7 Wt-9 | 0@ a8 (1.19)

and
ort) =B M me- Wn-8) | R, B dtdt.. 120
oo K=Kg
In Egs. (1.19) and (1.20), we must consider that

Ko =rld:(t)]. a.2n

By substituting Eq. (1.19) into Eq. (1.5), the equivalent gain, x,, corresponding
to the second time interval, 4,, becomes

s, =cl¢.@t)]. 1.22)

Therefore, by using the values of &, and «,, we have

0:t) = or + 0 " Wt-02 | @ @+ (P W92 | 0@ ag},

1.23
where
Oty = Six S:x Wi(t,—€) Wit,—€) | Ru(61, &) &, de,
0¥ =,
+2$t1 W1(t2"51) I dEIStz Wl(t2_$2> | R“ (51’ 52) d$2
£ Ke=Kg 2 K=Ky
+ g:z y:z Wi(t—§) Wi(t—8) | Ru(81, €2 d61dt,. (1.24)
1 1 =g1 .

By applying the above procedure, the integral equation determining the mean
squared value, ¢.(¢,), at the time =1, is given as follows;
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Geltn) = bp(t) 1DV G | Walta— ) | 0.8 dE, 1.25)
J=0 tj K=K

where

el (i (tin
et =2 {7 T Wit Wit | RuCEi, 8 dEudt

+ 8w | [ we-o, | REL e A

’#‘ K=K’- J‘ K=Kj

and

Kj = x[¢z(tj)]’ (.7 =012 yn—1 . 1.27)

2. The Method of an Approximate Calculation
Since it is complex and tedious to calculate the value of the response, ¢.(®),
by using Egs. (1.25) and (1.27), the method of an approximate calculation is
described in this section. When the difference between the values of equivalent
gains £;_, and x; very slowly change with respect to the variation of time, Egs.
(1.25) and (1.26) may be approximately written as?

Gat) = 0pt) + D" Wta—8? | 4@t @D

and

et = B[ W W8 | RuE, 8Dd8dE 22
o vt K=K

where )
Kp—1 = K [¢z (tn—l)] . (2- 3)

When the response of the system becomes the stationary state as the time
further increases, we use another method of calculating the response. The mean
squared value in the steady state is calculated by using ¢.=¢.(f) | 1=, i-€.,

0e = 0t | W W 8 LA AV, @ @D 2@DV0 JdidEs, 2.0
where
Op =R S:’ [" w0 W, &) W@ uder. deidé. (2.5)
0 [}
By noting <z(§)2(§2) av.|£,=¢,5»=¢. and considering Eq. (1.2), Eq. (2.4) becomes

R S AN A 2.6)
0
If we use the following expression ;"

Wi, § = Wi¢—9 | @

where

b =K [d’z (t) tzlm] =K [‘pz] ’ @. 8
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then the mean squared value ¢, is given by

0o = ¢ [1-D2{ W—0) | atl, @9
where
1—D2§:" Wit—8)° | d§+0. (2.10)

The values of ¢, and k. can,
thus, be determined by solving ¥
Egs. 2.8) and (2.9 simul-
taneously. The required instant

4

j i

[
of time #; for the response of 5 i i E |
the system to reach the steady Ef Pl % P 25&5‘72;
state is determined as already §§ i IE f }I i li '
shown in the previous paper.V §°§ i I; % § } t
We, therefore, divide the time ; IRRYE _i/ \i/z]s-,i/ds\f Time t

g

b tr 12

~
&

. . . 2 b1 ¢
interval (4, ¢;) into contiguous bz b e

disjointed intervals of 4,_; Fig. 4. Equivalent gain when the time f is divided into
. 7 contiguous disjointed intervals of 4;=¢;4,—1;.

(ts—‘]'_t-?—j—lzds—_ﬁ J:01 1, 2» "')’

and by a similar method described in section 1, we successively evaluate the

values ¢.(fs), £s, ¢2(#s—1), £s—; -~ as shown in Fig. 4. Thus, by noting that the

respective conditions, &,=+x, at the time #=#, and «=«, at the time ¢{=#,, we can

calculate the value of ¢.(®.

3. Examples
Example 1

As the first example, we assume that N=1 and 4,=7T in Eq. (1.1) for the

convenience of mathematical calculations. The controlled system is, in this case,
expressed as

TED 4 4,0 20) = 0 ® - 3.1)

We assume that the stationary gaussian random disturbance which is given by
R, (tly tz) = ¢u5(t1_t2) (3. 2)

as its auto-correlation function is applied to the system at the time #=0. The
equation of the control system corresponding to Eqs. (1.6) becomes

dz (1)
T dt

+hez(®) = ku(®) —-A,E 2@ . 3.3)

Since, from Eq. (1.18), the one-sided Green function associated with the left
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hand side of Eq. (3.3) is given by
Wt-9 = e {- B2 t-0}  @>0, 3.9

then the mean squared value, ¢.(¢) at the time #=¢, becomes

G:t) = 0t + 2 [ exp {2 (-0 o @ a8, 3.5
where
Gpt) = ’“”" {1 —exp ( 2hry 4 )} . (3.6)
Therefore, we have
T2, (2D + 2k, T—D?) ¢ (t) = Fdu, 3.7
where
3 — dd)z (tl)
d(8) = ~a

Considering the initial condition, ¢,(#,)=0 at the time #=0, we have the
following solution,

o= gpiplien (B-2) ]l oo

By substituting Eq. (3.8) into Eq. (1.5), the equivalent gain, &,, corresponding
to 4, is calculated as shown in Eq. (1.22). Since Eq. (1.23) is expressed as

Get) 29t + Do exp {258 (-2 )} o, (&)1,

T RO N

then, by applying the following relation,
t1_+t3 ~ /
0o (B38) = {0t +0. )} 2 3.10)
into Eq. (3.9), ¢, (¢, is easily calculated. By a similar method, the mean squared
value, ¢.(t,), can be obtained by

G(tn) = ‘I’F(tn)

+%2:§ {exp {-2’&7{( t; +2£J_ﬂ)} ‘/’z( t; +2tflt1) (tj-!—l_tj)} . @D

where

o) = Loty +0.0p) 3.12)

l\vl

and
k; =[], (j=012-,n-1. (3.13)
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If we use the method of the approximate calculation described in section 2,
the mean squared value, ¢.(¢,), from Eq. (2.1), becomes

tz) As shown in Fig. 5, if the non-linear characteristic
is given by

T ja z a (z>a)
Ol f@) = { :  (z1<a) (3.15)
—a (<l-a),

Fig. 5. The saturated non-
linear characteristic.

then, it is easily shown that

£[¢.(O] = 28{e/V ¢.(D)}, (3.16)
where
__1 1 7
$(&) = /2?30 exp ( ) d. (3.17)
05 vl Teip The mean squared value, ¢,(¢), can be
2 computed by Eq. (3.11) or Egs. (3.14)
a3 = and (3.12). Fig. 6 shows numerical

2>

results of the response of the control
system containing a non-linear element

0i 02 03 04 25  given by Eq. (3.15).
Time t
—— Numerical result obtained by Eqf3.11) Example 2
~-=Nymerical result abtained by Eql3. 14)

S
~—

Y

Mean squared valve , ¥ (t)
[N

_ Let the statistical characteristic of
Fig. 6. The mean squared value of the a stationary gaussian random input
response of the system shown in ex-

ample 1. be
(i) mean value, m,=0
(ii) auto-correlation function,

Ru(ti ) = duexp {-BGH—1)},  (B>0) (3.19)

where ¢, is the mean squared value of random disturbance. The control
equation is the same as Example 1.
By substituting Eq. (3.19) into Eq. (2.2), with the help of Appendix-B, we
have
— k(bu 1 Zkli,g_l
bt = | e BT TR

X exp {— (B @%‘—‘) t”}_ET——lkE,,__l exp ( -2 k";,"lt,, )] . (3.20)
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Therefore, from Egs. (3.5) and (3.19), it follows that
T (ty) + (2kkp, T—D?) ¢, (t,) = Ulty), 3.2

Ulty) = (T%.%[l—exp {—(ﬁ+&%:‘) t}]- (3.22)

Therefore, the solution of Eq. (3.21) under the initial condition, ¢’(t”>: ] 0=0,
i =
is given by

where

R e s e s o L) O CRE ) A

(3.23)

From Eq. (3.23), it is easily shown that the steady solution becomes
— 2 du
Y = BT+ ley ) 2k T D) @.20)

2o —— where
S 008t B =10 k=1 En— = £[¢:(2,-)]. (3.25)
S goel-2=40 /
37 /r By using the similar method as men-
3 a0t // tioned above, we can thus calculate the
Q
§0'02 L~ value of ¢.(f) successively. Fig. 7
§ 0 02 04 0€ 08 10 shows the result of the numerical cal-

Time culation of the response of the system
Fig. 7. The mean squared value of the response containing the non-linear element
of the system shown in example 2.

given by Eq. (3.15).

Part II: On the Stability of Non-linear Randomly
Time-Variant Control Systems

4, The Basic Concept of Stability
Further developments of studies in this field are requiring the exploration
of the stability of randomly time-variant non-linear control systems with or with-

out a random excitation. Let the equation of the control system, in general, be
given by the following differential equation of the first order;

8 = FLAW, 20 w1, [#) = ED]. (4.1)

When no excitation to the system exists, i.e., #(#)=0 in Eq. (4. 1), the system

is stated to be stable, if the solution z(#) satisfies the following relation for any
initial condition, i.e., ¢=#%;
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lim E[2()°] = 0. 4.2

When an excitation to the system exists, i.e., #(¢) =0 in Eq. (4.1), the system
is stated to be stable, if the solution 2(#) satisfies the following relation;

lim £ [z 1<, 4.3
where B is an arbitrary constant.

5. The Stability Condition of the Control System
without a Random Excitation

We consider a typical control system as shown in Fig. 1. We assume that
the dynamical characteristics of the controlled element is expressed as Eq. (3.1
and A,(#) is a stationary gaussian random

A ﬂ’/\ coefficient expressed by
Al(H) =m+c(t), G.1)

\'ww =

Fig. 8. Gaussian random coefficient in Fig. 8. Let, moreover, the auto-correlation
Ay(#) with the mean valve m. function R.(4,, £,) of c(f) be

Rc(tn tz) = Dza(tl—‘tz) . (5- 2)

Magnitude of Ao (1)

where m is the mean value of A,(#) as shown

The equation of this non-linear control system becomes
TED i ew)}e +bfT20] = 0, (5.8)

For the convenience of the analysis, if the non-linear element is replaced by a
linear one with the equivalent gain, x, as shown in Fig. 2, we have

szT(tt)—+(m+kls)z(t) = V), (5. 4),

where
V(@) = —c®)z(®). (5.4),

Under the assumption that x£ is a constant, since the one-sided Green func-
tion associated with the left hand of Eq. (5.4), becomes

Wi(i—8€) = exp {~—’%kf(t—$)}, (t—8>0) (5.5)

and the fundamental solution of Eq. (5.4), is given by —exp {—(m+ke)t/T},
then we have

2(9) =zoeXp{—m_+T~’i“<t—to)}+%S: exp{—ﬁ_"%"”‘)<t—e)} V(&) de, (5.6)
1]



476 Yoshikazu SAWARAGI, Yoshifumi SUNAHARA and Takashi SOEDA

where z=z, is the initial value at the time ¢=#,. Therefore, the mean squared
value of z(¢) is given by the following equation;

¢o(t) = chexp {2 AR 11}

N i A COITXOL (5.7)

Differentiating Eq. (5.7) with respect to the time {, we obtain
T9.()+{20m +k8) T-D?} 4.(5) = 0, (5.8)

where ¢, (¢)=d¢.(t)/dt. By using the definition given by Eq. (4.2), we have the
following result as the stability condition,

2(m+ke) T-D*>0. (5.9)
where « is the value of a stationary equivalent gain of non-linear characteristics.

6. The Stability Condition of the Control System

with a Random Excitation

When the control system is excited by the stationary gaussian random input,
the mean squared value ¢.(¢) is given by

0 = 40+ () exp{-Zmima-o}e.®ae, 6D

where, under the assumption that the initial condition 2(#)=0 and r=§,—§,

(>0,

0pt) = £ S’ Ru (&) d&; S: exp {— m+ ke (t~£2)}

7= 3, T
xexp {~MEE (1 gplae,. (6.2)
From Eq. (6.1), we have
b0 +{20 D _Dod gty = vy, ©.3)
‘where
U = dp()) + 2L g (), (6.4)

and ¢ (8)=d¢r(t)/dt. By using the definition established in Eq. (4.3), the follow-
ing inequality must be satisfied

2k T+2mT > D?. (6.5)

Therefore, if Eq. (6.5) holds, it can be concluded that the control system given
by Egs. (5.4) is stable.
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7. Examples

As the first example, the on-off relay characteristic given by

a (2>0)
fz) 2) = (1.1
fa @-{ . o
/] I as shown in Fig. 9 is considered. From Eq. (4.5), the
1~ equivalent gain in the steady state becomes
Fig. 9. The on-off relay 2
characteristic. k= \/ T 1/?0_ ) .2
z
where
¢, =1lim¢, (8. (7.3)
t-»oo

If we assume that auto-correlation function of the random disturbance to the
system is ’

Ru(ty, t;) = ¢ub(t,— 1) , (7.4
then, under the initial condition ¢‘(t)t=‘:o =0, the solution ¢.() of Eq. (6.3)
becomes
4l = gl 1-exp {~(2miee_ DO (7.5)
Therefore, we have
bs = Bu[{2T(m+b)— D7} (7.6)

It is easily seen that Eq. (7.6) satisfies the condition Eq. (6.5). In order to
obtain the region of stability and instability, from Eqs. (7.2) and (7.6), we have

a(D*—2mT)2 P’ +2k"’{7r¢u(D2—2m T)—4a* Tz} G ket =0. ()

Since the above equation is of the second order with respect to variable, ¢, the
condition that these roots have the positive real value is

28T —n¢u(D*—2mT) >0. (7.8)

If the system parameters satisfy Eq. (7.8), the control system expressed by Eq.
(5.5) is stable. When T=1, Eq. (7.8) becomes

%(/%)2>D2—2m. (7.9)

The relation given by 'Eq. (7.9) is shown in Fig. 10. We treat the second case
of the system containing a non-linear characteristic given by Eq. (3.16). By
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using Eqs. (7.6) and (3.16), with the help of the graphical method, we can deter-
mine the region of the stability. This result is shown in Fig. 11.

02
unstable
AN = _ a/OyT
stable 5
-~ 3//:,7:0 j Staple
T~ 2
2 ! Unstabe
. | Il A i
: P ﬂ L (b) The relation between a/\/ E and s,
-5 -3 -1 0 ] E m where s,=D?>—2m

(a) The relation between m and D?

Fig. 10. Stability plot for a non-linear control system with randomly
time-variant characteristic containing an on-off relay element.

p?
aNy, =
= AN =0
;\;]
2
Unstable Stable
~08 =0+ 0 a4 a8

(a) The relation between m and D?

N
&l

ey

SN WA TN oS
T T

Stable

l/nstable‘ ) !
—08 -c4 0 04 08 12 16 A.".O

St

(b) The relation a/V'y, and s;, where s,=D?—2m

Fig. 11, Stability plot for a non-linear control system with randomly
time-variant characteristic containing a saturated element.
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Conclusions

The statistical evaluation of the response ‘of non-linear control systems with
randomly time-variant characteristic subjected to a suddenly applied stationary
gaussian random input is described. Although it is complex and tedious to cal-
culate the value of the response, ¢.(#), by using Egs. (1.25) and (1.26), the
procedure described in section 3 is a remarkably effective tool for calculating
the response and for decreasing the numerical error. It is, in general, difficult
to find out the conditions defining the stability of non-linear time-variant control
systems. In the particular case considered here, it is, however, possible to obtain
the stability condition.

In the case of linear control systems, the value of ¢. does not depend on the
stability of the system.® On the contrary, for non-linear control systems, the
influence of ¢, on the stability of the system is shown in detail with various
kinds of interesting results.

The procedure described here can be extended to non-linear control systems
governed by the higher order differential equation with randomly time-variant
coefficients.
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Appendix A: Numerical Calculation of the Integral
Equation given by Eq. (1.25)

As the method of calculating numerically the integral equation as shown in
Eq. (1.25), the method of MacLaurin, Newton-Cotes, Tchebyscheff or Gauss
will be considered. Since the MacLaurin’s formula is very simple and has good
accuracy when time ¢ is not so large, we apply this procedure in this paper.

S:Fz(S) e = Fz(%h) h (A-1)
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[ reae = {3 p(Ln)+ L Rn+ 1a)} o2 (A-2)
("r@ae=-{3r(1 ) Zp(nrLa)+3m(zme Lallan a9
[, @ ae= {3 h)+ f5h(hs 30)

+ A R(2n+2n)+ B rfan La)}an (A-4)

and

[, a8 = { TR Gh)+ g+ 3)

+ 1P 2 3 + figp {3+ 3 0)

+ 212 54+ Lh)}sn. | (A-5)

By applying the above equations, we can successively evaluate the response z(?)
of the non-linear control system. For example, applying Eq. (A-1) to Eq. (1.25),
we have

_ (ot L ) g
Galtw) = 0t + D B W (1= TG | (L) 45, (A6)

where 4;=t;.,—¢;. By noting Eq. (3.11), (A-6) becomes

¢’z(tn) = ‘pp(tn)
2”_1 <t+t+1) 2
I Py

K=

ot re) g, AD

Therefore, we have

_ ¢r(ty) + K, _
) = Wl —ta 27, | dril?’ A8
=K”_1
where
A (Fj4tj41)
= DB Wt | el a9
and
— pwd (n—ta))? A _
1-D Wl{ 5 }H',,_l 240, (A-10)
Appendix B: Evaluation of ¢ (¢) given by Eq. (3.20)
Since

N (B-1)
it follows that :
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Ga(t) = I S:S:_ Wik, tat ) Wi, 72) Ru(r) dr drs
w2 (W@ Wit - R drdn. (B-2)
Changing the sign of the second term, Eq. (B—2) becomes 7
Gt) = S:S:_ Wit, 72+7) Wity ©) Ru(r) de dv,
w2 (W WG nt DR drdr,. (B
By noting the relation, R.(r)=R.(—1), the above equation becomes
ve® = 28 | Ry a7 Wit ot 0 With, < di. (B-4)
In Eq. (B-4), since the following function, v

v, o = Wit rt Wt e d, (B-5)

does not depend on the statistical properties of random input, we can easily
evaluate this value from the control equation. The mean squared value, ¢x(¢),
can be evaluated as follows;

V() = 2% | R0 Pt D dr (B-6)



