135

On a Semilinear Dispersive Equation
By

Takaaki Nisipa*

(Received December 5, 1969)

The semilinear dispersive equation,
9%y/0t2 =op(dy/0x)/dx ~0%y/oxt
is investigated in the region 0<x<1, 0<¢, where the initial and boundary values are

{)’(01 xy=po(x), 0, x)/0t=p(x) 0<x<1,
e, 0)=y(t, 1)=0%(t, 0)/0x2=0%(t, 1)/9x*=0 0<1.
This is an equation of a vibration of a nonlinear model string-beam. It is shown that there

exists a unique smooth solution in the large (¢ >0), and a certain finite difference scheme

related to it is investigated.

1. Introduction

In this paper we consider the following semilinear dispersive equation:

8 8y> o4y
1 o 4 P 0<x<l, 0<y,
M 3 ox <6x o= TS

where the initial and bonudary values are

0 {1(0, =ylx), 0, x)/ot=y(x) O0<x<I
@ e, 0)=y(t, 1)=0%(t, 0)/ox?=0%(t, 1)/0x’=0 0 <1.

The equation

oy 9 ay>
®) T T (a

is assumed to be a quasilinear hyperbolic partial differential equation in the region
y:>a=const. Some of the examples are provided by taking

(4) p =Yz + (}’:)a cf. 1 )
(5) p=ys/ {1+ ()2}
(6) P=}=+(,}’r)2,
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where subscripts denote differentiations with respect to the variables. The case (5)
corresponds to a force given by a nonlinear (i.e., before linearization) potential of
a string. This quasilinear hyperbolic partial differential equation has, in general,
not been solved concerning the global existence theorem. In 2) the equation of

parabolic type
(7) Yt :P(_y:r)z + Yztx

was investigated concerning the existence, uniqueness and stability of the solution.
The term ... may be considered as an added dissipation of equation (3). In
equation (1) the term y:... may be considered as an added dispersion to equation
(3), which is compared with the equation considered in 3). The equation (1) can

be treated as a nonlinear perturbation to the linear equation:
(8) Yt +_y:c:czz'=0,

that appears in a vibration of a beam.

It will be shown that the problem (1), (2) has a unique smooth solution in the
large for every initial datum (the function space is mentioned later) for cases such
as (4) and (5), but in cases such as (6) we get an analogous result, if we restrict the
initial datum. For these purposes we shall make use of a theory of some nonlinear
perturbation to a linear evolution equation (4-6) and so on), and Sobolev’s lemma,
for the latter case such as (6) we also use an idea in 7). In § 3 a finite difference
scheme is mentioned concerning a solution of the problem (1).

The paper 10) treats an analogous problem by a method of approximation
to equation (1) by a sequence of systems of ordinary differential equations, where
the equation is assumed to have the property that the potential energy has its absolute
minimum such as (4), and the initial condition is given periodically.

2. Existence and Uniqueness

Let us consider a global existence of a classical solution of the problem (1). A
general theory of a global existence of a weak solution for semilinear second order
evolution equations, which may be treated as a nonlinear perturbation of a linear
evolution equation, gives the following. (for example Segal 6) ).

B is a selfadjoint operator in a Hilbert space H, [ is a locally lipschitzian trans-
formation from the domain Dz of the operator B to H. (metrized relative to the
inner product (x, y)pz==(Bx, By)u), where we assume Dj is complete with respect
to the norm [-| py=/(-,")ps".

Theorem

If yo€Ds, y1€ H, then there exists €>>0 such that for 0 < ¢ < € the equation
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9 Ht)=cos Bt_yo—i—:"—mB—B1 Y1+ A ‘ﬂn—Bgﬁ J(s))ds
has a unique continuous solution in Dp. If in addition there exists a
nonpositive differentiable functional £ on Dg (relative to ||-|lps) such that
E/9y=R« J(9),*), then the foregoing solution exists globally.
This gives at first a local existence theorem of a weak solution for the problem (1),
that is, if we take the operator B= —d?/dx? in H=L*0, 1) with the definition domain
Dp={ye W22, y0)=y(1)=0}= W.2, where W' is the Sobolev’s space of the func-
tions which have square summable /-th order derivatives in (0,1), then the operator
B is a selfadjoint operator and the transformation J(): y—p(y:)- is locally lips-
chitzian from Djp into H, because

1T =T Na=11" (' ) ea — p'(3*2) peal | <
<max |[p(y'z) —p'(3*o) ||| ) zell + max[ /(32 || 9 ee — 3P| <
< CI 2, 1%12) < 1yt =271l
=C(l»"Ibs, 113*1l05) -11¥* —*llps,
where we used Sobolev’s lemma, i.e., if y& W., then y is bounded continuous with
its first derivative and also ’

Iyllz= 1Byl + [2(0)] + (1) =|IByll =305

(10)
(D=1pllw 2, NI=11122)

In order to obtain global existence of the weak solution of (1) for all data (2)

we restrict the function p(-) such that the potential energy
l 1
(1 Ps—y [ (e +2P(p:)]dx

has the absolute minimum at a point s,€ W>?, where P(-) is an integral of p(-).
Corollary
If the nonlinear term p(-) has the property mentioned above and y€ W2,
nEL?, then we have a unique weak solution of the problem (1), which is
HOEEN W.)NEMNL?) in the large for all ¢, where (f)EE*U) denotes the
vector valued function such that y(t) is k-times continuously differentiable in
a vector space U with respect to t.
Now we proceed to the problem of smoothness of the weak solution obtained above.
If we take the space H= W(|| | yllz=1|Byl]) in the theorem and the definition domain
of the operator B=—d?/dx* as Ds={yC Wz, Byc W2} =W:, (Ipll(=1pll#.0)
—~IB2ll+ [B)O)| + | By(D + [XO)] + [5(1)| = 1Bl = IByllu—l3llos), then the nonli-
near transformation J(y) is also locally lipschitzian from Djp into H and so for
1E Wb, 3:€ Wi? the weak solution y(t) belongs to &(W,*)NEA(Ws?) locally. But
in this case the equation (9) is twice continuously differentiable in the space L?
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with respect to ¢, because J((t)) is continuously differentiable in L2:

dJ( )
dt

= Bim (§/(yal+ 4 gast-+ 40~ P 320} /2
=1im{-‘~li()”—%——’(“r A;)t_p' (=) Yeolt+ 4E) +

4t+0

+p(:D)) J,’_(tﬂL_‘f‘t’)t:L(Q}

=p"(P£))=a(t) () + 1/ () Pesl2).

Thus y(¢) belongs to £(L?) locally. Furthermore a global estimate may be obtained
in the following way. The energy conservation of the weak solution,

O+ 5O+ [ 2POsdx=1oll + 1l [ 2P yo,0)d

together with the equation
()= —B sin Btyo+cos Bty + A ’ cos B(t—s) J(3(s))ds
gives
UBSI<IIByoll+1Byill+11B [ cos Ble—s)J(x(s)dsl} -
<Iigoll+ L ally =+ lsin BE i1+ [ sin Bt—s)J((ssl
<yl Il 1T+ [ U7 elysasall+ 1 )5eslds

t .
<Clyo, )+ [ CALIIIBS s,
IBH ) < Cpo, 31) €xp {C(po, yu)t}
that is y(t)E & W,?) globally. Therefore

1A <11B2yol| + 11 Byall + 1| JCA + IIA‘B sin B(t —s) J( y(s))dsl|
<Cexp(Ct),
IB2ON < YO+ J(HEN < C exp(Ce).
In order to obtain a smooth solution of the problem (1), we may take
H=Wi= e Wy, 20)=y(0)=p1)=y"(1)=0},
Dy={yc W, ByeW}=W.*, »wcDs, neH
in the above theorem, then we obtain a solution ()€ E(WS)NEA(W:*) locally.
In this case J( _y(t))EE;‘(Wz’) because :
| JOO = o)y 3s(8) + 1/ 3ot 5ol EEAH?)

Thus in the analogous way as before
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|B2y(¢)| =||— B® sin Bty-+ B* cos Bty-+

+Bsin BJ(y0)+ [ Bsin B(t—s)%dsn

<UIBl+ 1Bl + ClIBll+ [ [1BJ Hs)lds,

BJ(3($)=p""(3e) Paa)Pa+ 34" " J2) PrzPrez P+
+3 (92 P22)Pao+ 3" (Ye) Yas Paza+
+ 38" (y2) YeaeYaet+ P (P2) Vi Yozzzt P z) Yoaras
IBJ(HDII<Clmax{p:], [Jasl, |gozel, (F:l},
[1pzall, 1| pzaaal)(1+ || pezzsl)=C(po, 32)-|B2(II
where we used y()EE(W:)NENW;?) globally. Therefore
[1B25(0)]| <11 B2yoll + || By1l| + ClI B2yl +

+ [ Clm B ds,
1B < CLys, y1)exp Cyo, P,

then
IBJ( NI <ClIB*(®)||<Cexp Ct,
BB pol + 1Bl + 1187 [ sin Bt—5)J( ps))dsl
<G+ [ Beos B—9) J(sdsll <Cexp Ct,
BN < B>+ 1B
<Cexp Ct+Cl|B%||<Cexp Ct.
Theorem 1

If €W, )€ Wy* and the nonlinear term is such that the potential energy Pr has

the alsolute minimum at some function vo© Wy, then a solution of the problem (1)
exists uniquely and belongs to

E~( Wz°) NE( Wz‘) M EA( sz)
in the large, which is also a smooth solution because of sobolev’s lemma.
Now we consider the case in which the potential energy has no absolute minimum,
but has a local minimum at a point 0€ W,%. Following Sattinger 7) we define

depth of a potential well by
(12) d= inf P2 y),
VEF*

where ho=no(y) is the value such that the function Ps(Ay) begins to decrease with
respect to A>0 for fixed y€ W;>. We call the potential well W:

W={yeW:?, P(Mm)<d, 0<r<]1}.
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Theorem 2
If yyeWs, pC Wi and

Ke+Pe=y [ [+ (fec+ 2P )dx <d,

then a solution of equation (I) exists uniquely and belongs to
E(W)NEAWa2) in the large.
Proof.

A weak solution of equation (1) exists locally by the theorem. If we assume
that the solution goes out of the potential well W, then there exists a ¢ such that
Pe(y(te))=d, which contradicts the energy conservation of the weak solution of
equation (1), that is,

Kg+Pr | =Ke+Pr | <d.
t=tg t=0

The smoothness of the weak solution can be seen in the same way.

3. Finite Difference Scheme

Let k=4t and h=4x be the time and space mesh length, respectively. We use
the notation:

I"w=y(m, n)=y(mk, nk)

ylm, 0)=(y"* ' —y"a)/k, yi(m, n)=y(m—1, n)

yem, n)=(y"nsr—y"a)/h, ym, n)=yAm, n—1).
Hereafter for the sake of simplicity, we discuss case (4) only (the other cases (5) and
(6) may be treated analogously):

By o'y 6(8}1 (ay)s‘
14 = {2 (2 <x<l1 <tg<vT
(19 3 oxt ox\ox \dx ) 0<#<l, 0<i<¥T,

where the initial and boundary values are the same as (2). We replace 9%y/6¢?
by the ordinary difference scheme y:; (m, n), but for other derivatives we use the
follwoing implicit scheme:

oy
Ox*

fikg 1
%'\'—2— {yez(m+1, n)+yz(m—1, n)}

1
~g {yezzz(m~+1, )+ yezaz(m—1, n))

ax \ ox 4
Fya(m+ 1, mya(m—1, n) + pelm—1, n)3}

N8
i(ﬁy) ~l{_y,(m+l, n+ym+1, n)2y(m—1, n)+

z

By these replacements we obtain the finite difference scheme:
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yei(m, n)~+ % { Yezea(m+ 1, n)+ yzzam—1, n)} = % { yEm+1, n)+ ya(m—1, n)}
(15)

+7 {pm+ 1 n) 4+ y(m+1,02p(m—1,0)+ y(m+ 1n)p{m—1,n2+yAm—1,n)*}z .

In order to obtain an energy estimate we multiply (15) by {y{m, n)+ yi(m, n)} kh
and sum up over all m, n such that 0<m< T/K=M, 0<n<1/h=N.
Summing up by parts and using the boundary condition y(m, 0)=y.z(m, 0)=y(m,
N)=yz(m, N)=0, we get
N-1
VDML, ny+ 4 (3 M+ 1, 0y +p:5(M, )+
ey
g (M1, 3o M, 1)+ [ M1, )M, )} Th

N-1

= D L0, 4 sl mf+3e5(0, m7) +

ne0

(16)

g Dyl )30, 1} + {9l m)* 3 (0, mYD) A

This a priori estimate is an energy conservation and gives a solvability of the above
implicit difference scheme by an interation for small £/A?, using |y”»| <C (inde-
pendent of &, &) by Sobolev’s lemma for the finite difference. 8). Furtheremore
from (16) it follows that {9™s}o<s<s, has the following properties:

N-1

4
(17) || pe(m, ')”L’={Z i(m, n)’lz} <C,

=0

||}’z(7'l, ')zllL'; ”J’zi(m, ')”L’SC)

where C is a constant independent of >0, 1>0.

By means of this estimate, Sobolev’s lemma for the finite difference and the L'-
compactness argument in 9) the difference scheme (15) gives a weak solution of the
problem (14) as a limit of an appropriate subsequence of (15) (A—0). The limit
(the obtained weak solution of (14) ) has the estimate:

» is bounded, continuous in G, (¢, 0)=¢, 1)=0,

(, +) is Lipschitz continuous in L?[0, 1] with respect to ¢,

1, +) is continuous in L?[0, 1] with respect to ¢,

2, x)ELHG), y:EL%G), »::ELYG), where G=[0, T]x[0, 1].

(18)

Next we remark the finite difference scheme:

1
19) yii(m, n)=%{_y,;(m+ 1, n)+y.:z(m—1, n)) +T{y,(m+ 1, n)*+

+ym+1, n)y(m—1, n)+yAm+1, n)y(m—1, n)+y.(m—1, n)*}z.
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It does not contain the term corresponding t0 y:z:z, and therefore corresponds
formally to the hyperbolic equation (3) with p given by (4). For the scheme (19)
with the same boundary condition as (2), an energy conservation also holds, namely,

N-1
DM+ 1, nf 4 (9 M+1, nf+pu(M, ny} +

n=0

(20) ML, )M, ) Th=
N-1

= D10, nf o (oL, 1490, ) + (3oL, #4240, ) Th

#=0

It follows from this energy conservation that the difference scheme (19) does not
generally approximate the weak solution of the hyperbolic equation (3), because
equation (3) has not, in general, the energy conservation of the form (20). The
difference scheme (19) approximates rather the system of the ordinary differential
equations which was considered by Fermi-Pasta-Ulam (cf. 3) ).
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