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The dynamical theory of the many body problem is used to account for the
meson-meson resonance and to investigate the behavior of the nucleon pair from
the standpoint of a composite model of pion.

1. Introduction and Summary

Recently the dynamical theory of the many body problem has been developed
by many authors and applied with great success to nuclear and solid state
physics. We should like to use this theory to explain the collective behavior
of pions and nucleons. Such an application is made possible because of the
existence of short range correlation between meson and meson or nucleon and
antinucleon. We discuss the meson-meson resonance in $§2 following the
Fukuda-Wada report about the treatment method of the many body problem
and the behavior of nucleon-antinucleon pairs in §3 along with the treatment
of plasma oscillation formally.

It is interesting whether the meson-meson resonance state obtained in §2
corresponds to the p-meson in the case of pion-pion scattering and the result
in §3 seems to be useful for our purpose, that is to make the difference between
the customary meson theory and the composite model of the pion clear.

2. The Meson-Meson Resonance

The recently-observed multi-pion resonances have been investigated by many
authors and in particular various methods have been used to study the pion-pion
resonance (the so-called o-meson) from the conventional field theory. The
importance of pion-pion interaction in the pion-pion scattering problem is em-
phasized by them and therefore we also account for the pion-pion resonance in
terms of a self-coupled pion field, without explicit introduction of a pion-nucleon
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interaction. But one great difference is that we explain this problem from the
standpoint of the many particle problem. Thus far, the work is confined to
the neutral scalar field, although it is expected that the same methods will be
applied to the pion field.

The total Hamiltonian of our system is given by

H =H+V, (1)
H, = 2 { (a0 + (poa)p+ wgxP)de, (2)
vV = 52 { gerany, (3)

where ¢(x) is the meson field, z(x) its canonical conjugate, » the meson mass,
‘2 the coupling constant. Units are chosen such that zZ=c=1.

We start with the following considerations. In the four meson interaction
it is considered that the four mesons are all free mesons, but in meson-meson
scattering it is advantageous to consider that two of them are free and the
other two are the meson source (i. e. c-number). Then the meson-meson inter-
action (3) is rewrited as follows,

V=31 { (e @y, (4)

where o(x) is the source function of the meson which depends only on r=|xl.
If the interaction Hamiltonian is linearized in this way, the total Hamiltonian
of our system becomes the same form as one in the neutral scalar meson pair
theory first discussed by Wentzel.” Asis well known, this is an example of a
many body system that can be exactly solved. Fukuda and Wada® studied this
problem in detail by the new Tamm-Dancoff method developed by Dyson.®
Then we make use of this calculation method by Fukuda and Wada but we
must notice that the ground state is the physical nucleon state in the case of
meson pair theory and our ground state is the one physical meson state. When
¥, and E, represent the ground state (one meson state) and its energy and ¥
and E the excited state (two meson state) and its energy respectively, after an
ingenious calculation the energy shift of the ground state is obtained as follows,

-1 A=, pu(pf
where
(k) = S olr)eksds,  wr =V E+ 2. (6)

Furthermore, from the equation

(E-H)¥ =0, (7)
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we can derive
2
- G Ena )

where £ is the normalization volume. When we solve equation (8), we have
the eigenvalue E—E,. If we choose #»(k)=0 for k>kumax, the so-called plasma
solution 2,; appears in addition to the ordinary scattering solution 2.

First of all, we put the scattering solution Qr=w;+ 4w, and expand ¢ and
7 in terms of spherical waves instead of plane waves, containing the system
a large sphere with radius R. Then we see that if #(k) is the spherical symmetric
function only the s-wave meson can interact with the source and the energy
shift 4w (i. e. the shift of the excitation energy 4E.x) is given by

_ k. 2B 9
dwyp Ron tan Tt dap’ (9)
where
2.0 4
ar = o, PSdk’k’;,f( k)2 :
ﬁk = —— kv(k)2 (10)

and P denotes the principal value of the integral.
Next the plasma solution 2,; is derived by the application of the Chew-
Low-Wick method

o S R deg d . FUR)

P |1+f(0)k+ze)|2
x {ZRef(wk-l—z’e)-I— | f(wk+ie)]2} ’ (11)
where
A LOTER 1
fla) = —2 P {cok +z+a)k—z} (12)

Finally we will obtain the phase shift of the meson scattering by the meson
source. According to Lippmann and Schwinger®

tan 6%(p) = 1?51 2, (13)

which shows, as already noticed, that the s-wave can only be scattered. When
we examine the resonance scattering which occurs around at w,~£2,s, the cross
section near the resonance is given by

26k
D = gy oy By TR a8

where
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1 ARy
- max . 15
C 2752kpl(kpl max) ( )

The resonance half-width is obtained by
I = 228 ¢ 16
c (16)

The plasmon energy is not related with the normalization volume. The plasmon
mode behaves like the bound state localized around the source.

3. The Behavior of the Nucleon-Antinucleon Pair

When we investigated the pion-nucleon interaction in the composite model
of the pion, we had an interest in finding out the ratio of the pion state (bound
nucleon pair state) to the unbound pair state in the all nucleon pair state.

We first write the total Hamiltonian of our system by means of second
quantized operators as follows,

H = H0+Hint ’
H, S Ej(ata,+b}by)dp,

Hip = 202 g S( a}. oBib} +bp. Ciap)X

(2 ¥5
X (— aﬁf_qB ib% + by —oCiay)dpdp’ da , an

where

B = (TiTz)Uz ’ Ci= (2'21';)02 ’ (18)

and @} and b} are creation operators and @, and b, annihilation operators for
the nucleon and antinucleon respectively. o¢/s are the spin operators, z;’s the
isotopic spin operators and g is the coupling constant, M the nucleon mass. To
construct the eigenvalue equation for one pair state, we take for ¥ some eigen-
state of the total Hamiltonian with eigenvalue E and for ¥, the exact ground
state (no nucleon pairs when the interaction vanishes) with energy E, and so
we start with

(H-E)¥ =0. (19)
Then we can derive :

(¥, (H-—EX—a}.,BbX)¥,)
= (Eptq+ Ep—E+EX¥(—af.Bb5 V)

oy ) W, (— BB by L) V) = (20)

(¥, (H-E Xbp+oCiap)¥y)
= (—Ep+q—Ep—E+E)¥, (bp+eC'ap)¥s)

(2i)3 M? S dp(¥, (— +qB'b*’+bp'+ac'ap’) g/o) = (21)
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From (20) and (21) we get the eigenvalue equation

1= 27 M* S dp (Ep+q+Ep—mq+Ep+q+Ep+wq) , (22)

where E—E; = w,.

This equation has two kinds of solution. One is
Wg = E‘)+q+Ep, (23)

which corresponds to a free nucleon-antinucleon pair and the other is

’

0g = VT <24

which corresponds to a bound state.
Thus, the following expansion is possible for one pair state:

S AD(— a1 BV + by oCitp) T
= [ dncdpwsis o+ ChaTHa). (25)

¥Aq) is the normalized wave function of the pion® given by

1 ay. «Bb} bp+oCla
p! _ ___Sd ( p+ad0p p+q" " qp )W , (26)
<a) V2w, » EpiqtEp—wq EpiqtEptwg °
and ¥}, is the scattering solution derived hereinafter. (We add the super-

script (+) to indicate the outgoing wave solution.)
At first to obtain the expansion coefficient C.q), we take the scalar product
of Eq. (25) with ZJ(g) and get

—4 1 1
Clg) = —2_ 27
(q) I/ZQ)qS dp(Ep+q+Ep'—a’q+Ep+q+Ep+a)a) * ( )

Next in order to have the scattering solution, we put
Uian = — Q5B+ 2530 5. (28)

Substituting this in Eq. (19), we have

i 1 8 gg /(— %, ip%, , iqa Y 29
Xp<a,p H—Eo—Ep+q—Ep—i6(—27r)3M_z dp/(—ag 1 oBibY +by +aCiap) ¥ (29)

We get also

1 8 g

0= b‘”qua"wo_T{—Eo—kEpﬂ,-kEp 2z M?

S dP(—ayy 1 (Bby +by +fClay)¥ s, (30)

from an identity bp.,Ciap(H—E)¥,=0. Adding Eq. (28) and Eq. (30), we obtain
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Viiap = (—ah.(Bby+bp.aCiap)¥,

- 1 N 1 )l £
Ep+q+Ep+Eo_H'i'i€ Ep+q+Ep+H—Eo (27T)3 M:?
x S dD/(— @Y 1.BbY + by iCiay) ¥, (31)

and so from this is derived the equation

[apwies, = (1_(:;3‘7;_)375‘2 far (Ep+a+E,,iEo—H—|—ie+Ep+q+E],;+H~E0))
x{ ap (—apr1aBibY by 1 Cia) V. (32)
Furthermore we can prove
(¥sapr TV ) = 0:j0pp Oad’ » (33)

after troublesome calculation by making use of Eq. (28). Then we can calculate
C«{p) and it is determined as follows,

Clp) = (1- s { o ( L

 (2ry ME Eyiqt+Ey +Ey—Ep.q—Ep+ic
1 IR 34
* Epvqt+Ep +EpratEp—E, ) (34)
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