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In this paper, the authors deal with an application of dynamic programming
technique to an optimum sampled-data control system design.

Since the optimum sampled-data control problem may be treated as an
n-stage decision process, the determination of the optimum control law is carried
out by means of the dynamic programming technique. Optimum control policies
are derived to fulfill the minimum integral squared error for the deterministic
case and the minimum expected value of integral squared error for the sto-
chastic case. It is shown that the control signal of the optimum system
consists of a linear combination of system variables. The over-all optimum
control system is a time-varying system. However, the quasi-optimum control
can be achieved by feeding back all the state variables through appropriate
constant multipliers and the quasi-optimum control system can be considered
as a good approximation of the optimum system.

1. Introduction

In recent years, modern control technology has made very rapid progress.
The core of modern approaches to the control system design rests upon the
determination of a control law so as to minimize or maximize a set of per-
formance criteria. In contrast with these approaches, the essence of classical
approaches to the design of control systems lies in the determination of a
compensator to fulfill a set of arbitrary requirements; and the configuration
of the system is more or less fixed ahead of the system design. However,
modern apptoaches will yield an optimum configuration as well as an optimum
controller for the system.

The optimum system design problem is essentially formulated as a
variational problem and these methods which have been used successfully
in many applications are the classical calculus of variation, the Maximum
Principle of Pontriyagin® and Dynamic Programming of Bellman®. Recently
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a number of papers applying the techniques of dynamic programming to the
treatment of control problems have appeared in literature. In these papers,
some authors have achieved essential results in the optimum design of
sampled-data control systems®:®,

However, these investigations are restricted to the case optimizing the
criterion functions which are expressed by the function of state variables only
at sampling instants and does not include the behaivors over the sampling
intervals. Forthermore, the discussions for the realization of the optimum
control system and the quasi-optimum control system which has nearly the
same performance as the optimum one are few. This paper deals with the
optimum design of linear sampled-data control systems with a deterministic
input and a stochastic input, respectively.

2. Dynamic Programming Approach

Consider the control system shown in Fig. 2.1. The reference input r,
the state variable ¢ (characterizing the controlled element at any time) and
the control signal y are veétor quantities and T is a sampling period. The
design problem is to make the control signal by the computer so as to
optimize the performance criteria or criterion functions (integral squared error,
for example). Let x be the value of the state variable at any sampling
instant; x is called a initial

value of a state variable for r T/

Computer| Y {Controlled| ©
any sampling period. If we element

consider a control signal as a

decision and a initial value of

. X Fig. 2.1. Sampled-data control system.
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signal y;, the reference input r; and the inital value x,. Then, it is written as

Z(Yr, Xk, Th) @.1)

If we consider such a control process that the criterion function over the
total interval 0<¢<xT is a sum of criterion functions for each interval, the
criterion function over the total interval, G, is given by

Gn = gUn, Xu, ")t g Wn—1, Xn—1, a1+ + gy, X1, 1) (2.2)

Criterion functions of this type arise naturally in the study of control pro-
cesses.

The dynamic behaivor of a controlled element is usually described by a
set of differential equations. Under such process, the initial value x; is
given by

Xp = M(Xps1, Yrr1) (k=n-1,-,1) 2.3)

From Egs. (2.2) and (2. 3), the criterion function G, may be written as

Gl Yn, Un—1,""" > Y1s Xn, T, Tp—y,""",Ty) 2.4

For a deterministic control process, the optimum design problem can be
regarded as the minimization problem of a function of n-variables. The
sequence of control signals, (¥, ¥n—1, - ,¥,) Which yields the minimum value
of criterion function is referred to as an optimum policy. The usual approach
to the solution of the xn-dimentional minimization problem yields a solution
in the n-dimentional form. Then we cannot apply the routine technique of
setting partial derivative equal to zero, unless G, is a function of particularly
simple form. As will be shown, the dynamic programming approach will
yield a sequence of solutions; first, the choice of y,, then the choice of y,,
and so on,

First consider a single-stage decision process. The criterion function over
the interval (n—1)T<¢t<nT is given by

Gy, x,, 1) = gy, x1, 1) (2.5)

It is easy to obtain the control signal p, in order to minimize Eq. (2.5).
Since the minimum value of the criterion function is a function of the initial
value x, and the reference input r;, it may be written as

fi(xy, ) = min[G(y,, x;, )]
= min[ g(w,, 21, )] (2.6)
14

Next, consider a two-stage decision process. From Eq. (2.2) the criterion
function over the interval (n—2)T<t<nT is given by
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GAy., Y1y, X2, T2, r) = g(yz, Xz, rz)+g(y1, X3, 1) (2.7
The optimum design problem is to choose a sequence of allowable control
signals y, and y, in order to minimize Eq. (2.7). From Eq. (2. 3), x, is expressed
by a function of the control signal y, and the initial value x,. Then, the
minimum value of Eq. (2.7) can be written as

f2(y2> T2, rl) = min [g(yZ, X2, r2)+g(y1) Xy, rl)]

Ho Y1

= min[g(y29 xZ: r2)+min{g(y1’x1yrl)}] (2'8)
y2

n

Using Egs. (2.6) and (2. 3), the above equation yields
fAxy, rz, ry) = min [g(yz, Xy, )+ fi(x, ro]
¥z

= min [g(yz; X2, r2)+f1{h(y2, xy), ri] (2.9
Y2
In the same manner, the minimum value of the criterion function over

the interval 0<¢<x»T may be written as
fn(xn ’ rn, Ty rl) = min [g(yn, xns rn)+fn*1(xn71) r”71 >ty rl)] (2' 10)
Yn

where

Tp1 = WYn, xp) (2.11)
for n=2,3,--.
The term, g(y., x., rn), on the right-hand side of Eq. (2.10) is the criterion
function over the interval 0<¢<7T and the term, f,—(Xy—1, ¥n—1,,r,) repre-
sents the minimum value of the criterion function for the final (z—1) stages.
And Eq. (2. 10) represnts the concept of the principle of optimality?. Eg. (2.10)
shows that the »n-stage decision process is reduced to a sequence of n-single-

stage decision processes.
Hence, it is shown that the optimization problem can be solved in an

iterative manner. From the recurrence relations of Egs. (2.10), (2.11) and
(2.6), we can inductively obtain the sequence of minimum criterion functions

fl(xb rl); fz(xz’ rs, rl)y“' ’fn(xny Tp, rl) (2. 12)

and the sequence of optimum control signals, i.e., the optimum policy for
the n-stage decision process.

gl(xla rl)y BZ(xZ’ rs, rl)] ’gn(xn: L TR rl) (2' 13)

Using Eq. (2.3), ¥n, Yn-1, -, y; are functions of the initial value x, at =0
and the sampled values r,’'s of the reference input. Then, if the reference
input is known, the sequence of optimum control signals is determined from
Egs. (2.3) and (2.13).
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3. Optimum Design for the Deterministic Case”

In this section, for simplicity a design procedure is discussed for a single-
variable control system. The reference input is assumed to be a step function
with the magnitude ». It is assumed that the controlled element is preceded
by a sampler and a zero-order hold circuit shown in Fig. 3.1 so that the

Control

Input Sampler signal Output

zero-order Controlled
~ Computer—"—Thold circuifl ] element [

feed back
Fig. 3.1. Sampled-data control system with hold
circuit.

input into the controlled element over one sampling perod is constant and
equal to the magnitude of the control signal at a sampling instant. Therefore,
the criterion functions over the interval 0<¢<»T and the interval (n—k)T<¢
<(n—k+1)T, respectively, may be written as

T
Gl Yns Yu—1,"" s V15 Xns ) :kg So {r—c®(o)}dr

-

It

”n T
" S fex()}dr (3.1)

k=1Jo

and
T
&(Yr, X, ¥) = SO {r—c®(o)} 4dr

= {Mane @ =nn—1,,0) (3.2)

where ex(r) and c¢¥(r), respectively, are the error and the output over the
interval (n—k)T<t<(n—k+1)T and r is measured from the beginning of every
sampling period. The controlled element is assumed to be described by an
mth order differential equation with constant coefficients, i.e., the controlled
element is assumed to be of mth order. Usually, the output of the controlled
element, ¢(z), the first derivative of the output, ¢*(z),--- and the (m—1)th
derivative of the output, ¢™—'(z), are selected as the m components of the
state variable ¢(r), and the corresponding initial values can be expressed by
x@’s, Then, the system output c®(r) can be written as

ei®(7) = a(@)ye+ () + by + - + by (D)2 (3.3)

where 7 is measured from the beginning of the sampling instant. Substituting
Eq. (3.3) into Eq. (3.2), the criterion function g(yx, xx, 7) yields

&(ye; xp, 1) = AX, 7)—2B\(xe, Nyp+Ci 33 (3.3)
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where A,x;, ) is a quadratic form of r and x{"’s, By(x;, 7) is expressed by
a linear combination of » and x{®’s, and C, is a positive constant. The initial
values x§”s are given by
B = [f@-r  (=0,1,,n-1) (3.5)
and by differenciating Eq. (3. 3) successively, ¢¥(z)’s can be obtained, then
ci?(r) is also expressed by the linear combination of y, and x{’s.
Now, consider a single-stage decision process, that is, the interval
(n—1)T<t<nT. The criterion function is given by
&y, X1, 7) = Ay(xy, 7)—2By(x,, 3+ C1 8 (3.6)
which is a quadratic equation of y, and C, is a positive constant, then the
control signal 7, minimizing Eq. (3.6) and the minimum value of Eq. (3.6)
become, respectively,
¥, = Byx,, 7)/C, 3.7
and
fi(xy, 1) = g( 51, %1, 7)
= Ay(x,, r)— {B{x,, n}?/C, 3.8
Next, consider the criterion function over the interval (n—-2)T<¢t<n7. From
Egs. (2.9), (3.4) and (3.8), the minimum value of the criterion function can

be written as
fxy, 7) = n}in [g( 32, x4, )+ filx,, )]
2
= H;in [Adx,, 7)—2Bxs, )3:+C, 35+ Ai(xy, r)— {Bfx,, 1)}%/C.]  (3.9)
2

In Eq. (3.9), the components of the initial value x, are expressed by a linear
combination of y, and x§”’s from Egs. (3.3) and (3.5), then Eq. (3.9) can be
written as

Jdx, 7)) = n;lin [ALx,, )—2A44x,, 7)9.+C;33] (3.10)

where AJfx,, 7) is a quadratic form of r and x$’s, BJ(x,, r) is expressed by a
linear combination of » and x§”’s and C, is a positive constant. From Egq. (3.10),
we can obtain the optimum control signal 7 and the minimum criterion
function ffx,, ») as follows.

52, = Bix,, 7)/C, (3.11)
and

fAxz, 1) = Afxs, ) —{Bfx,, )}?/C, (3.12)

In the same manner, the recurrence formula for the n-stage decision

process may be written as
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Sn(Xn, 7) = n;lin L2(In, Xu, 1)+ froXny, 1]
= I;’in [Aixn, 7)—2B{x,, )92 +C, J’ﬁ
n

+An—Xp—1, ©)— {Bp—oXn—1, }2/Cal
= r§11n [An(xn, 7)—2Bu(x4, r)yn + Cnyﬁ] (3.13)

where A,(x, 7), Ba(x, ) and C, are expressed by the same forms as A\x, r),
By(x, ) and C,, respectively. Then, the optimum control signal 7, becomes

In = Bu(Xu, 1)/Cy (3.14)

From Eq. (3.14), the optimum control signal #, is given by the linear com-
bination of the reference input » and the components of a initial value, x’s.

From the above discussion, we can obtain the sequence of optimum con-
trol signals

y-ﬂy j’ﬂ—ly'“)ij 5}1 (3- 15)
where
In = Bu(xu, 1)/Ca
In—1= Bus(Xn—1, 7)/Cpn—s = Bus{\M(Fn, Xu), ¥} /Cn—y (3.16)

71 = By(xy, 7)/Cy = Bi{l( 32, x3), 7} /Cy

It is shown that optimum control signals given by Eq. (3.15) can be expressed
by a linear combination of the magnitude of the reference input » and the
components of the initial value at #=0, x{”’s (see Appendix). But as seen
above, for example, in Eq. (3.11) or Eq. (3.14), the optimum control signal at
any sampling instant consists of a linear combination of system variables
at that instant and the reference input. These facts suggest the configuration
of the optimum controlier. Therefore, it is more important to determine
Bi(x, 7)/Cr, (k=1,2,---,n) given by Eq. (3.14) than to get the control signals
J¢'s expressed by the function of the reference input » and the initial value
at =0, x,. The optimum controller can be designed as shown in Fig. 3.2,

Input o OmPler o Controlied| Qutput
circuit element
cimd

cw)

Am-
— ¢
[e ] c
'a

Hor

Fig. 3.2. Block diagram of the optimum system,
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in which the coefficients a; and # are constant over every sampling interval
and vary at every sampling instant. Then, the optimum control system is
a time-varying system and this result is the same as derivcd by some other
authors®:®,

4. Optimum Design for the Stochastic Case®

In the previous section, the input signal has been considered as a de-
terministic, or a known function of the time. In many cases of practical
interest, this is not the case and the input signal must be considered to be
a random function of the time. In this section, assume that the distribution
function for the sampled values, 7.'s of
the reference input signal is known, and Sgr?:gg:loussampler S:gri:::r:e

for simplicity, consider the staircase input /___zero-qrde'r | input
R(t) T [|holdcircuitl ¢(t)

random input 7(f) as a reference input

for the design in place of the continuous Fig. 4.1. Generation of the staircase
random input.

random input R(#). As shown in Fig. 4.1

the staircase random input r(f) is taken as the output of zero-order hold
circuit, when the continuous random input R(¢#) applies to the sample-hold
circuit. Fig. 4.2 shows the relation between these random inputs. In order

r{t) R(t)

——»t T

Fig. 4.2. Continuous random input R(#) and staircase
random input r(2).
to make the analogy with the previous discussion of the deterministic control
process, let us parallel the route followed in the previous section.
Now, for simplicity of descriptions, by defining

X ={rx7] = [rx®x® ... x"-1, T 4.1)
as the state variable, the criterion function over the interval (n—1)T<¢<nT
given by Eq. (3.6) can be written as

gy, Xy) = X/A,X, 2B, X, y,+C, ¥} 4.2)
where x is the mean value of sampled values of the random reference input,
“7” expresses the symbol representing the transposed matrix and 4,, B, and

C, are an (m+2)x(m+2) matrix, an m-+2 dimensional column vector and a
real number, respectively.
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Consider the single decision process. Since we can assume that the
sampled value of the input at ¢t=(n—1)7, », is known, the control signal 3
minimizing Eq. (4.2) and the minimum value of Eq. (4.2), respectively, can
written as

n = 31X1/c1 (4. 3)
and
[(X) = g(5, X)) = X, TA —(B/B)/C,1X,

=[n xll][fh bl] 7’1]
b/ d, | x,
= ria, +2rbx,+ x,dx, 4. 4)

where «;, b, and d, are a real number, an m+1 dimensional column vector
and an (m+1)x(m+1) matrix, respectively. Let ¢(r,) be the probability distri-
bution function for sampled values of the reference input », and if the mean
value and the variance of the input », are given by x and % the expected
value of Eq. (4.4) becomes

P = | _AQe(rin = ELAXD]

=(u?+o¥a,+2ubx,+x/dx,
= o%a, +x,/Hx, (4.5)

where E[ ] expresses the symbol representing the expected value and H, is
an (m+1)X(m-+1) matrix and is given by

Hy=[ 0 0 +[ 0o 07+ 0 ...... 0 +d,
I: ; ; } [ (:) ...... (:):] [ ; ; b{} (4. 6)
0------ a b, Oeveeee 0

From Egs. (3.3) and (3.5), the initial value at t=(x—1)7, x, can be written as

== “

where A& is called the state transition matrix and depends only upon the
dynamic behaivor of the controlled element. By using Eq. (4.7), the second
term of the right-hand side of Eq. (4.5) becomes

x{Hx, =[x} J’z]h,thI:xQ:i
Y2

=[x} yz][Hlp H {q][xﬂ (4.8)
H, H, Y2
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where h, H,,, H,, and H,, are an (m+1)x(m+2) matrix, an (m+2) X (m+2)
matrix, an m+2 dimensional column vector and a real number, respectively.
Using Egs. (4.5) and (4.8), we shall obtain the minimum expected value of
integral squared error over the interval (n—2)T<t<nT as

FAX;) = ?[Hylin {g(y2, Xo)+ Fu(x,)}]

= E[nylin {o’a, + X$A4,X,—2B,X,y,+C, 3} } 4.9)
72 2
where
A, = A +H,,
B,=B,—H, (4.10)
Cz = C: ‘|‘er

If we assume that the reference input at t=(n—2)T, r, is known, the optimum
control signal 7, can be otained as

Jp = Bzxz/cz (4. 11)

In the same manner, consider the #-stage control process. The recurrence
formula may be written as

Fn(xn) = ,E[fn(Xn)]
= E[min{g(yn, Xp)+ Fo-i(Xn-1)}] 4.12)

Therefore, by the same method as mentioned above, the minimum expected
value of integral squared error over the total interval can be obtained as

n—1
Fulzy) = rE[r&in {azkglak + X1 AnXy— 2By X,y +Cpyii]
”n n -
7n—1
=E [azkz Ayt 1205+ 20 pbpxy + Xidpx ]
r =1
n”—l
= azk}_‘_, ap+ X Hpx, (4.13)
=1

where A,, B,,C, etc. are given by the recurrence formula in Eq. (4.17). And
the optimum control signal j, can also obtained as

In = Ban/Cn (4 14)

From the above discussion, the sequence of optimum control signals, i.e., the
optimum policy for the n-stage control process can be written as

Ins In—1s"y J2s 1 (4.15)
where
Jr = Bka/Ck (k = n, n_ly"'sl) (4- 16)
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In Eq. (4.16), B, and C; can be obtained from the following recurrence
formulas :

[ak—l bk-1] =[Ap 1 —(Bi—1Br,)/Cr-1]

bi— diy
H, , = 0 ...... 0 + 0 ...... 0 + 0 ...... 0 +dpy
[ J [() ...... ()} [ ;5;_1]
0 e @pey by, 0-eeren 0
J; (Y 2 IRy ol | RYPRIRSNS 0
[ } [ NH, b } (4.17)
Hk—l,q Hk—l,r 0

Ak = A1+ Hk—l,p
By, = Bl_Hk—l,q
Cr= C1+Hk~—1,r

(k=mn, n—1,--,1)

where A,, B,, C, and h depend only upon the dynamics of the controlled
element.

From Eq. 4.17), B,,C,; B,,C,;--- can be successively evaluated. It is
observed that the optimum control signal j, given by Eq. (4.16) can be
expressed by a linear combination of 7, # and x§#’s. Therefore, the controller
can be realized by the similar configuration as shown in Fig. 3.2. The
difference in Eq. (4.16) from Eq. (3.14) is to add the term for the mean value
of a random input, x«. If the mean values of random inputs are equal to each
other, the optimum controllers are same regardless of the type of a probability
distribution function of the input. Forthermore, it is shown that the function
B.X,./C, converges to any function having the form, BX/C, as k approaches
infinity. If the control system operate for a long time, the optimum control
signal can be approximately represented by

I = BXk/C (k =n, n—l,---, 1) (4 18)
In this case, the control system is called a quasi-optimum control system

and time-invariant. As will be shown in the following section, it can be
considered as a good approximation of the optimum system.

5. Examples and Discussions

(a) Design for a first order controlled element

Consider the control system shown in Fig. 5.1. First, we assume that
the reference input is a step function. The dynamic characterization of the
controlled element over any sampling interval is described by the first order
differential equation
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r T _=ST ¢
— Computer —L ' ; Sfu

Fig. 5.1. Sampled-data control system with a first
order controlled element.

12—(1_—7)%-4:0(1) = ay (5.1)

where ¢ and y are constants. The solution of Eq. (5.1) can be obtained as
c(r) = Q= yte*x (5.2

where x is a initial value at r=0. By using Eq. (5.2), the integral squared
error over the interval 0<:<7T is obtained as

g(y, %, v) = Alx, r)—2B(x, )y +C, ¥ (5.3)
where
Az, 7) = {aTr*— 21— Dxr+(1—e=2T)x2/2} Ja
Bix, r) = {(aT+e*T—-1)yr—(1—e2T)%/2} /a (5. 4)
C, ={(@aT+e*T-1)—(1—c7)/2} /a

Now, consider a single-stage decision process. From Egs. (5.3) and (5. 4),
the optimum control signal j, minimizing the integral squard error over the
interval (n—1)T<¢{<nT and the minimum integral squared error may be

written as
5 = (prtax)/l (5.5)
and
Sy, ) = alr—=x)"/a (5.6)
where

b =2aT+e%T-1)
g = —(1—e Ty

Iy =pi+aq

a, = aT—p%/2l,

3.7

Using Egs. (5. 2), (5.3) and (5. 6), the terms, Ay(x,, 7), Bix., ) and C, in Eq. (3.10)
are determined as follows:

Az, 7) = [aTr*— 21—~ T)xyr + (1—e=T)x3/2
+a,(r?—2eTa+eTxd 1/ a

By(x:,7) = [(pir +qix)/2— au (26T (1~ T)w—2(1—e~“T)r} /2] /a

= =[L/2+(1~e*Tya,]/a

(5.8)

Hence, in the same manner as described in Section 3, we may determine
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2y F3, 0+ and foxs, 1), fo&s, 7),---, succesively. Therefore, the optimum control
signal 7, and the minimum value of the criterion function over the total
interval can be obtained as

In = BulZn, 1)/Cu = (Pu? +qn2n)/ln (5.9
and

SolZn, ) = an(r—x4)*/a (5.10)
where
Pn =D +21—eT)ay—,
gn = q1—2:7°TQ—e*T)a,,
In = putgn
an = aT+an——p2/2l,

(5.11)

We can successively determine the sequence of optimum control signals,
(Fuy Fn—1,**, ¥1), by the recurrence formulas of Egs, (5.9), (5.11) and (5.7).

S+a

TTTT

0,5 i | Lot 1 |
0l 0203 05 | 2 3 5 10
aT

Fig. 5.3. Condition for an optimum response of
the control system shown in Fig. 5. 1.
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The block diagram of the optimum control system can be shown in Fig. 5.2,
in which switches S, and S, shift synchronously with the sampler S to the
direction of arrows. Figs. 5.3 and 5. 4 indicate p,//, and a, given by Eq. (5.11),
respectively. The terms, p,//. and a,, converge to the costant values, p//
and a, as # increase infinity, then the quasi-optimum controller can be con-
structed by simple circuits shown in Fig. 5.5 and the quasi-optimum system
is time-invariant.

05

03
0.2

Q.

]
0.05
0.03
0.02}

0.0l

1 I Lol Lot 2] L L
0! 0203 05 | 2 3
aT

Fig. 5.4. «a; given by Eq. (5. 11).

T
P _ | T | _a ¢

+- S S+qa

l-!

Q/l

Fig. 5.5. Quasi-optimum control system.

Next, consider obtaining the optimum control law for the stochastic input.
We assume that the probability distribution function for the sampled values
of the reference input is the normal distribution, N{(x, ¢?. In this example,
the terms, X, A,, B,, C, and 2 may be written as follows:

X=7T1r
:
i)

aT —(1—e%T) 0

A1=%[—(1—5‘“7) (l—e*T)/2 0
0 0 0
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B =[(@aT+e°T—1) —(1—e°T)2/2 0]/a (5.12)
=[p ¢ s{l/a
Cn= {aT+eT—1—(1—cT)/2} /a
= l/a = (p{+qi)/a
b= l:e‘“T 0 l—e_“Tj|
0 1 0

As mentioned in Section 4, the optimum contol signal over the interval
(n—RBT<t<(n—k+1)T may be written as

Fe = (Diret+qixe+sin)/ 1} (5.13)

By making use of Eq. (4. 17), pi, ¢4, si and /; can be determined by the
recurrence formulas:
b= p
gk =g —(1—e=T)e™ Ty,
sk =i~ T XBp—1+Th-1)
0 =0+0—eTYrp,
ap = aT—Piz/ll{ (5.14)
Br=—Q1—eT)—plqi/li
7e = 1—"T)/2+ e Ty +qi?/1}
(= —plsi/li
e = € T(Bpr 1) —qisi/lh
= ap—yt fk—1+2ck—1'—342/12

ar by 1 ar Br <
=48k e
by d Ce Er

e

where

Fig. 5.6 shows p}/li, qi/li and si/l; as a function of ¢T. These values con-
verge to the constant values as k approaches infinity, then the quasi-optimum
control system can be realized with a simple configuration. In Eq. (5.13),
the coefficient of initial value, ¢;//; is the same as g;//; in Eq. (5.9) obtained
for the deterministic case and (p;+s})//i is equal to p./l; in Eq. (5.9). There-
fore, if u« is taken equal to 7, in Eq. (5.13), Eq. (5. 13) coincides with Eq. (5. 9).
From Eq. (4.13), the expected value of the integral squared error, Fy,(x,) is
given by

”
Fu(xn) = GZkZ ap+ H{Yxh+(HB + HE)xn o+ HZ 1
=1
”n
= 02,.21 ap+HPOR+ 12) + 2H B xn 1t (5.15)

where
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Fig. 5.6. Conditions for an optimum response of
the control system shown in Fig. 5.1.

— <)) [0 . L) )y
H, = I:Hl"i H{Q] = [Hif Hl"‘2]

) )

HYy) LH®Y HY

)
H21

and

ap = ak/a

(5.16)

when the control system operates for a long time, the expected value of the

integral squared error over one sampling period is equal to a,¢? and it is

1.0
08t
0.6

=

04

0.2

L i1 1

Cor 0203 05

Fig. 5.7.

2 3 5 0
aT

a; given by Eq. (5.14).

proportional to a variance
of the reference input, o2
Fig. 5.7 shows the relation
between a7 and .. For the
comparison of performances
between the optimum sys-
tem and the quasi-optimum
system, the expected values
of the integral squared error
of both systems are shown
in Fig. 5.8. It is clear that
the quasi-optimum system is
a good approximation of the
optimum system.
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Fig. 5.8, Expected values of integral squared
error of optimum and quasi-optimum
control systems.

(b) Design for a second order
controlled element
Consider the control sys-

tem with a second order

controlled element shown in

Fig. 5.9 and assume that the

reference input is a step

function. The optimum con-
trol signal over the interval

(n—R)T<t<(n—k+1)T can be

obtained as

e = pi(r—2p)+ql % (5.17)
where x, and %, are the
intial values of a system
output and its derivative, at

t=(n—k)T. The terms, p}

and ¢4’ are also given by the

similar recurrence formulas

and, as shown in Fig. 5. 10,

these terms converge to

constant valve when %k ap-
proaches infinity. If we as-

—aT
~—| Computer ", HE® a

alo:

)
1

S S+a

f

Fig. 5.9. Sampled-data control system with a
second order controlled element.
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Fig. 5.10 Conditions for an optimum response of
the control system shown in Fig. 5.9.

sume that a derivative of the output, ¢() is measureable, the optimum and



30 Shigenori HavasHI and Takao Oxapa

quasi-optimum controls can be achieved by the similar configurations as the
previous example.

(c) Design for a ramp input
Consider the optimum design for a ramp input. In this case, the optimum
control signals for the system shown in Fig. 5.1 can be obtained as
e = (Peretaexether’T)/ Iy (k=mnn-1,-,1) (5.18)

where », and x, are respectively the reference input and the output at
t=(n—k)T and 7’ is a slop of a reference input. In Eq. (5.18), p:, qr and /;
is given by Eq. (5.11) and %; is obtained as

he = b —(1—e T poy—2ap-,) (5.19)
where
{o1= 2T —1+aTe*T)/aT+({r—2—2a8-20T + qp—sha—1/ln— (5. 20)

The responses for a ramp input are illustrated in Fig. 5.11, where these
responses A and B are corresponding to the optimum systems for a step
input and- for a ramp input,
respectively. In the case of the
optimum system for a ramp
input, the system has a zero
steady state error, but the error is

Cc(t)

not zero in the optimium system
for a step input.

6. Conclusion

A method for designing an 0 1 2 3 4 sec.

optimum sampled-data control
Fig. 5.11. Responses of the control system

system has been introduced. The shown in Fig. 5.1 for a ramp input.

controller designed in this paper

is optimum in the sense of the minimum integral squared error for a de-
terministic case or the minimum expected value of integral squared error
for a stochastic case. By use of dynamic programming technique, it is shown
that the optimum control law is a function of the state variables of the
system and the over-all optimum system is a time-varying system. However,
when the control system operates for a long time, the quasi-optimum control
system having a simple configuration can he considered as a good approxi-
mation of the optimum system,
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Appendix
From Eq. (3.16), 3, and #,—, can be written as

3 = (40D - ded, 5P

xgD (A.1)
Y
Fpor = [d(O) d(l) cee d(m—l)d” 1] x,‘P_’l
xﬁ.”.’;” (A.2)
r

where d®, dP, -, du; dy, dLy,+,d,—, are constants. By using Eq. (3.3),
29:’s in Eq. (A.2) yields

x2y ] = [a(T) bP(T) -+ b2lT) | 9
x:n(wl—)l acl)(T) bu)(T) e BT x:;-m (A.3)
x'ml) af"' T) b(m—l)(T) b (T) x'gu—l)
where
aX(T) ~ [a()].-7, () =[La]
am(T) = [La] 6T = (o), A9
BP(T) = [}%b"(ﬂ]hr, ............

Substituting Eq. (A.3) into Eq. (A. 2), ,—, becomes

= S 2 d501a(T)+ [ 2 A0 T) - g‘d:,leb:.al(Tn[aq;m ]+d,,_1r (A.5)
LA

By use of Eq. (A. 1), Eq. (A.5) yield§
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- — d<o>m71d(t> (T m—ﬂld(m BT - 1N D (T
In-y =[d4 igo 1@ )‘|‘Z_0: W210(T) - dy _Z_]odn—m (T)

+7E BT+ do S di2sa(T) +de 580 (A.4)
x:q(mm—l)
v

In the same manner, we can derive jn—;, Ju—s, -, 5, €xpressed by a linear
combination of 7 and x{s.



