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A Method for the Calculation of the Turbulent Boundary 
Layer with Pressure Gradient 

By 

Busuke HUDIMOTO* 

(Received June 29, 1965) 

A method of calculating the turbulent boundary layer is explained in this 
paper. The major assumption of this method is that the rate of increase of 
the boundary layer thickness is proportional to the turbulent velocity fluctuation 
due to the vorticity contained in the layer. The velocity profile which consists 
of two parts is assumed, then an equation is obtained. With this equation and 
the momentum integral equation, the boundary layer thickness and the velocity 
profile are determined. 

1. Introduction 

The assumption that the rate of increase of the width of the wake or 

jet is proportional to the velocity fluctuation perpendicular to the direction 

of mean flow gives satisfacto~y result. The same assumption is applied to 

the case of the turbulent boundary layer and it is assumed that the rate of 

increase of the boundary layer thickness is proportional to the velocity• 

fluctuation due to the vorticity contained in the layer. 

2. Fundamental Relations 

Take x-axis along the wall surface, y-axis perpendicular to it and let u 

be the velocity, u0 be the volocity outside the boundary layer, v' be the 

velocity fluctuation in y-direction, o be the boundary layer thickness and t 

be the time, then the present assumption can be expressed as follows, 

( 1 ) 

Also it is assumed that v' is proportional to the vorticity contained in the 

boundary layer, i.e. 

( 2) 
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From eqs. (1) and (2) 

do a (du) 
dx = c u

0 
dy c' ( 3) 

where (du/dy)c is the value of du/dy at a properly chosen point in the layer 

and c is a constant. As the effect of the pressure gradient is included in the 

value of (du/dy)c, so it can be seen that the constant c is independent of the 

pressure gradient. 

Let (} be the momentum thickness, o* be the displacement thickness, 

H=o*/8 and also let 

(} 
<p 1 = 8 and o (du) 

92 = c Uo dy c' 
( 4) 

then by eq. (3) 

( 5) 

The momentum integral equation of the boundary layer is 

( 6) 

where (=✓cf/2, Cf being the local skin friction coefficient. 

By eq. (6), eq. (5) can be also expressed as follows, 

(7) 

The values of 9 1 , <p2 , Hand ( are functions of Reynolds number and also 

depend on the form of velocity profile. Let them be known, then, as solving 

eqs. (5) and (6) or eqs. (6) and (7), the momentum thickness, velocity profile 

and other quantities are determined. 

3. Velocity Profile and Local Skin Friction Coeffi.cient 

In this calculation, the velocity profile is divided into two parts, the one 

due to the frictional resistance on the wall surface and the other due to the 

pressure gradient, and it is assumed as follows'), 

!!_ = /(71)+ ah{71), 
Uo 

( 8) 

where /(71) = (1-a)+2.5(log 71, h(71) = ! 71- ~ 71•, 

71= y/o and a being a parameter which is zero when there is no pressure 

gradient or Uo=const. 
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Then from eq. (8) 

( 9) 

(10) 

Let v be the kinematic coefficient of viscosity and u*=(u0 , the friction 

velocity, then in the neighbourhood of the wall surface, 

u u*o * = 5.5 + 2.5 log 7J + 2.5 log - , u )) 

hence, from eq. (10) 

Equation (11) gives the relation between the local skin friction coefficient and 
Reynolds number R6 =u08/v and this is shown in Fig. 1. For the sake of 
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Fig. 1. Coefficient of local skin friction. 

simplicity, this local skin friction coefficient is expressed approximately by 

the following equations. 

Clo = 0.0172 R,1
1

5
, 102 < Re < 104

, } 

cf = 1-1.38a+0.527a5
, 0 <a< 0.8, 

Clo 

(12) 

where c10 is the coefficient when a=0. 

Figure 2 shows r.p 1 =0/o for several Reynolds numbers calculated by eqs. 

(10) and (12). 
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Fig. 2. Relation between cp1 =(}Io and parameter a. 

4. The Function 91
2 

The strength of the vorticity du/dy varies with y. To determine appro­
priate position of y to represent the strength of vorticity in the boundary 
layer, the center of the vorticity distribution due to function h(r;) is taken. 

This point is given by r;= t (dh/dr;)r;dr; and r;=0.4 in the present case. Hence 

ff>2 is expressed as follows, 

ff>z = c [d(u/uo)] , 
dr; ~~o.• 

(13) 

where 
[ d( u/ Uo)] = 6.25( + 1.248a. 

dr; ~~o., 

Now, in the case of flow without pressure gradient or u0 =const., a must 
be zero. Using the approximate expression of eq. (12) i.e. 

✓ c f/2 = (o = 0.0927 (v /uof:J)1110
, 

the following relations are obtained from eqs. (10) and (14) when a=O, 

dcp 1 = (__§__- 25(o)d(o 
dx 2 dx 

Then by eq. (6) i.e. d0/dx=(5, 

and putting this into eq. (7) 

(14) 



A Method for the Calculation of the Turbulent Boundary Layer with Pressure Gradient 437 

Comparing this equation with eq. (13) i.e. cp2 =6.25c(0, the constant c becomes 

as follows, 

- 0.0064(11-60(0) 
C - (1-5(0)2 • 

The calculated values of the constant c is given in the accompanying 

table. 
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Corresponding value of c in the wake lies between 0.19~0.27 after Schlicht· 

ing's experiment2> and, for example, in the case of a flat plate the value of 

c in the wake must be at least twice the value in the boundary layer, so it 

seems that the value given by eq. (15) is adequate. 

Using this constant, cp2 becomes as follows, 

- 11-60(0 
cp2 - 25(l-5(

0
)2((+O.1997a). 

Figure 3 shows the product cp 1cp2 for several Reynolds numbers. 
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Fig. 3. Relation between </VP, and parameter a. 

(16) 
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5. Transformation of Equation (5) 

Let (=f(0 , then from eq. (10) 

Hence, by eq. (6) 

where 

dcp1 = ki da_k
2 

(_!_.du0 +_!_.d8) 
dx dx Uo dx 8 dx , 

df k1 = (0.4-0.5136a-3.4()+(2.5-3.4a-25CKo da, 

k 2 = (0.25-0.34a-2.5()(. 

k1 .da _ _ bo .duo_ Co 

ff!1 dx - Uo dx 0 ' 

bo = (k2 +l)(H+2)-k2
, 

cp, cp, 

Co= ff!1ff!2-(!: +1)(2. 

(17) 

Figures 4, 5 and 6 show k1/cp1 , b0 and c0 respectively. The value of k,/cp, 

Fig. 4. Values of ki/cp1 in eq. (17). 

decreases with a and becomes zero at a-::::::0.7, while b0 and c0 are both positive. 

Hence, in this method, the separation point is given by k1=dcpi/da=0 unless 

(8/uo)du0/dx= -c0/b0 • It is noticed that the condition k1=0 depends on the form 

of the assumed velocity profile and Reynolds number, but independent of 

the value of ff!2. 

Again, after some calculations, eq. (17) is transformed into the following 

equation, 
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Fig. 5. Values of b0 in eq. (17). Fig. 6. Values of c0 in eq. (17). 

edH = _bHB.duo_CH 
dx u0 dx ' 

(18) 

where hH = cpkto( H, + Hl:o ~~)+0.l(HiH+ 1), 

CH= cpt(H,+H2(o~~)+0.1(3H2 , 

H _ 0.4cp, -(2.5( +0.4a)(0.4-3.4(-0.5136a) 
1 - 'Pi ' 

H
2 

= 2.5cp,-(2.5(+0.4a{2.5-25(-3.4a). 
'P1 

Examples of the values of hH and CH are shown in Fig. 7. Figure 8 shows 
the relation between Hand -(0/u0 )du0/dx for equilibrium layer i.e. dH/dx=O3

), 

the points are the experimental result of F. H. Clauser. The broken lines 
show the same relations taken from the author's previous paper'). 
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Fig. 7. Values of bu and cu in eq. (18). 
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Fig. 8. Relation between Hand -(00/u0 )du0/dx 
when dH/dx=O. 

6. Practical Method of Calculation and Examples of Numerical 

Calculation 

In the practical calculation, the momentum thickness can be estimated 

by the following equation. 

( u:O r5 

0 = !t { 0.0103 ~ utdx + const.}, Ro < 104
• 

Let cp 1 and 0 at x=x0 be cp 10 and 00 respectively, then from eq. (5) 

<E!_ =!!_exp (-fx Cf!1Cf!2dx) 
([!10 0o Jx0 0 , 

or let x-x0 =Llx, Llx being small, then 
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Fig. 9. Comparison of the experimental and the calculated 
velocity profiles. 
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and this relation is convenient for successive calculation to estimate cp,. 

Figures 9, 10 and 11 show three examples of calculation compared with 

the experimental results of Gruschwitz5
), the same examples which were used 
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Fig. 10. Comparison of the experimental and the calculated 
velocity profiles. 
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Fig. 11. Comparison of the experimental and the calculated 
velocity profiles. 

in the previous papers6l. In the cases of Figs. 9 and 11 satisfactory results 

are obtained, but unfortunately, in the case of Fig. 10, the boundary layer 

separates near x = 51.72 cm while the experimental result show that the 

separation takes place at x=56.72 cm. In this respect, the accompanying· table 
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Test Series No. 5 

91.7 96.7 

3.3 2.1 

which shows the result of calculation, will explain the above-mentioned dis­

crepancy. 

7. Conclusion 

In this method, it is assumed that the rate of increase of the boundary 

layer thickness is proportional to the vorticity contained in the layer. So 

the method of the calculation consists of one dynamical equation i.e. the 

momentum integral equation and one kinematical relation eq. (3). There is a 

doubt whether c in eq. (3) is a constant or varies with the velocity profile, 

still the present method gives rather satisfactory results except premature 

separation of the layer in some cases. 
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