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Ultrasonic Wave Propagations in Non-Homogeneously 

and Dynamically Deformed Isotropic Elastic Materials 

By 
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(Received September 30, 1968) 

The thermodynamical investigations of the wave propagation superposing on the non
homogeneously and dynamically deformed isotropic elastic material are discussed. The 
expansion forms of the free energy and of the wave deformation are determined by the cha
racters of the isotropic tensors. The wave propagation equations are deduced for three 
superposed states: isothermal, isentropic and middle. The stress-acoustical law holds, 
that is, the phase difference of two polarized shear waves is proportional to the stress
difference and the wave frequencr. 

I. Introduction 

With respect to the wave propagation in the deformed elastic materials, several 

theories have been published. Truesdell1> and Truesdell and Noll2 > reported the 

complete properties of the propagation of the acceleration waves. The sinusoidal 

wave propagations were investigated by Hayes and Rivlin3 >, Toupin and Bernstein4 >, 

and Thurston 5 >. Flavin and Green6> and Green 7> investigated the wave propaga

tions under isothermal or isentropic conditions in a thermoelastic body. But all of 

the above mentioned papers are restricted in a material subject to homogeneous 

deformation. 

On the other-hand Benson and Raelson 8> proposed a new experimental nonde

structive stress analysis called acoustoelasticity. Several experimental studies of 

this method have been reported9 - 13 >. The theoretical study of the acoustical biref

ringence was investigated by Tokuoka and Iwashimizu 14 >, who formulated the stress

acoustical law, that is, the acoustical birefringence is proportional to the difference 

of the secondary principal stresses. 

In this paper, based on Tokuoka and lwashmizu'4 >, the thermodynamical 

considerations are used for the deformation of an isotropic elastic material. The 

ultrasonic wave propagations superposing on the non-homogeneously and dynami-
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cally deforming state are analyzed by the method of quantitative order estimation. 

Then the stress-acoustical law is formulated. 

2. Thermodynamical Considerations of Deformations of 

Isotropic Elastic Materials 

The Thermodynamical treatments of the hyper-elastic material are reported 

by Landau and Lifshitz15 >, England and Green16>, Green and Adkins17> and 

Eringen18> (chapter 5). 

Consider an isotropic elastic material which is deformed from natural undeform

ed state I with constant temperature to state II. The coordinates, density, tem

perature and entropy are denoted by X,. (k= 1, 2, 3), Po, T 0 and S0, and x,., P, T and 

Sin I and II respectively, where the coordinates are taken with respect to a rectan

gular Cartesian system and related with 

(2.1) 

by the displacement vector u,., and the entropies are measured per unit volume ofl. 

The stress tensor in the state II is exactly expressed by10> 

t,., = £.. ~ ax,. 8x1 ' 
Po 8Emn 8Xm 8Xn 

(2.2) 

where k is the Helmholtz free energy per unit volume of I and assumed to be a 

function of E ,., and T, and 

(2.3) 

is the Lagrangian strain tensor. The entropy is given by 

(2.4) 

We restrict the deformation within the proportional limit, where the strain and 

the displacement gradient may be less than Io-a for iron and alminium and 

Hooke's law holds. In this case the non-linear terms of (2.3) may be omitted and 

we have the usual strain tensor 

(2.5) 

Now the temperature deviation ( T-T0 ) associated with the deformation is 

assumed to be the same order of smallness with the strain, and the free energy k is 

expanded to the second order with respect to ( T -T0 ) and e,.1• Then we have 
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:r = :r0 -S0(T-T0 )+A(T-T0 )
2+Aklekl(T-T0 ) 

+ Aklmn Ck/ Cmn , (2.6) 

where A, Aki, Aktmn are material constants and without loss of generality we may 

restrict them as 

Aki= Atk' 

Aklmn = A1kmn = Aklnm = Amnkl • (2.7) 

The material considered is isotropic and then the material constants (2. 7) 

must be isotropic tensors, i.e. tensor whose 

value in any Cartesian coordinate system. 

Thomas19> that 

components have the same numerical 

Thus we may conclude according to 

Aki= -Kaokl' 

Aklmn = -½-[ J..ok1Dmn+µ(okmO/n + OknOtm)]' (2.8) 

where we may interpret physically that a is the thermal expansion coefficient, ,l 

and µ are the isothermal Lame elastic constants and K == ,l + ; µ is the isothermal 

bulk modulus. Within the linear relations (2.2) and (2.4) give 

tkl = ,leok1+2µek1-Ka(T-To) 0kt' 

S =S0 -2A(T-T0 )+Kae, 
(2.9) 

where e===e,,,,,. and Dkt denotes the Kronecker delta, which equals 1 for k=l and 0 

for k=i= l. 

In the isothermal deformation we have the usual Hooke's law 

ik1 = ACDk1+2µekl, 

S = S0+Kae 
(2.10) 

and in the isentropic deformation, eliminating ( T- T 0 ) from (2.9) 1 by putting 

S-S0 =0 in (2.9) 2, we have 

where 

fkt = ,l*eok1+2µ* Ckt, 

Ka 
T = T 0+-e, 

2A 

are the isentropic Lame elastic constants. 

The well-known thermodynamic formula 

(2.11) 

(2.12) 
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(av) _ (av) + r(av)2 

ap s ap T cp ar P 
(2.13) 

gives the physical meaning of the material constant A, where V, p and C Pare volume, 

pressure and specific heat per unit volume at constant pressure respectively. If Vis 

taken to be the volume occupied by material which occupied the unit volume in I, 

where 

K* = ,1*+.3._µ* 
3 

(2.14) 

(2.15) 

is the isentropic bulk modulus. From (2.13)-(2.15) we have in the first appro

ximation 

(2 16) 

and 

A (2.17) 

by the comparison with (2.12) 1• 

For the comparatively slow or quick deformation we may adopt (2.10) 1 or 

(2.11 )1 respectively as the stress-strain relation, but for the state of the middle 

deformation-rate (2.9) 1 must be correlated by the equation of heat conduction, 

which contains strain-rate. See e.g., Eringen 18> (chapter 8), Green and Adkins 17> 

and Boley and W einer20 >. 

3. Ultrasonic Wave Propagations Superposing on Deformed 

Materials and Acoustical Birefringence 

We consider the state III of propagation of ultrasonic waves superposing on 

the non-homogeneously and dynamically deformed materials. This state deviates 

from II by the displacement vector w,., which is assumed to be infinitesimal and then 

in the following calculations the second and the higher order terms of w,. and of its 

space derivatives will be neglected. The quantities designated a prime indicate 

those in Ill. 

The stress in III is given by 

(3.1) 
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where 

x,.' = x,.+w,. 

and 

The entropy in III is 

S' =S-
82

"2:, (T'-T) 
ar2 

(3.2) 

(3.4) 

When the wave frequency is comparatively high and less than 109 cycle/sec at 

ordinary temperature, the wave deformation is regarded to be isentropic 5 > (pp. 76 

and 62). Putting S' =Sin (3.4) and eliminating ( T' - T) from (3.3) we have 

(3.5) 

Substituting (2.6), (2.8), (2.17), (3.3) and (3.5) into (3.1), we have 

(3.6) 

where 

(3.7) 

The equations of motion in II and III are 

at,.1+ I' .. 
- PJ1, = pu,., 
8x1 

atkl+lf' '(·+··) - p JI,= p u,. w,. ' 
ax/ 

(3.8) 

where],. is the body force per unit mass. Substituting (3.6) into (3.8) 2 and referring 

(3.8) 1 and a /8x/ =8 /8x1 -(8wm/8x1)8/8xm, we have 

(3.9) 
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As the deformation is non-homogeneous, the complete plane wave does not 

propagate and then the wave displacement is expressed as 

(3.10) 

were the amplitude Wand the wave vector k may be functions of ekt and T of II. 

Expanding W,. to the first order with respect to ek, and ( T - T0), we obtain 

(3.11) 

where W0,. is the constant amplitude in I. 

By the same.reason mentioned in Section 2, a,., b,. and c,. must be isotropic vectors 

and aktm is an isotropic tensor of the third order. By similar analysis described in 

Thomas 19
l we can conclude that 

ll1,1m = llTktm, (3.12) 

where a is any constant and Tktm is the alternating tensor, which 1s antisymmetric 

with respect to any pair of suffixes20 >. Thus, by the same argument with k, the 

amplitude and the wave vector may be constant within the first order of the strain 

and the temperature deviation. With respect to the frequency w, it may constant 

along an acoustical path. Therefore the gradient of the displacement w,. may 

be replaced by kw,.. 

The propagation velocity in iron and alminium is about 3,..._,7 X 105 cm/sec, 

then, when the ultrasonic frequency is adopted as larger than 5 X 106 cycle/sec, the 

magnitude of wave vector k=w/v is larger than 40/cm in longitudinal wave and 

90/cm in transverse wave. If the maximum strain gradient is assumed to be 10-s 

/cm, the ratio of the strain gradient to the wave displacement gradient is less than 

1 /40 or 1 /90. By this order estimation we may neglect the terms of the derivative 

of strain of the second and third terms of the left hand side of (3. 9). 

For simplicity the wave propagates along a principal axis of stress, and this 

direction is taken as x3-axis. By the simple calculations we obtain the propagation 

equation 

where 

is the wave velocity and 

Aw= p0 v2 w, 

Ct) 
v=~ 

k 

A = A0 +A, +A +A 

(3.13) 

(3.14) 

(3.15) 
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is called the acoustical tensor, where 

µ* 

0 

In this derivation we use the relation 

t e = ---+a(T-T) 
3K _ 0 

' 

0 

0 

0 

0 
0 

(3.16) 

(3.17) 

deduced from (2.9) 1 • When the deformation from I to II is isothermal, we must 

put T-T0 =0 in (3.16) and (3.17), and these coincide with Tokuoka and Iwashi

mizu14>. When the deformation is isentropic, we have 

(3.18) 

which is obtained from (2.11) 1 instead of(2.9) 1 • 

Relations (3.13)-(3.16) show that the wave separates three parts one 1s the 

longitudinal wave whose velocity is 

[ 
1 { 2A 4 } f, ]I/Z v11 = v 11 I+- 2t --t+-µa(T-T) +- -----~ 0 

µ* 
3 

3K 3 ° J*+2µ* 
(3.19) 

and the other two are shear waves polarized along the secondary principal axes of 

stress in the wave-front whose velocities are 
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(a=l, 2) (3.20) 

where 

- (A*+2µ*)1;2 
7'oll = ---- , 

Po 

_ (µ*)1/2 
1!01. = -

Po 
(3.21) 

are longitudinal and transverse wave velocities respectively in the natural state I 

and t,,, is the secondary principal stress. 

Relation (3.20) shows that perpendicularly polarized two shear waves propa

gate, in general, in different velocities and we have 

Jvl. _ ___ VJ_1 -V1.2 t -t = _1 __ 2 = e, -e2 
1) l. 1! l. mean 2µ 

(3.22) 

and 

(3.23) 

where we use (2.12) 2 , and o is the phase difference between the thickness of a 

specimen h and 

(3.24) 

means the acoustoelastic sensitivity. 

The velocity deviation ratio (3.22) is independent of the used wave frequency 

and its maximum value in the proportional limit takes about 0.1,...,0.2 percent. 

The relation (3.23) shows the stress-acoustical low14> and the acoustoelastic sensiti

vity (3.24) has the same value for any thermodynamical state of II e.g., isothermal 

or isentropic. 

4. Conclusions 

1. The generalization and the precise analysis from Tokuoka and I washimizu 
14> are investigated with respect to the wave propagation in the non-homogeneously 

and dynamically deformed isotropic elastic material. 

2. The free energy, the wave amplitude and the wave vector are expanded 

with respect to the strain and the temperature deviation. From the general 

properties of isotropic tensors, the physical interpretations of the expansion coef

ficients arc determined and the amplitude and the wave vector may be constant 

within the first order approximation. 

3. For the deformation from the natural state to the superposed state, three 

case arc investigated, i.e., isothermal, iscntropic and middle state between them. 



94 Tatsuo TOKUOKA 

With respect to the infinitesimal isentropic wave deformation the propagation 

equation (3.13) is obtained from the restriction: strain< 10- 3
, strain gradient< 

10-3 /cm, and wave frequency> 5 X 106 cycle/sec. 

4. When the wave vector coincides with a principal axis of stress, the wave 

separates into three parts: one longitudinal and two transverse waves which are 

polarized along the secondary principal stresses. 

5. The stress-acoustical law holds, that is, the phase difference is proportional 

to stress-difference, wave frequency and length of acoustical path. 

Acknowledgement 

The author is indebted to Mr. M. Saito for his helpful comments during the 

course of this investigation. 

References 

I) C. Truesdell; Archs ration. Mech. Analysis, 8, 263 ( 1961). 
2) C. Truesdell and W. Noll; "The Non-Linear Field Theories of Mechanics", Handbuch der 

Physik, edited by S. Flilgge, volume III/3, D, I, e, Springer (1965). 
3) M. Hayes and R.S. Rivlin; Archs ration. Mech. Analysis, 8, 358 (1961). 
4) R.A. Toupin and B. Bernstein; J. acoust. Soc. Am., 33,216 (1961) . 
.'i) R.N. Thurston; "Physical Acoustics", edited by Warren P. Mason, volume I, Part A, chapter 

I, Academic Press ( 1964). 
6) ].N. Flavin and A.E. Green; J. Mech. Phys. Solids, 9,179 (1961). 
7) A.E. Green; Proc. Roy. Soc. London, 266, I (1962). 
8) R.W. Benson and V.J. Raelson; Prod. Eng., 30, 56 (1956). 
9) F.A. Firestone and J.R. Frederick; J. acoust. Soc. Am., 18, 200 (1946). 

10) R.H. Bergman and R.A. Shahbender; J. appl. Phys., 29, 1736 (1958). 
11) A. Hikata and R. Truell; J. appl. Phys., 28,522 (1957). 
12) R. True!, C. Elbaum and A. Hikata; "Physical Acoustics", edited by Warren P. Mason; 

volume III, Part A, chapter 5, Academic Press (1966). 
13) E.E. Day and R.A. Brewer; JSME 1967 Semi-Int. Symp., 147 (1967). 
14) T. Tokuoka and Y. lwashimizu; lnt.J. Solids Structures, 4,383 (1968). 
15) L.D. Landau and E.M. Lifshitz; "Theory of Elasticity", chapter I, Pergamon Press (1959). 
16) A.H. England and A.E. Green; Phil. Trans., A253, 517 (1961). 
17) A.E. Green and J.E. Adkins; "Large Elastic Deformations and Non-Linear Continuum 

Mechanics", chapter VIII, Oxford at the Clarendon Press (1960). 
18) A.G. Eringen; "Mechanics of Continua", John Wiley & Sons, Inc. (1967). 
19) T.Y. Thomas; "Concepts from Tensor Analysis and Differential Geometry", section 14, 

Academic Press ( 1961). 
20) B.A. Boley and .J.H. \,Veiner; "Theory of Thermal Stresses", chapter I, John Wiley & Sons, 

Inc. (1960). 


