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The spectral representations for isotropically correlated two [ ;- and /,-vecotr random
fields are given generally in terms of /-vector harmonics and random measures, where
l-vector denotes a {2/+!)- dimensional vector in the irreducible representation space of
weight / of the rotation group, /=0 being a scalar and /=1 an ordinary vector. The
representation is derived by making use of the multi-dimensional moving average and the
previous work on /-vector functions. The three special cases of interest are discussed in
detail; namely, two scalar random fields, two vector random fields and a scalar and a
vector random field.

1. Introduction

In the foregoing papers [1], [2] (the latter will be referred to as I) the author
has discussed the spectral representation of a homogeneous and isotropic scalar
random field and that of vector random field. The representation is given in
terms of solid scalar or solid vector harmonics and orthogonal random measures.
In the present paper we concern ourselves with simultaneous spectral representations
of random fields having isotropic correlations among them; for example, temperature
and density fields of atmosphere, pressure and velocity fields of turbulent flow,
electric and magnetic fields in the black-body radiation etc.. We deal with two
such fields simultaneously, but the case of three or more can be discussed analogously
if necessary. As above examples, the following three cases are of interest to us
from the point of view of physics and engineering; namely, the case of two scalar
fields, that of a scalar and a vector field and that of two vector fields. To give a
unified description of these cases, we will generally deal with /,-vector and /,-vector
random fields simultaneously; /-vector means a (2/-1)-dimensional vector defined
in the space D, of the irreducible representation of weight / of the 3—dimensional
rotation group, a scalar corresponding to /=0 and a vector to /=1 [3]. Concerning
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various definitions, notations and formulae related to the theory of rotation group
and [-vector functions, we draw freely from a previous work of the author on the
addition theorems of spherical Bessel functions and vector harmonics [4], to which
we will refer as II.  We will see that the /, X [,-tensor addition formula of a gener-
alized spherical Bessel function plays an important role in the isotropic correlation
between the two random fields. As in the previous works, we derive the spectral
representation in a somewhat formal manner from a multi-dimensional moving
average; therefore we leave the general proof of the spectral representation to a

future work. The main theorems of the present paper have been reported in ref [5]

2. Homogeneous /-dimensional random field
Just as a p-dimensional normal (Gaussian) random meésure is defined in I, we
define a p-dimensional random measure B(4) on a 3-dimensional space R,, 4
denoting a set on R, of finite measure m(4). Let @ denote sample point in the
sample space £, and E{ > the average over 2, We often delete @ from notations
for simplicity. A p-dimensional random measure
B(4) =B (4, ») = {B*4, w),a = 1,2, .-, p} (2.1)
is a system of p random variables depending on a set 4 in such a way that

ECB®(4)) = 0, ECB®(A,)BP(4,)> = d,gm(A,N 4,) (2.2)

where J, denotes the Kronecker symbol. For mutually ‘disjoint sets A,, n=

1,2, .-+, we can write

B(A1+"'+Am) :B(A1)+"+B(Am) 3 (23)
which means
? s P
2 B (Mt Ay = 2B (A) o+ 23 B (4,,) (2.4)

Then the ‘complete additivity’ holds in the sense of mean convergence;

B(314,) =31 B(4,).
We define a p-dimensional vector spacev Vq in which, for any pair of vectors
h={1"} and g={g%} (a=1, 2, .-+, p), the scalar product
P
(h, g) =2 1°¢® (2.5)

a=1
and the square length (h, h) are defined. We denote by L*(R,) a Hilbert space of
Vg-valued vector functions £ (x)={f*(x)eL*(R,), a=1, «--, p}, with the inner
product
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Ay ={ Eed=31<r e, (26)

and the square norm ||f]’=<{f, f ), where

e =], T @7)

defines the inner product in *(R;).
As p-dimensional Wiener integral defined in I, we can define a p-dimensional
stochastic integral of £ € L*(R;) with respect to B(4):

10) = |t o) =2 r@ame), (2.8)

where we have put B(dx)=dB(x) and B®(dx)=dB®(x). I(f) has following
properties:

I(af-+-bg) = al (£) b1 (g) , (2.9)
EXI£)> =0, (2.10)
ET®I@®)> =& 8>, (2.11)
EIE)|% = |1 . (2.12)

A homogeneous [-dimensional random field [;(x), i=1, 2, -+, [, on R, can be

represented as a /-dimensional moving average in terms of  p-dimensional stochastic
integrals of F;(x) € L*(R,), i=1, 2 .-+,
»
I(x) = S fi(x—x")dB(x') = > S fi(x—x")dB*(x") , (2.13)
R3 =1 J R3

which, by (2.11), has the correlation matrix
R;;(x) = EXL(x)1;(0)> = <{£(x—x"), £;(—x")Dx . (2.14)
As shown in I §3, the moving average (2.13) has the spectral representation

Ii(x) = SR eZﬂi(x’y)dMi(y: Cr)), i= 13 2; B l ’ (2.15)
3

where dM;(y) = M;(dy) and M;(S), § denoting a set on R,, denotes the [-dimensional

random spectral measure having properties

E<M;(8)> =0, (2.16)
EELEMS)> = _Fii)dy, (217)
Fi/(y) = (F,, F)) = R FI5FH) - (2.18)

The matrix-valued spectral density F;;(y) is Hermitian non-negative definite and
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F?%(y) is the Fourier transform of f¢(x):
fite) = [ emioow Fety)ay, Foly) = Fi(—). (219
The correlation matrix R;;(x) has the spectral representation
Ri;(x) = SRS Fij(y)e ™ wdy, (2.20)
with the inversion formula
Fyyly) = st Ry (%) x (2.21)

Since F;;(y) is non-negative definite Hermitian matrix, we have

Fiy(y) - Fu(y)
det (Fi;) = |  weveeeerenns >0, (2.22)

Fr(y) Fuly)

A [-dimensional random field I;(x) is called degenerate if
det (F;;) =0 (2.23)

holds for almost all y, and the largest rank of (F;;) for which the set of g has non-zero
measure is called the rank of the spectral density matrix, which turns out to be the
degree of freedom of I;(x). For F;;(y) given by (2.18), the rank r is equal to
that of F§(y). Hence, if p<l, (2.15) is always degenerate. If r<</, [—r functions
from among !/ p-dimensional vector functions F;={F%, a=1, 2,.--, p} can be

expressed as, say,

Fiy) = 34 0)F (), i=r1e 0, (2.24)
and hence,
fix) = 33 SR 015 (x—x")E; (x")dx’ (2.25)
where a;;(x) denotes the Fourier transform of 4;,;(y). Thus
L) = 3L, i e (2.26)
= 3

that is, when a homogeneous /-dimensional random field is degenerate with rank
7, its {—r components can be derived from other r by means of a linear operation
commuting with spatical translations. In what follows, we put /=p without loss
of generality.
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3. Isotropically correlated two random fields

In the following sections we consider [-vector random field defined in the
representation space ;. A [-vector and a [,-vector random fields have (2,+1)
and (2/,+1) components respectively. When viewed differently, these two /-vectors
together can be regarded as a (2/,+1)+(2/,+1)-dimensional vector in the sum-
space of representation D +D,,, which we call [, +/,-vector for convenience.
The correlation function of this random field, therefore, is a tensor in the product
space

(Dy,+Dy,) X (Dy,+Dy,) = Dy XDy, +Dyyx Dy +Dy X Dy +Dyy x Dy, (3.1)
The canonical component® of the correlation tensor in each subspace
Dy X Du(2, = 1, 1,) is defined by
R,ﬁf(X) = Elgom(x)1w)n(0)>
m= —2, 2, M= —p, U, (3.2)

The correlation tensors of /,- and /,-vector random fields themselves are defined in
in the first and the last space on the right-hand side of (3.1), while the mutual
correlation tensors are defined in the second and the third space.

When the mutual correlations are isotropic tensor fields?, then we say that the
two random fields are isotropically correlated. In the following we deal with
homogeneous and isotropic random fields which are isotropically correlated,
and hence the correlation tensor of the /;4/,-vector random field is an isotropic
tensor field in the product space (3.1).

Applying Lemmata 2 and 3 of 1T, Appendix II, to (2.20) and (2.21), we obtain
the following result:

THEOREM 1. (Spectral representation of correlation tensor) For the homogeneous
and isotropic /;- and /,~vector random fields which are isotropically correlated with
each other, both the correlation tensor R2* and the corresponding spectral density
tensor F2* are isotropic A x p-tensor fields in Dyx Dy, (A, =l [,). They are

represented as ‘diagonal’ matrices in canonical components:

RYN(x) = OpuRi"(r), 7= x|, (3.3)
F?::(Y) = 6mnF£M(t) , b= IYI s (34')
/{,ﬂ:l“ 12’ m:—]_’...’l) N — e, My

1 See II, Appendix I.
2 For definition of isotropic tensor field, see I, §¢. General form of isotropic tensor field as well
as its Fourier transform are given in II, Appendix II.
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where F}* is a non-negative definite Hermitian matrix with respect to the indices
A, u.  R™ and F* satisly the following symmetries

RE(r) = (— 1M #REA(r) (3.5)
FM(t) = Firt), FM()>0. (3.6)

The correlation tensor has the following spectral representation in terms of the

generalized spherical Bessel function®

RN(r) = 4n§L S:mWF,’,“‘(t)tzdt, (3.7)*
m= —L,-, L
with the inversion formula
FA() = 4nmjL S: JEA (2mir) RM () (3.8)
n= —L,, L

where L denotes the smaller of 2 and «.

The random fields have the following representations in terms of solid /-vector
harmonics® and random spectral measures. The derivation of the theorem will
be given in section 5.

THEOREM 2. (Spectral representation of random field) The above random
fields have the following simultaneous spectral representations:

A

I(M(r: 03 go) = \/E”=

i

3130 | Ju(2en, 0, p)dMiga ), (39)

—=AI=08=-1 J¢
A=, 1,
where dM . (t) =M}, (dt) and M15,,(A) denotes the random spectral measure
defined on the half-line 7T, 0<{¢< o, having properties
ECMGa(a)) =0, (3.10)
ECMEmMYS, () = dprowrdyin | Fhewea, — (311)
ana
Au=1l,l,n=—L, -, L,

A and A’ being any intervals on 7.

3 For definition, see 11, §2.2.
4 According to 1I, (A. 46), the Fourier transform of a X u-tensor Ri‘n‘: is given by il"—AF).""".
m
However, we take F:"’: as the spectral density tensor to supress the useless factor i A—# without

affecting the Hermitian property. For A=p=I[=I[ (3.7) reduces to I, (4.12) for a single
vector random field.
5 For definition, see 11, §3.
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The spectral representation of correlation tensor (3.7) can be immediately
obtained from (3.9): We multiply two expressions for arbitrary observation
points and take the average using (3.11). We then recover (3.3), (3.7) on making
use of the tensor addition theorem given by II, (4.1). In particular when i=y=
[,=1, (3.9) agrees with the formerly obtained result I, (5.17) for a single vector
random field.

4. Examples of isotropically correlated random fields

We write down the above obtained result for the three cases individually,
which are of interest to us as mentioned in the introduction.
4.1. Scalar-Scalar (I,=I,=0). We descriminate the two scalar fields by the
indices 2=1, 2, instead of [,, [, both of which equal 0 in the present cases. There
would be no confusion in doing this. The representation (3.9) can be written

in terms of solid scalar harmonics®;

—_ hiid ! hed
L(r,0,9) = Viz 23 20 SO J ¥ @rtr, 0, 9)dM G, (1, @) (4.1)
i=1,2,
EQILAIMY (0> = ubn | P, (+2)
JANA
RM™(r) — 4 Sm (@i M) dr (4.3)
[

An example of two such scalar fields is furnished by the temperature and density
fields of atmosphere which are statistically correlated with each other. 'The random
fields in this case may be considered as nondegenerate.

4.2.  Vector-Vector (I, =[,=1). As above, the two vector random fields are labelled
by 2=1, 2. The corresponding spectral representation is given by (3.9) with
l-vector harmonic Ji,, replaced by vector harmonic Ji', n=—1, 0, 1. The

isotropic correlation tensor
R";‘“:(x) = ammRQMU% mn=—1,0,1, 2, x= 1,2, (44)

when expressed in the matrix with row and column numbered by n=—1, 0, 1,

corresponding to the canonical bases in D,-+D,, has the form

6  For definition, see II, (5.20).
7 SeeII, §5.1.
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Rlll Rl—zl
R RR
RV RE
L T (4.5)
RIZ R_2_21
Rlz R%Z
% R
The corresponding tensor has the spectral representation
1 R —
R¥(r) = 4z 3) S I @R EN 0O, m— —1,0,1, (4.6)
n=-1 Jo

where jl,=jiA2.  An example of isotropically correlated two vector random fields

is given by the electric and magnetic fields in the black-body radiation. A vector
random field I,=rot I, was already discussed in I, §6.3. When I, and I, are con-
sidered simultaneously, the corresponding spectral density tensor has the matrix

form

[F, | —2xt|F_|*

------------------------------------------------------------- (4.7)
—2xt| F_,|* || 2atF_ |*

2zt| F|? | | 2ntF, |*

for which det| F,,,| =0, showing the degeneracy of 6-dimensional random field
I, +1,.

4.3.  Vector-Scalar ([,=1, [,=0). Representations (3.7) and (3.9) may be written
down separately for two fields:

1

X0, 0,0) =iz 30, 30 3 | 32, 0, )i (+8)

=1 =0 s=—
[(0,9) = Vir 31 3 S T 2xtr, 0, 0)dMP(2) | (4.9)
I1=035=-7 Jo
ESMEFTRAYMY (A')S = 8,B117, 4w S I Fa(t) (4.10)
ANA
ECHEETM (&) — oyt | |F Q) e, (&.11)
ANA

8  For explicit representation, see II, (5.2). It is called the spherical Bessel vector function. Se
also I, §4.2.
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ECMITFBYMY (A = 8,81, /4n s F(t)cde, (4.12)
ANA

where we have put Fil(t)=|F,(¢)|* and F*(¢t)=|F(t)|*>. Then nonvanishing

components of the correlation tensor have the representations

Rplr) = 4n 3 Swj-},.,,(Qrztr) |E () %de, m=—10,1,  (4.13)
R(r) = 4n r o2t | F () e (4.14)
M) = 4n Swjl(Qntr)F”(t)tzdt, (4.15)

the correlation tensor having the matrix form

R

R, (4.16)

Z R

An example of correlated vector and scalar random fields is given by the velocity
and the pressure fields of atmosphere. Degencrated examples are provided by
I,=grad I, I,=1I and I,=1I, I,=div I; the former case was discussed in I, §6.1. as
potential random field. The corresponding spectral density tensors have the forms

respectively

O .|F—1'2
| 2xtF | | 2mt|F? |F,|® \—2xt|F,|?

0 , E? (4.17)

oxt|F|* | |F|® —9x1|F,|? - |2niF,|*

5. Derivation of the spectral representation

We denote k=(2{,+1)4(2[,41) in the following. In this paper we derive
the spectral representation (3.9) from a k-dimensional moving average (2.13),
where p==Fk as mentioned at the end of section 2. The procedure essentially follows
that of I; the argument used for a vector is now applied to a [, +/,-vector. Hence
we describe the procedure briefly.

The spectral density tensor (2.18) is an isotropic tensor field having the form
(3.4). Therefore, we must find £ Vg-valued (k-dimensional) vector functions
{Fo(y), a=1, -, k} m=—2,-, 2, A=l,, [,, which satisfy
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FA(y) = SYFR(y) Fas(y) = 0, F3 (1) , (5.1)

mn @=1

m:_l,..., l’ n= —f, e, U,

Let us regard V, as another representation space D; Dy, and divide the vector
components {F3* a=1, .-, k} into the canonical components belonging to either

{,- or l,-vector, which we write as
Fi;b”(Y) = gp:;()’) s M= ll’ lz> &= —l, U, (52)

where the superscript @ denoting a covariant component is lowered and dotted.
Let Vg stand for the £-dimensional vector space with respect to the subscript m.

Furthermore, we regard go;':n , with respect to the subscripts m, a and the super-
scripts 4, #, as an isotropic tensor field in the product space Vg X Vo= (D;,+Dy,)
X (m)

P (Y) = Opmam(£) - (5.3)

Then we find that (5.2) satisfies (5.1) with

F ) =22 (0ol (t) , A u=1,1,, (5.4)

V=151,

W= —L, -, L,

where L denotes the smaller of 2 and g, and that F}*(¢) is a nonnegative definite
Hermitian matrix with respect to the indices 2 and x#. Now that go:‘”‘; (),
namely F}#(y), is an isotropic tensor field, its Fourier transform f%(x) is another

isotropic tensor field having the representation’

F) = 0, f20) (55)
z o
() = 4wt 33 [ e @mmneoiar,
ou=lylym= —L, ., L. (5.6)

To supress the trivial factor *™*, we replace i* *o™ by ™ and * *FM™ by F™ in
what follows. The Hermitian property of F™ is never destroyed by doing so.

In order to integrate the moving average (2.13), we put

!
P=X—X,

o= |x—x'| =12 cos O, (5.7)

where @ is the angle between x and x', and apply the tensor addition formula

% See II, Appendix II.
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II, (4.1) to the tensor function (5.5):

2 €m P)e wm () fm'(0) =
CODIID I EMCETNO) M Em RP S O
= var 33 3 31 (Rt 0, )76 (0, (58)
where we have put dE{;,.(t) = Ei.(dt) and
B8 = (nyr | TaEmm 0, pyiroriar, (59

for any interval A on 7. Eq. (5.9) is a u#-vector function and we consider a sum-
vector with u#=/,, [,, namely, a [,-+-],-vector function in the k-dimensional vector
space Vg, Then the inner product of two such Vy-valued vector functions becomes

CEG on(BY M AHEE on(A) N2, B 5w (A fFh LG5 (A)f*2)

Jon” (B)eh™ (£)e%dt (5.10)

= 67:”’611/83'5/4” Z S
VEIL,9ANA

by virtue of II, (3.8). The k-dimensional stochastic integral of the Vy-valued

function®

MEn(A) = I(E(llsl)"(A)fMl’i‘Eu (&) f2)
A=l n=—=2 .,

then gives a random measure on T having properties

EXMEa(D)M (55, (A1) = 0,,/81/8,04m 31 j PN (L (¢)ede
AﬂA

VI 1,

Mp=0l, (5.12)

by virtue of (2.11) and (5.10). Consequently, if we make a direct-sum of /,- and
l,-vectors corresponding to p=l,, I, on both the sides of (5.8) and take the k-di-
mentional stochastic integral of [, | /,-vector function termwise, then we obtain the

spectral representations (3.9).
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