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Study of Equilibrium and Stability of Plasma
in Heliotron Magnetic Field

By
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Equilibrium and stability problems of plasma in the Heliotron magnetic field
are discussed under the assumption that the plasma behaves as a hydromagnetic fluid
and its pressure is much less than magnetic pressure. Both plasma pressure and dia-
magnetic current satisfying the equilibrium cenditions are analyzed in the case where
the plasma carries only a diamagnetic j, current and not a j, current due to an external
electric field.

Also by using the curvilinear coordinate system peculiar to Heliotron magnetic field,
the stability condition for the flute type instability is discussed according to the energy
principle which was investigated by LB. Bernstein et al..

It is concluded that Heliotron magnetic field provides the equilibrium of plasma
inside the separatrix and the plasma in this field is stable against the interchange
instability under the proper gradient of plasma pressure.

1. Introduction.

The consideration about plasma confinement is a most important problem
for a controllable thermonuclear fusion and one of the promising methods which
achieve this fusion is the cofining of a high temperature plasma with the aid of
external or self-magnetic field.

In history, magnetic fields to confine plasma in a stable condition has been
investigated and many interesting configurations such as helical field, Ioffe field,
multipole field, have been analyzed.

Also Heliotron magnetic field investigated first by K.Uo has an interesting
nature from the confinement points of view.®

In this paper, first an axisymmetric Heliotron magnetic field produced by
the current flowing in the sheet coils which are wound over a straight discharge
tube at regular interval is analyzed. Next the theoretical treatment about plasma
confinement in the Heliotron magnetic field is discussed.

The stability of a hydromagnetic fluid in static equilibrium can be deter-
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mined by an energy principle formalism which was investaigte by I. Bernstein
et. al.® The present purpose is to apply this method to a plasma in an axisym-
metric Heliotron magnetic field.

When the plasma carries only a diamagnetic j, current and not j, curreat
due to a external electric field, for instance joule heating electric field, both equi-
librium plasma pressure and diamagnetic current can be expressed in the forms
respectively;

Jo= "‘ao"< —‘%)"_l

where ¢=r4,.
The stability condition for the flute type instability due to the §;= f(0)/rB
pertubation is given as follows;

(D (LY ® (1) 0p
6W(¢') - de a¢<Bz )[TPBR a‘p(Bz )'*'W] >0
The equilibrium state satisfying the above condition takes the next inequal-
ity r/n>1.51, where 7 is the ratio of the specific heats.

2. Analysis of an axisymmetric Heliotron magnetic field.

We consider an axisymmetric Heliotron magnetic field produced by sheet coils
which are wound at regular intervals over a straight discharge tube. The sheet
coils consist of two different sets of coils; one of them is a set of positive coils carry-
ing the current I and another is a set of negative coils carring the current —21.

Using the cylindrical coordinate system (r, 8, z), these sets of sheet coils are
located at r=a with regular interval L/2, shown in Fig. 1.
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Fig. 1. Set of sheet currents located at r=a with regular interval L/2.

In any region without current, the magnetic flux intensity B satisfies
rot B=0, (2-1
Then B can be described as the following equation;
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B=grad ¢, (2-2)

where ¢ is a magnetic scalar potential.
Further we get Lapiace’s equation due to the divergence free of B;

V=0 o (2-3)
In an axisymmetric case, ¢ is not a function of a coordinate § and eq. (2-3) can
be rewritten as

2

22 (o) +w=0. @4
The general solution for a periodic field with regard to the coordinate z, may then
be written as

¢=Cz+ z“il [Au], (nkr) +B.K , (nkr)] sin (nkz) (2-5)

where k is dcfined as k=2r/L, C, A, and B, are arbitrary constants and I,(nkr),
K (nkr) are modified Bessel functions. Substituting ¢ froin eq. (2-5) into eq.
(2-2), the magnetic flux intensity can be described as

B.= 3[4, (nkr) — B.K 1 (vkr) Ink sin (nk2) 2-6)

B.,=C+ il[A,.I o(nkr) + B.K ,(nkr)Ink cos(nkz) 2-7)

where C, 4., and B, can be determined by the boundary conditions.
First we consider the magnetic field produced by the set of positive coils.
For this purpose we expand the current sheets into Fourier series such as
Jo(2) = $ a,+a, cos(kz) +a, cos(2kz) + -+ (2-8)
where
b ay=jokly/2r, a.=4j, sin(nkl)/2nn, 21=1, (2-9)
Now an arbitrary constant A, must be zero for r>a because I, (nkr) —oco as
r —oo and B, must be zero for r<{a because K ,(nkr) >oo as r —0, The conditions
on B are that B, is continuous at r=a and the jump in B, is equal to g, j,. Namely
the conditions are
nx[B]=p, je,
n-[B]=0 (2-10)
at r=a, where [B] is the jump in B at the current sheet and n is the unit vector
normal to the surface.
Substituting eqs. (2-6), (2-7) and (2-8) into eq. (2-10), we get

C= 4% pa, 2-11)
An= pyaa,K , (nka) = pt, %D,. (2-12)
~Bu= ptoaa, I (nka) = proi-Ew (2-13)

Then magnetic field produced by the set of positive coils is obtained as folllows,
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In the region r<{a, using the suffix I, the magnetic flux intensity B,, B, are

B=po % a,+p, ZO}O a,.D,.I o(nkr) cos(nkz)

=n 8tk 1+ iiﬁﬂ"k—”—pnlo(nkf) cos (nk2), (2-14)
=1
B.i=p, 2°n° Jolo_y EIMD I.(nkr) sin(nk2) 2-15)
In the region r<{a, using the suffix II,
B =— ”°2f°1° % "Z;IQ—MQE,KO (nkr) cos (nkz) (2-16)
B= HoJolo k> > 2 sin (nkl) E.K,(nkr) sin(nkz). (2-17)

2r a1 nkl
Modifying eqs. (2-14), (2-15), (2-16) and (2-17), we also can analyze the mag-
netic field produced by the set of negative coils. That is transforming the para-
meters j, and kz into —2j, and kz—n respectively, we get the magnetic field pro-
duced by the set of negative coils.
Then we get the axisymmetric Heliotron magnetic field by adding both the
field of positive coils and the field of negative coils. For r>aq,

Bi= ”°J° 2afsls {1 gy 10 5 sin(kd S‘“(”"’) sin(k) 1y (12 cos nm) x
Io(nkr) cos (nk2) | (2-18)

sin (nkl)

B"=£%:rl—°"[2§l LKD) 1y (12 cos(nm)) Ly (nkr)sin(nkz)  (2-19)

For r<a,

Br=thofols gy £ SN (17 cos nm) BaK, (nkr) cos (k) (2-20)
1r_ ﬂo]o ok Sln(”kl)
B, (B
In the following dlscuss1on, we use simple equations for r<(a, i.e.

B,=B[1+al,(kr)cos kz]
B,=Bol,(kr)sin kz
o= B[z+akl,(kr)sin kz] (2-22)

o=rd,=Ba] D)r+ &1, kr) coshz |

(1—24 cos nn) E.K,(nkr)sin(nkz) (2-21)

where
B,= falslop(1-p

21+ sink)
a="1-3 Kl

Examples of the Heliotorn magnetic field are easily calculated by using the

D, (ka).

above formula. Fig. 2 shows the magnetic lines of force with «=0.787, a¢=0.2,

which are produced by the circular point current.
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Fig.2(a). Axisymmetric Heliotron magnetic field with «=0.789
and kd=1.0.
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Fig. 2(b). Axisymmetric Heliotron magnetic field with «=0.2 and

kd=3.03.

3. Low-$ plasma equilibrium in Heliotron field.

Next we study the problem of a plasma equilibrium in the Heliotron magne-
tic field.

The equilibrium equations in the ideal case, are expressed by the magneto-
static equations;

JxXB=grad p 3-n
rot B=y,j 3-2)
div B=( (3-3)

By successive iteration, we seek low- solution in which 2up/B* is a small quan-
tity. The zeroth-order solution of g8 is the Heliotron field given by the follow-
ing equations

rot B,=0, div B,=0 (3-4)
Namely B, implies eqgs. (2-18) to (2-21).
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The first order solution is given by
JxB=gran p,
rot B=pu,Jj, (3-5)
div B=0
Adding to the above equations, the next equation must exist for the charge sepa-

ration not to occur, i.e.

div j=0 (3-6)
The first necessary condition on p is
B grad p=0 or —gs—-j)=0 (3-7

namely p is constant along a field line.
The next necessary condition is

(2B (Erad 2B g (3-8)

where the integration is taken along any closed line of force. In the case of scalar
pressure, eqs. (3-7) and (3-8) are the necessary and sufficient conditions for the
equilibrium.

Introducing U=—Sdl/B, we can rewrite eq. (3-8) as

grad pxgrad U=0. 39

Therefore in equilibrium, the gradient of the pressure is everywhere perepndicular
to the U=const surface.”’

Now apart from the general outline of equilibrium, we discuss a simple but
important equilibrium in the Heliotron field in which the plasma carries only an

azimuthual j, current. In this case the current density is

J=Jo(r,2) (3-10)
Taking the component of eq. (3-5), we obtain he next relations
1 8 a , .
7_60_ Bl“a—zBa—ﬂo,]r

0 0 .
oz B, ——5-Bi=p0 s

HZ By ~ZB. =i

1 9 1 4 8 ,
¥ oy UB) o g Bet g B0

36—,[’=joBzo (3-11)

19,
7 a5 t="0

0 .
b= JoBro.
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Assuming all quantities independent of 0, the above relations can be rewriten

as
9 o .
a—zBr_WBs—‘ﬂo]ri
a . ’
"67p :Jngo (3_1 l)
0 .
Wp=_]03m

According to B,-grad p=0, we can arrive at

0
sz —GrByy,
9 (3-12)
a—zp=CfBro ‘
where ¢ is determined by the div B=0. Substituting B from (3-12) into the
second equation of (3-4), we get

0,90 0,0 .
et or ot o0 G139
then
¢=¢(p) (3-14)
Using the flux function ¢ described in the previous section, the next relations are
obtained
o, 0
[ T
e . 9 . (3-15)
920~ 0z
then
£=¢(P). (3-16)
If we take ¢ such that plasma pressure p becomes zero at ¢=¢,, ¢ is given by
- _ o\ -
e=c(1--4) (3-17)
where ¢, shows the magnetic lines of force through the neutral lines.
Therefore scalar pressure p and current density j, are given by
-1
jr=—tr (1--4-) (3-19)
The first order perturbation in B, field satisfies
1 @ 0 0 1 2 .
TaE 2 & IR SRR TR (3-20)

where j, is that of eq. (3-19).
In the case of n=2, the first order quantities, j,, p, B. are given respectively
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Fig. 3(a). Profile of an azimuthal current which satisfies an equili-
brium state. Solid lines show the state just under the negative
coil, while dotted lines show the state under the positive coil.
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Fig. 3(b). Profile of an azimuthal current which satisfies an equili-
brium state.

Curves are plotted in the middle position of coils.
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Fig.4. Radial distribution of plasma pressure which satisfies an
equilibrium state.
(a) It is calculated under the negative coil,
(b) calculated under the positive coil,
(c¢) calculated in the middle positiun of coils.
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p=tg-(1- )

Ko, . 1 (kr)t _
—C.TB'_ 3 (kr) 8 ok B,+F+G(—al, cos kz)
+ 8 B [kl 200 L+ ()LL) cos k2 @2
0
where
’ . 1, (kd)® B, R
~F =} ()= BT+ % Dor—akal, (k) +2(k0) T k)
+ (kd)*I,(kd)]
—G=F+} 9
¢
In the case of n=2/3, the first order quantites j, and p are given by
. ¢ \®
jo= = (1-47)

0 o (3-22)
p=Cgéo ( 1—‘¢T>
The stability of these equilibrium solutions will be examined in the next section.
The examples of equilibrium situation for given flux function ¢ are shown in Figs.
3 and 4. The magnetic lines of force used in above calculation are also shown
in Fig. 2.

4. Stability of the low-3 plasma equilibrium in the Heliotron field
The stability of a hydromagnetic field in static equilibrium can be deter-
mined by an energy principle formalism which was investigated by I.B. Bernstein
et. al. This principle shows if W can be made negative, then the system of our
interest is unstable, where 6W is given by

oW = I/QSa'r [Q%u—F-@xE+ p(div &)* + (div &) (£-grad p)] 4-1)
where
Q=rot(§xXB)

In order to calculate the sign of W, we introduce the curvilinear coordi-
nate system (¢, 0, x). In this system the fluxfunction ¢ and the magnetic poten-
tial ¢ are defined respectively as,

: I (kr)
¢=rd,= B, [1/27 +a’,—k—cos k2)

(4-2)

x=Bo[z+aL’—(,§—r‘)—sin(kz)

According to the theory of the curvilinear coordinate, the volume element, gradi-

ent operator and divergence are given respectively by

dr=hshohd pdbd 1= —l;—zdgb d6dz, 4-3)
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ce, L 0 1V 8 1 8
 grad=eyp -5 e G tery— 5 )
=rBe¢*a%—+%e, 36—0+Be,—g—x~ B ‘
A8, @ /1
div A—FLaTo (A*‘F ) + 56 (rB Aﬂ) P (F““‘ﬂ (#-5)

where

e;=grad ¢/|grad ¢|, e,=grad 0/|gradf|. e;=grad x/|grad 2|
In this coordinate system, the necessary and sufficient conditions given by egs.
(3-7) and (3-8) can be rewritten as

0p/ox=0 ' ’ ‘ ! (4-6)
) 0 '
| (25 B/ )dx=0 | __ #=7)
Then we consider only the ‘equilibrium such’ that
0p/ox=0 and 8p/06=0 (4-8)

Now we try to minimize §W by means of estimating each term. The terms
of grad p and Q are the first order quantities in respect to £&. The terms of j-Q
x &, p(div &) and (div &) (¢ grad p) are the third order quantities in respect to §.

Examination of the above integration shows that the term |Q |® is the second
order in & The displacement & which makes Q to be zero is of interest to us.
Physically these displacements are those which do not change the Heliotron mag-
netic ﬁéld; this is the so called interchange mode.

Hence in the following we can determine the stability such as

Q=rot (§xB)=0 : T (49

or

Q=e2 5 6B +erB L (50)

o (4-10)
+e,B[ (r&sB) o (%2)]=0
Taking the components of eq. (4-10), we get
, 0_(754’3):0, i<léo):0 C .
4-1
o &)+ (14,)=0

On substitutmg eq. (4-11) into eq. (4-1), we find

oW =4 {dr [rp(div &)+ (div €) (¢-grad p)] (4-12)

where
rp(div §)*+ (div §) J(E'grad D

- oo { (o) Bl ) Bl
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verB o] @13

Now we consider the simple but important disturbance which is &§,=£§,=0. Physi-
cally this disturbance is only perpendicular to the Heliotron megnetic lines of force,
namely the disturbance is
r&sB=f(0) 4-14)
Using eq. (4~17), the change of potential energy due to perturbation is given
by

- 0 (1), 0 18 (1 -

oW @ = 108y (g )+ 501 5 (5) 15
Then stability condition of equilibrium state is
_ 0 (1Y, 0,70 (1 )
We introduce F such as

_ a {1 d @ (1 B
F=lroB 5 () + o5t 1o5 () @i
Within separatrix T takes positive or negative value along the Heliotron magne-

tic lines of force, because g—¢ (%,—) becomes negative under the positive coils but

positive under the negative coils.

In general the plasma confined in the magnetic field decreases in the outer

direction, then 371) takes a negative value. Near the axis of negative coils 2

o

( 1132) has positive value and so F becomes positive only if the next inequality

is satisfied;
798 g5 () + 55 2>0 (+-18)

Now we examine whether the equilibrium obtained in previous section is
stable or not. On substituting eq. (3-18) into eq. {4-18) we get

Lo (1= )2 [ gr) 10 (4-19)
where 7 is the ratio of specific heats, and ¢, is the flux function through the neutral
lines of the Heliotron field. In the case of kr=0 and cos(kz)=1, we can easily
calculate the value of 7/n so as to satisfy eq. (4-19); r/n<1.5]1 and also for &r=2,
we get 7/n>1.87.

Therefore we have a low-8 equilibrium state which satisfies the stability con-
dition.

5. Conclusion.

Equilibrium and stability probléms of plasma in the Heliotron magnetic field
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are discussed under the assumption that the plasma behaves such that the hydro-
magnetic fluid and pressure is much less than magnetic pressure. When the
plasma carries only an azimuthal j, current, both an equilibrium plasma pressure
and azimuthal current can be expressed respectively in the forms,

. ¢)"—1
=—ecqa(1-%
.] é COT ( ¢'0
where ¢=r4,, A, is vector potential and ¢, is flux function through neutral lines.
So far as stability problem is concerned, the stability condition for the flute

type instability due to the &= f (0)rB, §,=§,=0 penturbation is given as follows;

oW @) =(dx-o- () (108 o (5r) + a2 >0

The more severe condition is

)

0
o0 5>0
for all x.

The equilibrium state satisfying the above condition takes the next inequality;
r/n>>1.51 for kr=0.
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