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The Effect of Fluid Mixing on the Maximum Yield
and the Optimum Temperature Profile in a Tubular
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The chemical reaction system to be taken up here is an autocatalytic reaction which

converts an initial reactant 4 to a reaction product R according to A+RZ>R+R or
AZR.

Based on the one-dimensional diffusion model of fluid mixing which takes place
only in the direction of axial flow, the effects of the axial diffusion on the maximum
conversion and the optimum temperature distribution are investigated.

The numerical results are obtained for a system in which the activation energy of
the reverse reaction is twice that of the forward reaction, and it is recognized that the
optimum mixing condition to the conversion exists for some operating conditions.

Introduction

Examples of autocatalytic reactions in which one or more of the products
act catalytically are found generally in the acidcatalyzed hydrolysis of various
esters and similar compounds and in various biochemical processes such as waste
treatment. The rate of reaction is influenced by the concentration of some of
the products as well as that of some of the reactants. Therefore, the rate of an
autocatalytic reaction in a tubular flow reactor is influenced by two important
factors, i.e. the initial concentration of the autocatalytic agent and the temperature
at which the reaction is carried out. .

In this paper, how the optimum temperature distribution to maximize the con-
version of an autocatalytic reaction is affected by Pe which expresses the degree
of fluid mixing has been analyzed by means of a one-dimensional model.

L.T. Fan et al.h have investigated the same autocatalytic reaction i.e. how
the conversion and the optimum temperature distribution are affected by the

interaction of product recycle, supposing that the flow in a tubular reactor is piston
flow.
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Formulation of Problem

We shall consider an autocatalytic reaction of the following type which
proceeds in a tubular reactor;

ky ky
A+R—=R+R or AT=R (1)
2 2

The equation of the steady-state differential material balance for reactant 4 in
a differential section dz of the reactor is

£ 4Ca_ dCa

—R,=0, 0<:z2<L (2
dz? dz 4 s )

where C, is molar concentration of reactant 4, E is disperison or axial dispersion-
coefficient, L denotes the length of the tubular reactor, u is fluid velocity, and R,
is the reaction rate of reactant A.

The kinetic equation of the autocatalytic reaction given by Equation (1) can
be written, with respect to the production of reactant 4, as follows,

Ra=k(Ca)® (Cr)" —h(Cr)’ - (3)

where g, 7, and s are the orders of reaction with respect to individual reactants and
products, and k, and k, are the temperature dependent reaction rate constants
given by the Arrhenius law of

k,=k, exp (—E,/RT) (4)
by—hy exp (—EJRT) (5)

In the above equations &, and k,, are frequency factors, and E, and E, are

activation energies. At any section of reactor we have

Cocho+CRo=CA+CR (6)

Substituting this equation into Equation (3), it becomes,

Ra—F, ( goA >a<1 —%oﬁ)'(co)“'-kz(l —g_:> (C)* (7)

Substituting equation (4) and (5) into equation (7), and inserting the resulting
equation in turn, into equation (2), the following equation can be obtained,

d:C dc Cai\® C.\" Ci\
gLCa_, dCa_y _A) (1 __A) C “*'—k(l—_i c) (8
e I(CO ¢ (C,) {1- (C)*  (8)
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Suitable boundary conditions for the type of continuous flow reactor con-
sidered above have been given by Dankwerts as follows,

E(%4)  =u(Cal e —Cad (9)

E( dCA) =0 (10)
dz /z=L
In terms of the fractional molar concentration of
Xa=CalCy, Xa=C4slC,
we can rewrite equations (8), (9) and (10), and if we assume
C,=Ca+Cr=1
Equations (8), (9) and (10) can be replaced by

g%Xa _, dX4

4 —k(X)" (1= X ) ~k(1—X,) an
B(4)  —u(Xal et —Xa) (12
dX

The following dimensionless quantities have been introduced so as to rewrite
equations (11), (12) and (13) in dimensionless forms:

Dimensionless distance #=2z/L - (14)
Peclet number Pe=ul|E (15)
Damkéhler number D = (Lk,[u)C, (16)
Dimensionless constants K,==(D,/Pe¢) exp (—E,/RT) (17)

K, =(Da[Pe)(knlky) exp (—E,/RT) (18)

where an axial diffusion is characterized by the Peclet number Pe, and chemical
reaction processes by a dimensionless Damkohler number Da, to be defined by
equations (15), (16) respectively.

If we use dimensionless quantities defined above, equations (11), (12) and
(13) can be written as follows,
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Process equation;

1 d2X 1 dX r s
=2 A K (X' (1—X) —K,(1—X (19
Pé !77 Pe '77 1( A) ( A) 2( A) )

Boundary conditions;

1 dX -,
1=0; Xg=(Xp)o, —— —2=(Xa)y—Xa (20)
Pe dy
1 dX
=1; X,=(X4),, — —A4=0 (21
7 a=(Xa), Pe dn

Since it is desirable to maximize the yield of product R or equivalently to
minimize the exit concentration of the reactant A, (X 4),, the performance index

can be defined as follows:

(X 4), — Minimum (22)

Solution by Clasical Variational Method» »-%
Defining the following variable,
&= exp (Pen) (23)

Process equation (19) becomes,

deA_ 1 a . r__ _ s
e L CHMIES N ARy (24)

and the boundary conditions are,

E=1; X o= (X4)s, %=<XA>O—XAO (25)
E=E,= exp (Pe); Xa=(X,a),, “Xa_o (26)

d¢

In principle, the control variable is the fluid temperature in a tubular reactor,
however, it is easy to solve the problem in which K, and K,, themselves containing

the variable of T, are regarded as the control variables.
The following relations are held between K, and X,
K,=aK” (27)
n=FE,[E, (28)
@ ==(Kylkyo) (Pe/D )" (29)
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The optimum temperature can be uniquely determined from the optimum
value of X, and KX,.

In order to use the variational method, the performance index (X 4), should
be rewritten as the explicit function of K, and K,. »

Integrating equation (24) with £ from ¢ to &,, it becomes,

Si‘d(‘%ﬁ): S:‘ {KI(XA)“ (1=X 4) —K,(1 —XA)‘} —tlz—dt (30)

Taking account of the boundary condition of equation (26), the above relation

becomes as follows,

dX &1 a ’
e R LR NS A(ES AT (31)
and moreover, from the boundary condition of equation (25), equation (31)
becomes
El 1 a r s
(X ao—X o= | KX a)* (1= Xy —K (1 =X (32

Integrating equation (31) with £ again, it becomcs

E1(&—1)
4YA:'—— gs tz

{K1<XA>“(1—XA>'—K2<1—XA>~‘} a1 (X a), (33)

then, being £ =1, the above equation is

£1(1—1¢)

(XA),:XA1521+S : {KI(XA)?»(I——XA)’__KZ(I—XA)S}dt (34)

From equations (25) and (32), the fractional molar concentration at the outlet

of reactor, (X 4), can be expressed by the following relation,
. £ ] a ,
X=X KX (=X —K (1 - X0}t (35)

The problem is to obtain K, and K, to minimize the value of (X ), represent-
ed by equation (35), and that is,
3
J= S 'F(t, X 4, K,) dt — Maximum (36)
1

where,
d*X 4
dé&?

F(t, Xa, K,)

(-3 LA ALES IS FIES AR (87)

_1
¢

and 2 is Lagrange multiplier.
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Euler’s equation to equations (36) and (37) is obtained as follows,

oF _

oK,

_OF_ i(ﬂ__)zo
89X,  de

a’x A)
(et

From equations (37) and (38), it is obvious to be

(38)

(39)

(40)

% {kxar )
—{K, (X 1—-X,) " —K,(1—X4)°t=0
3K, (X a)%( a) o a)
By solving the above Euler’s equation the optimum K, and K, can be obtained
as follows.
$=0
1.0
Parameter : Initial concentration Xao
S 0.9}
g Xa0=0.74
>
e
<y
o |
£ Xa0=-088
E]
E
x
(<]
= |
Xa0=0.92
- Xa0=0.85
—— Xa0=0.83
Xa0=0.80
0.5 L XA0=0.78 |
[N I | 1 1 |
0 5 10 20 30 40 50
Pe —

Fig. 1. Maximum conversion vs. Pe; zeroth-order i.e. s=0, a=r=1.
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K= {-L @ -z (a1)
L M (E A (42)

Substituting equations (41) and (42) into equation (19), the following equation
is obtained,

1 d*X, 1dX, < l)( 1 )1 " "/ Br—s)/m-1
(1 L Ymes x yammei () _x gy 43
PéE dn* Pe dy n/\ na (Xa) ( 4) )

Solving the above equation with the boundary conditions of equations (20)
and (21), the fractional molar concentration at any point in the reactor under the
optimum condition can be obtained.

Xa0=0.92 :$=0

0.0 0.5 1.0
7 ——

Fig. 2. Optimal concentration profile s=0, a=r=1; X 4,=0.92.
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In this paper, only the case of n=2 is considered.
Defining the following new parameter #,

DA :'u(kzo/klo)

Equation (41) becomes
M a r—
K=—" (X% (1-X i
1 2Pe ( A) \ A)

and equation (43) can be shown by

1 d°X, 1 dX4 1 2a 27—
L GAa 1 4la_ . (x 1—X )@=
P dn?  Pe dy 4a (Xa)™( 4

(44)

(46)

Solving the above equation under the boundary condition of equations (20)

Xa=0.92 : S=0
600
o
b
E‘ Pe=2 Pe=4 Pe-8 Pe=l0 Pe=20 Pe=50
@
-

500

E1=10,000.0(cal /g-mol) |
n=E2/Ei1=2
Pe=00 k20/k10=50.0
M=70.0

400 L I 1 1 I ! n L i
o] 0.5 1.0
77_——-—.

Fig. 3. Optimal temperature profile s=0, a=r=1; X 4=0.92.
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and (21), the optimal conversion profile is obtained, but at first, let us consider
the extreme cases of Pe=0 (i.e. Perfect mixing flow) and and P==occ (i.e. Piston

flow).
1) The case for Pe=0
Solving equation (46) under the boundary condition of equation (20) it is,

7
A (X a)= | LX) (1= X Q) (47)
Pe dy o4

and by taking account of equation (21) the following relation can be obtained.
1
Kag— (X = 2 (Xay* (1= X Q)2 rdy (48)
0

Pe=0, that is,

Xa0=0.74 .S=0

Xa

08

- e

AN Po=8

0.0 0.5 .0

Fig. 4. Optimal concentration profile s=0, a=r=1; X 4,=0.74.



234 Takeichiro TAkAMATsU, Iori HasHiMoTo and Yaichiro Sawanot

Xa=(Xa)o (49)
and then (X ,), is given by

(X )i =X o= (X} (1= (X)) (50)
ii) The case for Pe=oo

At the condition of Pe= oo, equation (46) becomes

s AT A (51)

d7

(A) The case for chemical reaction of a=r=1, and s=0 orders

Xa0=0.74:8=0

600 .
)
9,
[
£
'—

500(

Pe=|
L L N L 1 N . L S
4004 05 1.0

N

Fig. 5. Optimal temperature profile s=0, a=r=1; X,=0.74.
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X
21 ot (Ka_) 4 2Xa=] L (52)
2 =X, " X, —Xa)lxe

(B) a=r=1, s=2 orders

un _[__ 1 ]XA" (53)
4 X adx,

Then, the optimal conversion at 7=1 is obtained by trial and error.

Numerical Calculations

The value of parameters used to solve equation (46) are:

E, =10000.0 (cal/g-mol)
E, =20000.0 (cal/g-mol)

§=2
TT T T rTT T T T

§ 09 =
[

g L‘XAO:O.Q

808 Xa0=08 ]
£ Xao=06

£ Xao= 0.5

x

L~}

=

o
ﬂ
T
Il

Parameter : Initial conc. Xao

bl 1 1

1
0O 5 10 20 30 40
Pe ——

Fig. 6. Maximum conv.vs. Pe, s=2, a=r=1,
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k,, ==10.0 (cm®/sec-g-mol)

k,, =500.0 (g-mol/cm?®-sec)

L =350.0 (cm); u=1.0 (cm/sec)
pr =70.0

Solving equation (46) with equations (20) and (21) by using the above values,
the optimum value of X 4 can be calculated, and the optimum value of K, can be
obtained from this X 4 by using equation (45). Substituting the values of K, and
K, into equations (17) and (18), respectively, the optimum temperature in a

reactor is easily obtained.

Discussion of Results

The results of the numerical computation for various values of Pe in the case

Xa0-0.9:S5=2

XA

0.8}

’7’--—.

Fig. 7. Optimal concentration profile, s=2, a==r=1; X 4,=0.9.
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of p=(k/k,)(L{u)k,;,C,=70.0 are plotted in Figs. 1, 2, 3, 4, 5, 6, 7, and 8.
Now, Figs. 1, 2, 3, 4, and 5 show the results in the case of the zeroth-order with
respect to the reversible reaction, i.e. s=0 and the first-order to the forward reaction,
ie. a=r=1. '

The cases of second-order to the reversible reaction, i.e. s=2 and a=r=1 to the
forward are plotted in Figs. 6, 7, and 8.

Fig. 1 shows how the maximum conversion is affected by the dimensionless
Pecret number. The parameter in Fig. 1 is the concentration of the reactant 4
in the feed X 4.

The following statements can be made about Fig. 1.
(i) In the case of the large value of X 4,(X 4,>>0.83), there exists the optimum
Pe to maximize the conversion at the outlet.

Xa0=-0.9 : 5=2
i ] T 1 1 1 I {
8900 \ T
e
a
s
F 800 1
Pe=20
700l ————Pe=10 i
600
500
400r 1
1 ! L [ 1 ! L L 1
o 05 1.0

N

Fig. 8. Optimal temperature profile s=2, a=r=1; X 4,=0.9.
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(ii) For relatively low X 4,(X 4,<<0.8), the conversion at the outlet is increased,
if Pe is increased.

(iif) Particularly noticeable is the fact that there is an optimum X 4, to maximize
the conversion at the outlet for the constant Pe. Figs. 2 and 3 show the relation
of the fractional molar concentration X4 vs 7 with Pe as a parameter and the
optimum temperature distribution in the case of X 4,=0.92.

Figs. 4 and 5 give the relation of X4 vs 7 and the optimum temperature
distribution with Pe as a parameter in the case of X 4,=0.74. Noticeable facts
to be drawn from the Figs. 3 and 5 are that there are extremum points of the
optimum temperature distributions in the tubular reactor and that the loca-
tion of the extremum point moves to the outlet of the reactor, when the flow
in the reactor nears piston flow.

Figs. 6 answers the question as to how Pe affects the maximum conversion with
X 4, as a parameter in the case of s=2, and a=r=1. The curves displayed in this
figure show that for any value of X4, the maximum conversion increases steadily
with the increase of Pe. Furthermore, with Pe considered as a constant the maxi-
mum conversion is monotonously increased as X 4, becomes larger.

Figs. 7 and 8 show the relation of X, vs 7 and the optimum temperature
distribution with Pe as a parameter at the case of X 4,=0.9. These Figs. denote
that there are not any extremum points of the optimum temperaturé distribution,
and it decreases monotonously from the entrance to the outlet of the tubular
reactor.

Conclusions

Methods and results were presented of the effect of axial diffusion on the
optimum yield and the optimum temperature distribution of a tubular reactor
with an autocatalytic reactions.

Nomenclatares
E 1 Back mixing coefficient (cm?®/sec)
Ca, Cr: molar concentrations of reactant A & product R (g-mol/cm?)
L ¢ length of tubular reactor (cm)
u :  fluid linear velocity (cm/sec)
a, r,s : orders of reaction
R, : reaction rate of reactant 4 (g-mol/cm?®- sec)

ki ks @ frequency factors
E,, E, : activation energies (cal/g-mol)

R : gas constant (cal/g-mol°K)
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reaction temperature (°K)

fractional molar concentration defined by X=C,4/C 4, (—)

reaction rate constants defined by k, =k, exp (—E,/RT) & k,=k, exp
(—E,/RT)

Peclet number defined by Pe=uL/E (—)

Damkéhler number defined by D= (Lkfu)C 4y (—)

dimensionless constant defined by K,==(D,/Pe¢) exp (—E,/RT) (—)
dimensionless constant defined by K,=(D 4/Pe) (ky/k,,) exp (—E,/RT)
(=)

distance from tubular reactor inlet (cm)

dimensionless distance defined by y=2z/L (—)

variable defined by &=exp (Pey) (—)

parameter defined by n=E,[/E, (—)

parameter defined by a=(k,/k,,) (Pe/D 4)** (—)

Lagrange multiplier (—)

parameter defined by #=(k,/k,,) (L{u)k,C,
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