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The Steady-State and Transient Characteristics of the
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The problem considered in this paper is one, in general, of making clear the
characteristic of chopper-modulated circuits from the theoretical point of view.

The chopper-modulated circuit under consideration is assumed to have four
circuit modes. In a previous investigation, we have already discussed a chopper-
modulated circuit having common two circuit modes, and also have developed
the valuable analytical method for a periodically interrupted electric circuit
having two circuit modes excited by a complex sinusoidal input.

Here we shall generally extend the foregoing analytical method for a periodi-
cally interrupted electric circuit having m circuit modes driven by a complex
sine wave input and basing on this method, we shall discuss a chopper-modulated
circuit having four circuit modes. Only a type of practical interest is treated,
that is, the transformer coupled chopper-modulated circuit which is frequently
used with conventional chopper amplifiers, and other types which are not con-
sidered here. The method considered in this paper is an available technique
explained to make clear the steady-state and transient performance of these types.

1. Introduction

In conventional chopper amplifiers, the chopper-modulated circuit commonly
contains a mechanical contact modulator, or a chopper as an element of its
circuit. This circuit has an important mean of converting an extremely low
d-c voltage or a very low frequency alternating voltage with small amplitude
into an alternating voltage being able to be amplified by a stable audio-
frequency amplifier.

The usage of the modulating device of such a chopper-modulated circuit
generating an alternating voltage has several advantages, that is, a very low
internal impedance of the circuit, almost negligible internal noises, and no
producing drift through the chopper amplifier.

The chopper may be supposed to take only two operations of “make” and
“break” synchronously according to a driving force of the chopper, which is
one of the types of the chopper-modulated circuits.
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However, other types of operation of the chopper in practice may be con-
sidered, that is, the chopper “makes before break” and “breaks before make”
synchronously at an extrmely low voltage given as an input to the chopper
amplifier. Here we shall discuss in detail the latter type of operation of the
chopper. This type is seen to have four circuit modes per one cycle of a
driving force to the chopper as shown later in this paper.

The circuit of such a chopper-modulated circuit converting d-c or a-c vol-
tages into an alternating voltage may be considered as a periodically inter-
rupted electric circuit of the first genus®., This circuit having two circuit
modes driven by a complex sinusoidal input has been already discussed, we
have developed the analytical method of such a circuit and, by the use of this
method, we have clarified the performance of one type of the chopper-modulated
circuit?®,

First, the remainder of this paper is devoted to the development of the
foregoing method, which is expanded to be applicable to the circuits having
m different modes®,

Next, the analysis of the chopper-modulated circuit having four circuit
modes is worked out in detail to illustrate the application of this expanded
theory, and to make clear the circuit characteristics®®,

2. Analytical Method of a Periodically Interrupted Electric

Circuit having m Circuit Modes

The general form of this interrupted circuit contains one chopper and
several passive elements of networks with / storage elements L.C as shown in
Fig. 1. It may be supposed in general that this circuit may have the different
operations of the chopper in each circuit modes, and also have the variable
L.C.R passive elements in different circit modes. That is, it may be considered
one of the networks containing variable elements.

Now let us suppose that the interrupted circuit under discussion has m

LI
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s chopp / \

|—¢ Oj '& \\‘
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o Networks |—s ?:( /\\
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Fig. 1. Periodically interrupted Fig. 2. Cyclic diagram illustrat-
electric circuit. ing the modes of a periodically

interrupted electric circuit per
one stage.
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different circuit modes 1,2, -, 7, (r+1), =, (m—1), m, 1, 2, --- altermately as illus-
trated in Fig. 2.

Hence the input signal is assumed to be the voltage signal of the form
as a function of the frequency w

E(t) = &/ 2.1)

which is connected with a loop containing the »-th element of the / storage
elements L,C when the operation of the interrupted circuit exists in the »~th
circuit mode, while which is connected with a loop containing the k2-th element
of the / strorage elements L,C when the operation of the circuit exists in the
(r+1)-th circuit mode, and so on.

Furthermore, assume that the interval ¢, of the »-th circuit mode is in-
dependent of the number of the stage, where =1, 2, -, m.

Then the differential equations can be written in the matrix notation for
the »-th circuit mode

2yt Zp1z vt ERAYEZ ) 0
ro1 e : t 0
: 50| et
z;ll ........... ; . érll. J;l(t) 0

where y,(¢), -, y{t) represent the unknown currents or voltages, which are
denoted in such a way that if the elemet is a inductance L, y(t)’s is a current
flowing through the inductance L, and if the element is a capacitacce C, %t)'s
is a voltage at terminals of the capacitance C, and z’s are given by

275 = Ld/dt+R
=Cd/dt+G,
or
2,5 =0
=%*1 (r=1,2,,m 4j=1,2,--,0).

For simplicity, Eq. (2.2) is expressed of the abbreviate form
[zADIL¥8)] = [wA($)] 2.3)

where D=d/dt, r=1,2, --- ,m and the origin of the time is chosen at the initial
instant of the »-th circuit mode.
By the use of the Laplace transformation*, Eq. (2.3)

* Fp)=p| F@e-rat
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[Z( D)LY p))=LW(p)]+p[=20L y~], 2.4)
then
[Y(p)] = [ZA )1 LW( )]+ pLZA p)1 (2900 y~°] (2.5)

where the elements of the matrix [y—°] generally denote the initial values of
the first kind corresponding to the elements of the matrix [ »(¢)], which are
identically equal to the final values of the element of the current- and voltage-
matrices [ 9(#)] in the preceding (r—1)-th circuit mode, and [2%] denote the
initial matrix corresponding to the matrix [z,(D)], but in this paper, for
simplicity of the analysis with no loss of generality, we shall treat the special
case of that the matrix [z,] is uniform at #=0, or in other words, provided
that [z;°]=[2;]=[2?], therefore the initial values of elements of the matrix
[y~°] are uniform at #=0.

The operational solutions of Eq. (2.5) are transformed into the time func-
tion by the use of the inverse Laplace transformation*, then we have

[y)] = [, )3+ [x)I[ 31 (2.6)
where [o.2)] = DLZAp) 1 LWA )] } @7
[xA2)] = D[ Z(p)1'[27].

In this equation, the origin of time is at the initial instant of the r-th
circuit mode. Here for generality, we choose the origin of the time at a time
when the 1st circuit mode on the 1st stage starts, and we suppose the input
voltage E(f) to be

E(f) = Eeiwt+o> (2.8)

By changing the origin of time, the input E(#) is rewritten of the form
E(t) = Eexp {j((l)(ﬂT‘}“:;: 1)+ 6)} -exp {jw(t—nT—jg £} 2.9)

which is seen to be applied at time t=nT+§t,-, that is, the input in the
r-th circuit mode on the #n-th stage, where 'T =r§1tr is one period of the

operations of the chopper or a duration of one stage of the interrupted circuit,
and #=0,1,2,---.

Therefore, Eq. (2.6) may be rewritten as follows, for the input E(f) of the
form shown in Eq. (2.9) during the 7-th circuit mode on the n-th stage.

[0 = Eexp ({7 + % 1)+ O [odt—nT—% 1]
It —nT-S T+ ). AT+ R 6<t<aT+ 54 (2.10)

* FO=9F (=5 tim | E D evap.
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The initial value matrix [ y(nT-%rft,-)] on the right-hand side of Eq. (2.10)
i=1

is represented by the following recurrence formula as reduced from Eq.(2.10)

[HnT+2 4] = Eexp {{nT + 3 )+ O [fr-ltr-)]
+ Dot Hn T+ 2 1] (2.11)
For abbreviation, using a symbol 7_; such as r”}_l:nT+§ t;, then we have

[y(Tg—l)] = Eexp { .7.((1’72——2"!‘ 0)} [¢r—1(tr—1)] + [xr~1(tr—1)][y(7¢—2)]

= Eexp { flor? 2+ 0} e, (t,— )1+ Eexp { jlorhs+ 0)} [xr—l(tr—l)][¢r—2(tr-z)]

+Eexp { floth-4+6)} [xr—l(tr—l)][xr—z(tr—z)][¢r—3(tr—3)] + e

+Eexp { flwrs+0)} [xr—o(t,—)J[xr—o2,—2)] -+ [xz(tz)][§01(t1)]
+[xr-l(tr—l)][xr~2(tr—2)] [xx(fl)][y(ré')] . . 12)
This recurrence formula means that the initial value matrix [ y(» T+;illti)]

={(r?_;)] in the r-th circuit mode on the #»-th stage is given by the initial
value matrix [y(nT)]=[(r5)] which could be generally determined by the
given initial value matrix [ y(0)] in the 1st circuit mode on the lst stage as

shown later.
Now substituting Eq. (2.12) into Eq. (2.10), we have

[5(8)] = Eexp {jwrfa+0[ot—70)]
+ Eexp {jlonT + O} [xlt— )T (ex0 (70 26T Trrulty- ) DIgr-oltra)])
At =K [tV T, T <2<t (2.13)

Setting f=#7T+ T and r=m in Eq. (2.13), we obtain the important relation
of the form

[5(nT+T)] = Eexp {jwnT+0)} [H1+[BI5nT)] (2.14)
where  [H] =3 lexp(jo" 25 tX T [im-sltm-o Dm-altm-u)]) 15

[B] ::}jol[xmfsUmfs)] .

Since it is evident that Eq. (2.14) is the difference equation having the
difference T with respect to #T, the solution [ y(nT)] of this equation is easily
determined by the general method solving the difference equation which was
described in detail in Appendix 1 of References (2).

The result becomes

[#(nT)] = [BY'[I]+Eexp { {wnT+0)} {exp (joT)LUI-[B]}7'[H] (2.16)
where [U] is a unit matrix and the initial value matrix [/] is given by

[I1=[%0)]—Eexp (jo){exp (joT)UJ-[B] '[H]. 2.17)
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The matrix [B]” is calculable by the use of the Sylvester expansion theorem
(see Appendix 2 in References (2)) of the form

$=1,2,...,2
; I {afU]-[B]}
[BY = B ateisim (2.18)
= I (as—.ar)
r#S
where a,, -+, a; are the distinct latent roots of [B].

Substituting Eq. (2.16) into Eq. (2. 13), the solution [ y(#)] can be determined,
that is, the current and voltage of the interrupted circuit in any circuit mode
on any stage are obtained in general with given initial values.

Now, clearly as was mentioned in References (2), the periodically interru-
pted circuit in question is stable, provided that the matrix [B] has distinct
latent roots and the absolute value of every root is less than unity.

If we consider only the case of the steady-state phenomena for sufficiently
great value of » when the circuit is stable, then we have, from Eq. (2.18)

lim[B]"=0 (2.19)

n300

Therefore the intial value matrix [»(#T)] becomes more simple forms as
[¥»T)] = Eexp { j(wnT +0)} {exp (joT)LUJ-[BI}~[H] (2.20)

and substituting Eq. (2.20) into Eq. (2.13) results in the steady-state solution.

3. Steady-State Characteristics of the Chopper-Modulated Circuit

Now let us consider a transformer coupled chopper-modulated circuit
shown in Fig. 3, having four circuit modes which is a type of “break before
make” as illustrated in Fig. 4.

Here we replace this modulated circuit by an equivalent circuit shown in
Fig. 5, whose circuit constants are reduced to those on the primary side of an
input transformer, and the chopper on s, and on s, are equi(ralent to the

on

-
chopper : 5 of off
C (break before) 1
= make /| on s
s 15 ag. duration: ' |t sty
I ; i Eolt)
E) circuit modes| 1 [r] m |m}-
we
J’——-— \~—one—stage—-i —

Fig. 3. Transformer coupled Fig. 4. Chopper operation and Fig. 5. Equivalent circuit
chopper-modulated circuit. circuit modes, corresponding to . Fig. 3
(son s :1-1 &2-2, s on

50 1-2 & 1-2),
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switch s’ on 1-1’ & 2-2" and on 1-2’ & 2-1’ in Fig. 5 respectively.

By the application of the method in above section to the problem in this
case, we can easily obtain the steady-state solution as follows.

The elements of the matrices in Eq. (2.13) in this case are given by

3] = [fv g;] 3.1)

where y,(#) is the current flowing through the inductance L and y(¢)=E(?) is
the terminal voltage of the capacitance C.

- Teu
LeD)] = —Le)] = [%( t)] (3.2)
and
[pd)] = [oA)] =0 (3.3)
where
ou(t) = Op/{d(p—jo)}, @lt) = DLY*/ {4 p—jw)} .
_ . 2u?), 2ukt)
L0 = L] = [xma), o] @4
where
rut) = QILCrp* + LA +7/R)p} /4y, xudt) = HLCP)/ 41,
Fialt) = ‘b—(rLﬁ)/dl y Xilt) = H(LCrp?)/ 4, .
- . %2u(8), xat)
Lote)] = Exge] = 220 20 (3.5)
where
Zou(t) = @{LCP2+(L/R)P}/AZ y Zafl) = @Cﬁ/ltz y X)) = 5;—)"147/42 ’
Kool(1) = @LCPZ/AZ
and

4y = LCrp*+ LA +r/R)p+r, 4,=LCpP*+(L/R)p+1.

By introducing the steady-state solutions in each circuit mode from
Eq. (2.13), the solutions are expressed of the form, when » is sufficiently great
value
1) for the 1st circuit mode

Ly&)] = Eexp { {onT + 0} et —nT)1+ [t —nT)ILy(nT)]
nT<<t<nT+t (3.6)
2) for the 2nd circuit mode
Ly#)] = Eexp {j(onT+ O {xt—nT—t)ILei(¢)]+ [2(t—nT— LIl y(» T)]
. nT+4L <t nT+t+t, (3.7
3) for the 3rd circuit mode



291 Shigenori HAvAsu1 and Koichi Mizukam:

[3#)] = Eexp { fo(nT+t:+t)+6)} [o(t—nT—t,—1,)]
+Eexp {jflonT+0)} [t —nT—t,— ) [ xL2)I[0:(2)]
+ [xs(t =0T —t,— ) I xot) (8D IL A0 T)]
nT+4+t,<t<nT+iH+t+t, 3.8)
4) for the 4th circuit mode

[x®)] = Eexp { {o(nT+t:+1,)+0) [x(t —nT—t:—t:—15)1[ps(t)]
+Eexp { jlonT+0) [x{t—nT—t:—t,—t:)I[x(ts) It 1 [0i(t1)]
+lxt—nT—t,—t,— ts) o) A 2) ()1 (T
nT+t+t,+t,<t<<auT+T 3.9
where
[(nT)] = Eexp {j(nT+06)} {exp (joT)LUI-[B]} '[H]. (8.10)

Substituting Eqs. (3.1), (3.2), (3.3), (3.4) and (3.5) into Egs. (3.6), (3.7) (3.8)
and (3.9), we can determine the steady-state solutions in this case.
Now to illustrate the present technique, some numerical results are prese-
nted as follows, by making use of the Digital Computer (KDC-1).
The circuit constants are assumed to be
r=5x10?Q2, R=10°Q2, C=(5/m)x10°F, L=1/20rH
and the chopper is driven synchronously at w.=1000 cycle per second and, that
is, t,=1=4x10~*sec, {,=4,=1x10"*sec and T=10"2sec, and »=10% is a sufficient
great value, where a is integer.
Moreover the input signal to the chopper-modulated circuit under discus-
sion is supposed to be sin w?, putting E=1 and §=0
E(t) = Eet+0) = gm(e/~t).
First we examine the stability of the circuit in question whether it is

stable or not, by checking the matrix [B] of the form

3.981870x 1071, 2.000955 X 10—5]

311
6.219725, 4.895580x 10! ( )

(1 - |

Solving the following characteristic function of the matrix [B]
o{ALUI-[B1} =0, (3.12)
the latent roots 1 of the matrix [B] are

Ay = 4.881754 <10
and 22 = 3.995696 < 10,

whose volues are less than unity, then the circuit is stable.
From Egs. (3.6), (3.7), (3.8) and (3.9), the wave forms of the modulated
output Ey#) are obtained as illustrated in Figs. 6,7, 8 and 9 with the sine wave
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Fig. 6. Wave form of the modulated output voltage in steady-state where 7=w,/@w=>50.

10F input

06

041

AN
N aVa\ .

= AATRTRNG

output

Fig. 7. Wave form of the modulated output voltuge in steady-state where y=10.
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Fig. 8, Wave form of the modulated output voltage in steady-state where y=5,
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output

Fig. 9. Wave form of the modulated output voltage in steady-
state where y=1000/70 is irrational.

Start
}

Set circuit constants &
given conditions
{
Compute elements of
matrices [¢], [x]
!
Set index i, j, k: number
of plots, circuit mode &
stage & compute initial
matrix [ y(nT)]
{
-»| Compute solutions [ y(#)]
[ |in each circuit mode
! I
i—>i+1 ‘ l Print out i
{ ! - _—T“—
| Modify | _”‘ Test: Number of plots ‘
i+l !
‘ } Reset initial matrix for l

!Modify next circuit mode
k—k+1 )
] Test : Number of modes !
|

Count : Number of stages 1

Hilt
Fig. 10. Digital computer flowchart for calculating the
modulated output voltage in steady-state.

input, whose calculations have been done in such a way as shown in Fig. 10.

By virtue of Figs. 6 and 7, the wave forms are considered sufficiently
good results when ry=w;/® is a large value to some extent, but, when 7r is
small, the wave form is slightly distorted and its magnitude is highly decreased
too, as shown in Fig. §,
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When 7 is irrational, the wave form is remarkably distorted as indicated
in Fig. 9, whose phenomena seems physically to exist in the circuit considering
the experimental point of view.

From many numerical calculations of the wave forms of the modulated
outputs, Fig. 11 illustrates the frequency response of the transformer coupled

chopper-modulated circuit, that is, the amplitue and phase characteristics as
a function of the ratio w/w,.

— EERE 0

g ==t 25 §

- nd S
3 Y §
;-‘]0 N 50 Q@
= \ &
85 N 75 &
t 001

_20 =" NN 'O'Gt;;/;_ " \ 100 l

- b _

25 ! 35"] 125

001 Q02 004 00701 02 , 04 07 10
We

Fig. 11. Frequency response of the transformer coupled

chopper-modulated circuit.

4. Transient Characseristics of the Chopper-Modulated Circuit

In this section we first consider the transient response of the same circuit
of the type of the “break before make” treated in the 3rd section to a
sinusoidal input. Next the transient response to a step input is discussed for
two types of the “break before make” and “make before break” of the trans-
former coulped chopper-modulated circuit.

4.1. The Transient Response to the Sinusoidal Input -

Setting the constants to be the same one as one in above section and
other conditions are the same one too, the results can be obtained by using
Eq. (2.13) where we take first #=0 and next #»=1 and so on according to step
by step calculations, and assume [ 5(0)]=0.

By means of the Digital Computer (KDC-1), the transient response of the
transformer coupled chopper-modulated circuit of the type of the “break
before make” is illustrated in Figs. 12 and 13 for the sine wave input with a
frequency of 40c/s and with a frequency of 100c/s respectively, when the
frequency of the chopper is 1000 ¢/s.

Accordingly it is concluded that in such a case where the frequency of
input signal is 40 c¢/s or 100 c/s with respect to the chopper frequency 1000 c/s,
the transient phenomena may be almost diminished in one cycle of the
frequency of the input signal.
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Fig. 12. Transient response of the modulated output voltage to the sinusoidal input where r=25.
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Fig. 13. Transient response of the modulated output voltage to the sinusoidal
input where 7=10.

4.2. The Transient Response to the Step Input

For comparison, we consider the performances of the “break before make”
and “make before break” types of the circuit shown in Fig. 3.

In the case of the latter, the chopper s operates of the form as shown
in Fig. 14, therefore, for simplicity of the analysis, we may take the equivalent
circuit shown in Fig. 15 corresponding to Fig. 3, in which the operation of the
of the chopper s is replaced by the switch s* and s” synchronously operating
of the form as illustrated in Fig. 16 and an added resistance R’ in Fig 15 is
‘very small such as a contact one of the switch.
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Fig. 14, Chopper operation of Fig. 15. Equivalent circuit Fig. 16. Operations of the

the “make before break” type. when the chopper operates switch s” and §” corres-
of the form as shown in ponding to the chopper s.
Fig. 14,

The operations of the switch s’ and s” are considered in such a way that
when the chopper s is on s,, the switch s’ is off and s” is on during ¢, and #,,
and during #, the switch s" is on (1-1) & (2-2") and ¢ is off, and that when
the chopper s is on s;, the swich s’ is off and s” is on during ¢ and ¢,, and
during #, the switch s’ is on (1-2") & (2-1’) and s” is off.

The solutions in two cases under consideration become of the simple forms
described in no complex domain, since the input signal is a unit step one.

Putting #=0, 6=0 and [0)]J=0 in Egs. (3.6), (3.7), (3.8) and (3.9), the
transient solutions to a unit step input are written of the forms, only on the
1st stage
1) for the lst circuit mode

[¥l=[e®] 0<52<y 4.1)
2) for the 2nd circuit mode
[o0)] = Lot —t))+[alt—t)Met)]  6.<:<t, 4.2)

3) for the 3rd circuit mode _
[¥)] = Lot —t,—t)]+ [xst—t,— L)L)+ [xat — 2 — ) L2 2) I pa(21)]
LSttt (4.3)
4) for the 4th circuit mode

[y®)] = [pt—ti—t—t:)1+ Cx(t—ti—t—t) 1L @sts)]
+[xt—ti—to—t) A2 8:) I A22)]
+[x2—t— to— ) JLxs(t) I xLt) 1 e o(2)] L<t<4, (4.4)

where the elements of the matrices are given by Egs. (3.1), (3.2), (3.3), (3.4)
and (3.5), but in the case of the “make before break” type, the resistance R
in Egs. (3.2), (3.4) and (3.5) must be replaced by R,=RR’/(R+R’).

The transient solutions in any circuit mode on other stage are determined
by step by step calculations basing on Egs. (4.1), (4.2), (4.3) and (4. 4).

The transient response to the unit step input is plotted as indicated in
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Fig. 17. Transient response to the unit
step in the “make before break” type
of the chopper where £=0.5, 0.8 and
0.9 respectively.
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Fig. 18. Transient response to the unit step in
the “break before make” type of the chopper
where #=0.5, 0.8 and 0.9 respectively.
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Figs. 17 and 18 by means of the Digital Computer (KDC-1), assuming that the
constants and conditions are the same one as the previous case, but that in
the case of the “make before break” type, the resistance R’ is R'=0.10.

Figs. 17 and 18 illustrate the transient responses at three cases of £=0.5,
0.8 and 0.9 in the “make before break” (M.b.B) and “break before make”
(B.b.M) types of the chopper respectively, where g=¢/(¢,+¢,).

From many numerical results of these transient responses, the transient
upper envelopes of the modulated outputs to the unit step input are plotted

10 10
(6. b. M) a9 (M5B
08 08
§06 §QO -
w L
3 <
® 04 @ 04

02 0z

Fig. 19. Transient upper envelopes of the modulated output voltage to the unit step input
when the operation of the chopper is (B.b.M) and (M.b.B) types respectively.
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Fig. 20. Relations between the steady-state
envelope and duty-ratio # for the
d.c input signal.
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with respect to the parameter of a duty-ratio # as shown in Fig 19 comparing
(B.b.M) with (M.b.B) types.

Consequently it is apparent that when the response of envelope of the
output becomes the steady-state value, we can obtain the relation between
the envelope of the modulated output and duty-ratio # for the d.c input signal
to the chopper-modulated circuit as illustrated in Fig. 20, which shows the
great difference between (B.b.M) and (M.b.B) types.

From these results, it is concluded that the (B.b.M) type is superior to
the (M.b.B) with respect to the performance of the chopper-modulated circuit
under discussion.

5. Conclusion

It has been the purpose of this paper to examine the transient and steady-
state response of the chopper-modulated circuit to sine wave and step inputs.

First we have introduced in general the analytical method of the periodi-
cally interrupted electric circuits of first genus having m circuit modes in
complex domain. 3

On the basis of this new techniques, the transmission characteristics of
the chopper-modulated circuits of two types have been clarified by observing
the numerical results by means of the Digital Computer (KDC-1).

As the steady-state response of the output, the frequency response of the
output, that is, the amplitude and phase characteristics have been obtained
clearly only in the case of the “break before make” type of the transformer
coupled chopper-modulated circuit, but in another case, not considered here,
those performances could be obtained by the similar way of the previous case.

It is found that the transient behaviour of the output to the sinusoidal
input is almost diminished in one cycle of the frequency of the input.

While for the unit step input, the transient response of the output have
been made clear in both cases of the “break before make” and ‘“make before
break” types of the chopper-modulated circuit, and these results have shown
the great difference of the characteristics between these two types.

It is hoped that the results given in this paper may serve as a reference
to the circuit designer as well as other fields and that this analytical method
will be widely available in other fields.
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