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This paper describes the theoretical procedures for deriving a velocity defect 
law from the equations of motion and energy for turbulent mean flows in open 
channels, and the verification of the theoretical results from the experimental data 
of velocity distribution. Furthermore, by the use of the velocity defect law ob­
tained and the boundary conditions imposed in the region near the wall, the 
velocity profile of turbulent mean flows in open channels and the mean velocity 
formula are presented. 

1. Introduction 

1 

So far as the one-dimensional treatment in hydraulic analysis is concerned 

with the hydraulic behaviours of open channel flow, the steady-state hydraulics 

is solved by the method of singular point and that in an unsteady-state is also 

treated by the method of characteristics. 

Many uncertainties, however, remain in the basic treatment of the classical 

one-dimensional hydraulic analysis and the modern hydraulic analysis for open 

channel flow combined with recent developments in modern hydrodynamics 

must be established to make further progress in the hydraulics of open channel 

flow. To make the foregoing intention possible, the entire staff of the 

Hydraulics Laboratory, Department of Civil Engineering, Kyoto University, 

joined together under the general supervision of Professor Tojiro Ishihara and 

an extensive research program for the establishment of modern hydraulic 

analysis for open channel flow was initiated. 

The present study on the formulation of a velocity defect law for open 

channel flow in the light of recent knowledge of turbulence in modern hydro­

dynamics is one of the studies made as the first stage of the whole research 

program, with theoretical research on the hydrodynamic significance of the 
one-dimensional method in hydraulic analysis which will be seen in other 

publications 1),2). 

--- -------------------
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The velocity defect law is an empirical formula of the velocity profile for 

the turbulent mean flow, which was suggested by H. Darcy in 1858. There­

after, L. Prandtl and T. von Karman derived theoretically the functional form 

of the velocity defect law for pipe flow from some hypotheses in the turbulent 

velocity field. More recently, C. Millikan derived the logarithmic expression 

for the velocity distribuHon by means of a velocity defect law and the boundary 

conditions in the region near the wall, without referring to details of the 

turbulent structure. Thus, the velocity defect law is a universal formula for 

the time mean velocity distribution in a two-dimensional turbulent shear 

field, whereas that for open channel flow has not been discussed in detail and 

is mostly described by the following logarithmic expression, 

ile-il = _lln~ 
u* " H' 

(1) 

in which u: time-mean velocity at a distance z from bed, u0 : surface velocity 

at z=H, U*: shear velocity at channel bed, and ,c: Karman's universal constant. 

Eq. (1) is, however, the resulting relation ignoring the influence of the 

force of gravity, namely, describing the motion of the lower layer dragged by 

the upper layer such as the behaviour of the turbulent boundary layer with 

no pressure gradient. For open channel flow under the predominant influence 

of the action of gravity, it is not adequate to derive the velocity defect law. 

In connection with Eq. (1), J. Hinze 3
) introduced a new expression supple­

mented by a correction function of h(z/ H) + A, and discussed the dynamic 

behaviour of the correction function from several experimental data. 

As mentioned above, the logarithmic expression for the velocity profile, 

Eq. (1), is not suitable f<;>r open channel flow, and it would be necessary to 

reexamine the derivation of the velocity defect law for open channel flow and 

to verify experimentally the final equations obtained. 

In this paper the velocity defect law for open channel flow is derived from 

the equations of motion and energy for turbulent mean flow in open channels, 

in consideration of velocity fluctuations, and the theoretical results obtained 

are examined by the experimental data of velocity distributions in smooth 

and rough channels. Furthermore, the velocity distribution and the mean 

velocity formula for open channel flow are derived from the velocity defect 

law by the use of the boundary conditions imposed in the region near the wall. 

2. Derivation from Equation of Motion 

Taking the x-axis along the channel bottom in the mean flow direction 

and tbe z-a~ds norm~l from the l>ottom, the two-dimensional µniform flow in 
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open channels may be approximately expressed by 

. d ( du ,~,) 0 = pgsm 8+-- µ-- -pu w , 
dz dz 

( 2) 

0 = -pg cos 8- ~~ + :fz ( -pw'w'), ( 3) 

in which, 8 : constant inclination angle of channel bottom, p : local mean pres­

sure, g:acceleration of gravity, µ:dynamic viscosity, and -pu'u?, -pw1w1
: 

Reynolds stresses. 

The mean pressure distribution p is obtained by once integrating Eq. (3) 

with respect to z under the condition where p=O at z=H, which is 

p = pg cos 8(H-z) +p(w'w'ln-w'w'\z), 

in which H is the depth of flow. 

Evidently in Eq. (4), p is the func-

(4) 

tion of z and deviates from the 

hydro-static pressure distribution 

owing to the existence of the nor­

mal turbulent stress expressed in 

the second term of the right-hand 

side. The distributions of the nor­

mal turbulent stress pw1w1 in Fig. 

1 are the experimental data in the 

two-dimensional turbulent shear 

flow obtained by H. Reichardt 4 ). 

As seen in Fig. 1, the value of 
Fig. 1. Distribution of -u'w' and ../ w12 

(Exp. by Reichardt). 

w'w' increases rapidly for z/H<0.2, 

and becomes nearly constant for zf H>O. 2. Consequently, except in the small 

region near the boundary, p will be indicated by the hydrostatic pressure 

distribution even in the turbulent field. 

Ignoring the viscous term in Eq. (2), because the velocity defect law may 

be established in a fully developed turbulent field, and integrating Eq. (2) 
with respect to z, the turbulent shear stress finally becomes 

-pu'w' = pg sin 8(H-z), ( 5) 

under the condition of - pu' w' = 0 at z = H. 

Namely, in the fully developed turbulent region the turbulent shear stress 

- pu'w' indicates a linear distribution. This fact will be also proved by 

Reichardt's experimental results in Fig. 1, 
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Considering the dynamic equilibrium between the gravity force and the 

tractive force in the uniform flow, the shear stress is expressed by 

To = ogH sin(} . (6) 

Applying the momentum-transfer theory by Prandtl or the similarity hypoth­

esis of von Karman to the turbulent shear stress - oilw', Eq. (5) is rewritten as 

----,-------, 12 \da\da (i z) -ou w = IJ dz dz = To -H . (7) 

Now using Prandtl's and Karman's hypotheses for the mixing length in 

Eq. (7), the velocity defect laws are derived as follows, respectively. 

(i) Derivation from Prandtl's hypothesis: Putting l=JCZ in Eq. (7) and 

integrating with respect to z under the condition a= uH at z = H, the velocity 

defect law is obtained as 

(8) 

(ii) Derivation from Karman's hypothesis: Putting l=JC(ii)/(~;~) in 

Eq. (7), and integrating twice with respect to z under the boundary conditions 
d- I 
.d_'!:_ 'i = cxo at the lower margin of the fully developed turbulent region z=o 

Z z=6 

and u=uH at z=H as above, the velocity defect law is expressed by 

(9) 

Evidently, Eqs. (8) and (9) coincide with the expression in the velocity 

defect law of pipe flow with pressure gradient. 

3. Derivation from Equation of Energy 

The equation of energy for the turbulent motion in the two-dimensional 

steady flow may be written in the form 

in which 

---,---; du = (u' .J}_ + w' .J}__) p' + _!_ (u' _E)_ + w' .J}__) (u12 + w'2
) -ou w dz· ox oz 2 ox oz 

a c--,-,- -, -, ) 1 c12 2~ 12) - µ oz u e.,, + w e ,,, + 2 µ e,,,, + e,,, + e., , 

au' e' =2-""' ax , 
ow' ei, = 2 7fi . 

(10) 
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The left hand side represents the production of turbulence energy by the 

action of the shearing stress (ER'), the first term on the right hand side the 

convective diffusion of the turbulent pressure energy (Ep 1 ), the second term 

the convective diffusion of the turbulent kinetic energy (EF'), the third term 

the work done by the viscous shear stress (E~1 ), and the fourth term the 

energy dissipation into heat by the action of the viscosity (Ev 1 ). For the 

sake of simplicity in expression, Eq. (10) will be described with the symbols 

denoted above in brackets. 

(10)' 

From the distribution of all the terms in Eq. (10)' measured by Laufer 5 ) 

in pipe flow, the turbulent energy balance in any section of two dimensional 

turbulent shear flow is estimated as follows : 

(i) wall-proximity region: ER1 ~Ep 1 +EF1 +E~1 +Ev1 

(ii) intermediate region: ER1 ~Ev1• 

(iii) central or outer region: EF1 ~Ev1 • 

The regions Ci) and (iii) are, in general, much smaller than the region (ii), 

so that it may be considered that the production of turbulence energy (ER1 ) 

will be equal to the energy dissipation (Ev 1 ) in a large portion of the flow. 

Now in order to derive the velocity defect law in the intermediate region, 

the characteristics of ER' and Ev will be studied. Usually, the energy dis­

sipation Ev' may be expressed by 5) 

in which I is some representative length of the turbulent shear flow, such as 

mixing length, mean eddy size, etc. Furthermore, when the Reynolds number 

in the turbulent shear flow is high enough, ✓ u'2/U* is represented, independ­

ently of the wall conditions, by a function of the relative flow depth z/ H, 

as follows: 

Using this relation, the energy dissipation may be expressed by 

(11) 

On the other hand, the production of turbulence energy ER' is expressed, 

using Eq. (7) in the previous section, by 
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(12) 

Consequently, in the intermediate region the following relation may be ob­

tained from Eqs. (11) and (12), 

(13) 

which is the basic relation of the velocity defect law in this region. 

Now, assuming the expression of ✓ u'2 
/ U* by 

(14) 

and n=l/3, Eq. (13) becomes 

This expression can be reduced to Eq. (1) by adopting either Prandtl's hy­

pothesis or Karman's hypothesis for the mixing length described in the previous 

section. Similarly, putting n= 1/2, Eq. (13) becomes 

l~:~u*/✓1-;, 

0 Exp. (Laufer <i l?e;chardt) 

0.4 

0.04 O.Ob 008 0.1 02 04 
1-Z/H 

F. 2 Vw2 d' 'b . d 'fi . 1g. . U* 1stn uhon an ven cation to n. 

which is also reduced to 

Eqs. (10) and (11) by the use 

of hypotheses of Prandtl and 

Karman, respectively. 

The experimental data 

of ✓ u'2 
/ U* measured by 

Laufer and Reichardt is 

shown in Fig. 2. From this 

figure it will be apparent that 

in the intermediate region 

(ER'~Ev') the distribution 

of ✓ u'2 
/ U* is consistent with 

the curve [Eq. (14)] for 

n=l/2 rather than that for 

n=l/3. 
Consequently, as for the velocity defect law, it seems Eqs. (8) and (9) 

are more appropriate than Eq. (1) similar as with the result derived from the 

equation of motion in the previous section. 
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4. Experimental Verification 

Now the three equations (1), (8), and (9) for the velocity defect law will 

be examined by the experimental results of the velocity distributions mea· 

sured in open channels with smooth and rough walls. 

The comparison between the theoretical curves and the experimental data 

measured in smooth channels of 0.01 7) and 0.002 slopes is shown in Figs. 3 and 

4, respectively. In the case of i=0.01, evidently as seen in Fig. 3, the experi­

mental data are plotted on the curves of Eqs. (8) and (9), and except the data 

under the flow condition of Re= 5.42 x 102 < 2 x 103 
( = the critical Reynolds 

number), agreed with the theoretical prediction described in the previous 

sections. However, in the case of i=0.002 (Fig. 4), a lesser agreement is shown; 

in the region of 0<zlH<0.5 the experimental data are plotted nearly on the 

curves of Eqs. (8) and (9), but for 0.5<zl H < 1 it is difficult to decide the 

dynamic predominance among the three theoretical curves. This results from 

the insufficient accuracy in experimental measurements and the three­

dimensional influence due to the boundary shear not considered in the present 

study. Comparing the depth-width ratio (HI B) between the case of i = 0.01 

and that of i=0.002, HI B=0.005~0.05 in the former case whereas in the latter 

case HI B=0.2~0.5. Accordingly, the latter case will be more subject to the 

0.2 
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Fig. 3. Comparison between velocity defect 
law and experimental data (Exp. by Iwa­
gaki) 
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Fig. 4. Comparison between velocity defect 
law and experimental data (Exp. by Adachi 
and Muramoto) 
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influence of boundary shear. 

The experimental results in rough channels sJ are shown in Figs. 5 and 6. 

All the experimental data, as seen in Fig. 5, are so scattered that the pre­

dominance among the three theoretical curves can not be discussed. But, as 

shown in Fig. 6, several data in this case indicate that in the smaller value 

of z/ H the experimental data agree with the curve of Eq. (8) and approach 

the curve of Eq. (9) with the increase of the value z/ H. It will be an inter­

esting fact to consider that Prandtl's and Karman's hypotheses are established 

in the region near the wall and the outer region, respectively. 

As above mentioned, it is difficult to verify the theoretical results from 

the experimental data on the velocity distribution because of experimental 

inaccuracy and the influence of boundary shear. However, considering the 

procedures for deriving the velocity defect law described in sections 2 and 3, 

Eqs. (8) and (9) will be more rigorous than Eq. (1), though it is more difficult 

to decide the superiority between Eqs. (8) and (9). The difference between 

these two equations, as above, depends on the hypotheses of mixing length. 

In the main portion of flow section, Eq. (9) based on Karman's hypothesis 

will be more adequate than Eq. (8) based on Prandtl's hypothesis. From a 

practical point of view as seen in Fig. 3~6, the curve of Eq. (9) will be suitable 

as the average value among three curves. 

70r----,-----r----.---------, 

li'ough bed i.- O.OOb 

0 1?,-2.31,10' 
e I?0,10' 
0 267, 10• 
() 3.70,10• 
Iii 350, 10' 
e 1.31, 10• 
--9.<I) 
---- £1,(8) 
-·-- t.,.,.,, 

4.0 i----;::,:iDft:---+-----1----,----j 

0O ~ --0.J....2-----'0.4 ___ 0Lb __ .J.:0.8""'--'"--"l'.ll0 

1/H 

Fig. 5. Comparison between velocity defect 
law and experimental data (Exp. by Hosoi) 
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Fig. 6. Comparison between velocity defect 
law and experimental data (Exp. by Hosoi) 
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5. Velocity Distribution and Mean Velocity Formula 

As described in the previous section, Eq. (9) is most suitable for the velo­
city defect law. Accordingly, in this section, the velocity distribution and the 
mean velocity formula will be derived from Eq. (9), in consideration of the 
boundary conditions imposed at the channel bed. 

5-1. Velocity Distribution 

When the boundary condition near the wall: u=u5 at z=/3 is applied, 
instead of using the free surface condition in section 2; u=ua at z=H, the 

velocity distribution is obtained as follows : 

a 1 [ 1-z ( J-z )] 1 ✓- ✓- u5 - = - '\/ 1-- +In 1- 1-- --[ 1-oo+ln (1- 1-oo)]+-
U* /(, H H /(, U* 

(15) 

in which oo=o/H. In general, it is assumed o<f;__H, that is, oo<f:..l under the 
turbulent open channel flow condition. Developing the second term on the 

right in Eq. (15) with respect to /3 0 in a series, and ignoring the second and 

higher terms of oo in order, Eq. (15) becomes 

On the other hand, u8/U*, is shown as follows, by considering the connec­

tion between the turbulent zone and the laminar sublayer, 

in which Re*= U*H/v. Furthermore, from the dimensional consideration in 
analysis for the laminar sublayer it may be expressed as o~v/U*, namely, 

1 oo =a Re*. (a=proportional constant) 

Inserting the above expressions into Eq. (16) and putting Karman's constant 
K,=0.4, the final form of velocity distribution is obtained as follows: 

where 

;* = 2.5{ j 1-fI + In ( 1-/1-fI)} 
+as+'f's(Re*) 

as = a-5.75 log a-0.772 

'f's(Re*) = 1.25 R~* +5.75 log Re* 

(17) 
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Consequently, when U*, H, and Re* 

are given in the flow considered, the 

velocity distribution in a turbulent 

region of open channel flow is deter­

mined by Eq. (17). The proportional 

constant a, as seen in Fig. 7, tends to 

take a constant value. But, further 

experimental verification is still 

necessary to determine a. 

040 

050 

0.10 

0 

• 
• 

or:§ 
0 0.002 

i 
i 

• 
4 

1 
o Exp.(,-0.01) 

e E,p.(i.•0002) 

0.004 0006 0006 0010 

VR: 

5·2. Mean Velocity Formula 
Fig. 7. Relations between o0 and 1/Re*. 

Integrating the velocity distribution over the whole region involving the 

laminar sublayer and the turbulent zone, the mean velocity formula is obtained 

as follows: 

u,,._ = 1-[ ra Q"'--zdz+l fH{ 11-~-+1n(1- 11-~) u* H Jo )) IC Ja 'V H 'V H 

-✓1-oo-ln (1-✓1-oo) +IC;; }az] 
= Oo (l_-oo) Re*-_!_ {1- (l-00) 312 +-l (1-oo) 

2 IC 3 2 

(18) 

+ (l-00) 112 + In (1-✓i-oo)}. 

Further applying the same approximation as indicated in the previous 

article (5-1) to this case, and putting o0 =a/Re* and 1C=0.4 in Eq. (18), the mean 

velocity formula is expressed by 

where 
As= 1.5 a-5.75 log a-2.85 

!l> ,(Re') ~ ;,, (3. 75 - a)+ 5. 75 log Re' . ! (19) 

Although the above description concerns only the velocity formula in a 

smooth channel, the formula in a rough channel may be obtained by similar 

procedure under the condition where o = (3k (/3: a proportional constant, k: the 

representative length of roughness). 

6. Conclusion 

Determining the universal function of the velocity distribution in connec· 

tion with the investigation of frictional resistance, diffusion phenomena etc. 
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in open channel flow is still an important basic problem. 

In this paper, the theoretical procedures for deriving a velocity defect law, 

the so-called universal function of velocity distribution in two-dimensional 

turbulent shear flow, is discussed, and the experimental verification of the 

theoretical results is also made. Furthermore, in connection with practical 

use, the velocity distribution and the mean velocity formula for open channel 

flow are derived by means of the velocity defect law and the wall conditions. 

However, in order to verify the theoretical results obtained in the present 

study in detail, further experimental research is needed. 
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