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By
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This paper describes the fundamental properties of the operational calculus
based on the Mikusinsky’s method for the matrix functions (sequences and series of
operators, operational functions and their derivatives), and then, presents the analysis
of the multi-conductor transmission systems for its applications.

1. Introduction

In analysing the physical systems with many variables, matrix algebra
provides a systematic method for the manipulation and solution of system
equations. We have reported the matric operational calculus based on the
Mikusinsky’s method and applied it to the study of the linear lamped time-
invariant systems?. There, the system equations are given by the simultaneous
ordinary differential equations and their operational solutions are expressed by
the rational functions of the operator 8. But in the linear distributed time-
invariant systems, typical examples are multi-conductor transmission systems,
their properties are expressed by the simultaneous partial differential equations,
and their operational equations become the simultaneous ordinary differential
equations involving the operator s. Therefore, new mathematical concepts,
which are, sequences and series of operators, operational functions and their
derivatives are needed.

In this paper we shall try to apply new operational calculus to the study
of the linear distributed systems. First, following the Mikusinsky’s method?®
we shall present the basic definitions and the fundamental properties. In our
case what differs from the scalar functions is that they are subjected by the
matrix algebra. Next, using the results, we shall consider the multi-conductor
transmission systems. Here, gothic letters represent matrices and sets of them
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are assumed to compose the integer domain.

2. Extension of Functions and Operators

2.1 Discontinuous functions. We shall consider a function {F({)} defined in
the interval 0<<{< oo satisfying the following conditions.
i) It is sectionally continuous in every finite interval.
ii) The integral S:IF(r)ldr has a finite value for every £>0.
By the definition of convolution, we have

t \
IF={1}{F®}={( Fdr}.
The integral on the right side always represents a continuous function, denoting
it by {H®)}, we have
F=Il""{H()}=sH
therefore {F(?)} can be regarded as an operator.

When discontinuous functions F={F()} and G={G()} satisfy the above
conditions, the following definitions are given.

F=G if {S:F(r)dr}={S:G<r)dr}

F6=1({{ Foyar) £ {{ 6@ar}) =1 (P @ £ 601}
By the above definition we can prove the formulas
{FO}{GO}={FBO£G®D}
a{F)}={aF()} a constant.

For a discontinuous function satisfying the above conditions the following the-
orem is given.

Theorem 2.1: If a function {X(t)} has jumps B, B+, B» at the points #,,
t2,+, s, is elsewhere continuous and has a derivative {X'(#)} satisfying the
above conditions, then

HXD}={X D)+ X+ 3 Abe @.D

where h*» is a translation operator.

2.2 Non integer power of the operator s—a. For all positive values 4, power
of the operator s—a is defined as

(s—a)“={ I{‘(;) et} >0 @.2

where I'(2) is the Euler’s gamma function.
By the definition of the convolution, for all positive values of 4 and g, we
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have
(8—a) *(8s—a)"t=(8—a) i+ 2.3
For all real numbers 4, powers of an operator s—ea is defined by (2.2) and
1
0 i__ 1
(s—a)’=1, (8—a) sy Ai>0 2.9

therefore (8—a)~* represents a continuous function in the interval 0<{<{oco if
A>1, and a function discontinuous at the point #=0 if 0<{A<1, but if 1<C0 it
does not representa function.

From (2.2) the following equalities are given.

1 112 .
Veta \TAD® } {1/7;9 '} 2.5
<_€>(s+a)“”+ﬁ’={%!)—ve‘ﬂ} £>0, v natural 2.6)

3. Sequences and Series of Operators

3.1 Sequences of operators. A sequence of operator A, is termed convergent
if every element (A4.):; of A4, divided by a suitably chosen non-zero operator
q:; becomes a sequence of continuous functions uniformly convergent in every
finite interval, and in this case A, is said to have a limit and is written

lim (4, =gy lim 2222 [A"]‘f . 3.1

N—rou

Every element of A, has only one limit, therefore A, has only one limit.
If sequences of operators 4. and B, have limits A and Bi.e., lim A,=A4 and

n—roo

lim B,=B, we have the following equalities.

N—ro0

lim A.B.=AB 3.3

n—>00

3.2 Series of operators. For an infinite series of operators i‘, A,, if the sequ-
ence of partial sums i
Sp=A¢+ 4+ +4,
converges to A, it is said to have the sum A4 and is written
f}oAn=Ao+A,+ ------ —A. 3.4
In applications power seriesn;f the following form is important
O (w) =ay+ W+ g+ -+ 3.5

where ay, a,,--- are numerical coefficients and w an operator.
Specially for w=F (F={F(#)}: continuous function in the interval 0<{{< ))
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the following theorem is given.
Theorem 3.1: If the convergence radius of the series

_ D) =ayt+a l+a i+ 1 complex 3.6)
is positive, then series
O(F)=aota, F+asFo+eeen 3.7

is operationally convergent for every continuous function F, where multiplica-

tions in F2, F3,...... mean the convolution.

3.3 Powers with arbitrary real exponents. From the binominal theorem for
non-integer 8 and Theorem 3.1, we can define for an operator of the form
1+ F(F={F()} continuous function in the interval 0<t<{c) power with
any real exponents as

a+me-3(5)F 3.8)

and by the properties of the binominal expansion, the following relations are
given.

| A+ P81+ F)fe= 1+ F)s1+62 B.9
- 1
A+ P =—q7 s . 3.10

Having defined the powers of the operators A and B, and they are com-
mutative, we define the power of their product AB by the formula

(AB)#— A*B, (.11
Using the equalities (3.8) (3.11) we have the following relations.
1 1 1 2B\ s [ BT 2 (@) [ t8
Goa)? ~ & (—al)? —,§,( B —are B_{P(ﬁ) RIS }‘[r(p) ot}
(3.12)
1 _ [l ’ a2vt2v _
T = I+ @)= (5 -1 ey (3.13)
= {JoGia)} | 3.1
VaFa-ar={" @)} n=1, 2, : B

4. Operational Functions and Their Derivatives

4.1 Operational functions. Given a function of two variables F(1, ) defined
“for =0 and for some values of 4, we shall write it as

FQ={FQ, D}. “.1D
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Formula (4.1) defines an operational function which assigns an operator that

is a function of the variable ¢ to the value of 1 and is called parametric.

An operational function F (1) will be termed continuous in an finite interval

if every element (F(2));; of F(A) can be represented in that interval as a

product of a certain operator ¢;; and a parametric function G(1) and written

(FD)iy=q:i,[GD)y; qi=0 4.2)
where (GD))i;={(G{, 1]y} is the function of two variables continuous in the
domain DQlel, 0<t<(0).

4.2 Continuous derivative of an operational function. An operational function
F(2) will be said to be continuously differentiable in a finite interval I if we
can write for every element of it

FDIy=qGA)y;  quy=0 4.>
where ¢i; is an operator and (G (1) is a parametric function {{G(4, )]} having

a partial derivative {%[GQ, t)]ij} continuous in the domain D(lel, 0<i<).

In this case the function F(2) will be said to have in the interval I a continuous

derivative F/(2) whose element is

CF' DYy=au{ L6, DI} a0 @9
and from this definition F'(1) is determined uniquely.
Continuous derivative of high order of a function F(Q) is defined as
{ o
a n
where (G())y={(6( D)} has n-th partial derivative { (6, D} in the

domain D.
For the translation operator h* we can write

F»DYy=a-2 6%, DIy} a4 %0 (4.5)

k=8 {h:Q, D}=8{h:1, 1)} @0
where
0 :o0<i<i 0 2 0=t
e b= {(t—m : 0<a<t J oo ={%"<’ —A: °<’I<t}

therefore we have
(h*)’=s3{5?7h2(1, D} =~ (A, D}=—sht. @4.7

For continuous derivatives of the operational functions the following pro-
perties are given.
i) If the function F(2) is constant in a certain interval I, F/()=0. Con-
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versely if F/(A)=0 in I then F(1) is constant.
ii) If the functions F(X) and G(1) have continuous derivatives F’(1) and
G’'() in I then
FQOLGDY=F QD+6¢D
FRQCRY=F'AQOGCLD+FOG QX
iii) If the function F(2) has the continuous derivative F (1) in I and C is
an arbitrary operator, then
(CFD)Y =CF'(D)
A function F(D is said to be differentiable at a point 4, if it can be represented
in the neighbourhood of that point as the product

FD)y=aq4{(GQA, DI}  qux0

where ¢;; is an operator and {(G(4, #));;} a parametric function such that the
quotient

(G, DIy —(GQRo, D)
=2

uniformly tends to the limit for i—/, in every finite interval 0<¢<¢,. This is

a more general definition of the operational derivative.
4.3 Exponential functions. For differential equations of the operational func-
tions the following theorem is given.
Theorem 4.1: For given operators w, k and a real number A, there exists
at most one operational function x(1) satisfying for any real 1 the equation

X' (D) =wx(2) 4.8
and the condition
x(Ao)=k. 4.9

If w is constant the operational function x(1)=¢*» satisfies (4.8) and the
condition

x(0)=1 (4.10)
and by this theorem this is the only function with these properties.

If w is an arbitrary operator equation (4.8) and condition (4.10) defines the
generalised exponential function

x(Q) =elw, “.11D)
.From (4.7) translation operator A’ satisfies (4.8) and A°=1, then by this
theorem we have

h=¢"%, (4.12)

Furthermore the following theorem is given for the differential equations.
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Theorem 4.2: For given operators w, ko, k; and a real number A, there exists
at most one operational function x(1) satisfying for all real 1 the equation
x' (D) =wx Q) (4.13)
and the conditions
x(Ao) =ko, X' (Ao)=k;. 4.1
4.4 Derivatives of power series., For derivative of power series the following

theorem is given.
Theorem 4.3: If a numerical series

P =ay+ad+a 2+ 2 complex (4.15)
has a positive radius of convergence, then the function
' OUF) =ao+aAF+ a2 Fe+ oo (4.16)
has a derivative in the form of a power series
O’ QF) =1a, F+2a AF?+:----- 4.17

where F={F(¢)} (continuous function in the interval 0<#< o).
In particular if

2
oar) =1+ L AT

then by this theorem

@' (F)=F+ ’11": +’12 4= FOGF)

and @(0)=1, therefore we have

22
eF—1+ /luf' +12F!' PR 4.18)

Consequently the following relations are given if @ and 8 are commutative and
2=20.

L e (]@Via) 4.19)

exp Aa(8— v/ g =1 fm—tpflcﬂwzmzao} (4.20)
exp ia(e—v/a—g0) = 1~ {0 i1 1BV PT+21aD) | 4.21)
exp (—Aa/st+ gt) =e™%s expla(s—v/s—gv) 4.22)

exp (—Aay/g?—g2) =e™%as exp la(8—+/g?— g) 4.23)

5. Multi-Conductor Transmission Systems

5.1 Telegraphic equations. Here we shall consider multi-conductor transmission
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systems stretched along the axis 1. Denote by {v(A, } and {iQ4, ©)} the
voltage and the current at a point of coordinate 1 and instant #. The fol-

lowing equations hold
—{vi@, DY=L{i,.A, H}+R{EQ, B}

{4, H}Y=C{v.Q, D}I+G{wQ, O}
where R denotes resistance, G leak-conductance, L inductance and C capacitance

G.D

per unit length.

When the initial values are
v(d, 0O=0, i(A4, 0O=0

6.2

then equations (5.1) have the following operational form.
VD) =—Us8+R)i(D
} 6.3

PQD=—-(Cs+vD
v’ () =[LCs*+RC+ LG)s+ RG] v(D 6.0
") =(CLs8*+ (CR+GL)s+GRIi(D .

5.2 Hyperbora type equations. If R and G can be neglected (5.4) becomes
vV'D=a*sw(@Q) a*=LC. » (.5

Differentiating (5.3) with respect to 2 we have

Suppose that the boundary conditions are given as
{v@, D}={v:®}, {v Oy={v(®} (5.6)

or as operational form
v®=0v;, v =0s. 6.7

Considering the operational function e satisfying (5.5), we have w=a’s*. Since

a? is positive definite, w= +as, therefore we have -
V(D) = elsCy + ¢~asC, G.8

where C, and C; are arbitrary operators and from (5.7)
v(]) = (1 — e—210aa) -1 [(e—lal — e—(zlo—i)ac) v+ (e—(lo—l)aa — e—(lo-l-l)da)vz] . (5 . 9)

The operator (l—b-e-z/lom)'1 is expanded to the following infinite series
(5.10)

oo

(1—e—2%vas)~1= 31 g—2kioas
k=0

therefore (5.9) becomes
v(D)= § [(e—(2kio+Das _ g—(2kT120~Das)p, + (¢~ kT Lo—Das — g—(Zk+Tio+Das) p,],

k=0
(6.11)

Denote by ai, a,-::, a. eigen values of @ and when they are distinct we have
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eas=Q 1 [en1s, gx2s,  e*nS]Q 6.12)
where @ denotes a non-singular numerical matrix and [exs, ea2s, ,eans] diagonal
matrix.

Suppose that v,=0 then (5.11) can be solved to

0 1 0<t<2k2o+ A

uy (8 —2k20+ Acty) : 2kA0+ A, <2 }

'''''' , 0 : Ost<2k/lo+lan}] .13)
Un(§ —2kA0+ A00n) ¢+ 2kAo+ Aatn<lE

where u=Qu, and u="_{u; s --u,)t.
If infinitely long system is considered the operational solution is given as

v(R) =e—%asp, (. 1_4)
where v,=v(0)={v(0, )} and it can be solved to

b= {0 D)= ie[{

o 0 : 0<t<lday
b= {0, DY = 3 Q-l[{ }
k=0 u(—Aay) @ dan <t
0 : 0<t<Aan
...... , }] (5.15)
un(t"‘ldu} : zan<t

where u=Qu, and u={u;, u>-+-4.}°.
5.3 Parabora type equations. If L and G can be neglected (5.4) becomes

v’ (A)=a*8v(l) a*=RC. (5.16)
The boundary conditions are given as operational form

v(0) =v,={v:(®}={v(0, O} |

. G.17D
P =0 = {B: (O} ={vC, O}
Since a? is positive definite, the operational solution is
v(QD) =eavsC +e v, (5.18)
Here let us consider the parametric function
FR={FQ, D)={z2 % exn(-45)} 0<a<eo. 5.19)

Then we have the equality

1V2F (7)) = {73;7}1*(1) - {—;%gf,(t—ﬂ"”f‘mexp<— v )‘”}'

Substituting A2/4r=1%/4t+ 0% we have

Z2a2

l"zF(2)=={n_;2/aTexp<— i )S:e’“2a’d0}={vln_texp<— 1;?2 )} (5.20)

Further we have
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¢ 1 1a?
ls/ZF(2)={S°‘/gpxp<— p )dz'} G.2D
and
8¢ 1 Ba®\, (¢t )al Aal
Wgo e exP(‘ i )d’“‘gozv,;,—sexP<‘ i )d’°
By the operational form this equality is written as I32F’(Q) = —alF(Q) and con-
sequently
F'QD=—ayvsgFQ. (5.22)
From (5.21)
FO)=s{f’ V%a’z'} —grllin=]
then we have
ta/~ i Aa _ Aa
P ﬁ—F(l)—\{Z‘/Wexp< =) (5.23)
From (5.20) we have
1 o~ 1 _( 2a
7 2 ‘/’“{1/?°XP< 47 )} (5.24)

Further we have

1 o~ [(* Aa 2a?
3 ° ‘“‘/"{Sowﬁe"p(‘ i )d’}
and substituting 6=1/2v/ ¢ we have

1 —_{2 (=
o T AR (- Ratodo . .25

From (5.23) the operator e~?*v/s represents the continuous fuﬁction in 0<t<{oo,

therefore the operator (1—e~%avs)~! can be expanded to the infinite series and
(5.18) with the conditions (5.17) becomes

V() = 3 ((e-C@hio+Day/s — g~(kFTla~Dar/7)p,
k=0

+ (e~ @k+Lio—Day/5 — g=(Zk+1lo+Day 3)py) 5.26) -

and can be solved to

v@={vG, D}= 2 [ F@hatd, t-0)—F @EFTa=2, t-DIui(Dde

+ S:[F(2k+ 1—2, t—1) - FQk+14+2, t—-r)]vz(t)dr}. (6.27)
Considering infinitly long system we have

() = e~/ oy ={b(A, 1)} = {S:Fa, t—7) vo(z')dz'} (5.28)
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where {v,()}={v:(0, O} and if v,(#) =V, (constant) then we have
2 (= )
@, H={F={" _iaexp (~FatoddoVo). (5.29)

5.4 Operation T« and its applications. Here we shall introduce an operation
T= defined as

TeF=Te{F()}={eF®} (5.30)

where @ is an arbitrary numerical matrix and F an arbitrary sectionally con-
tinuous integrable function, and this operation has the following properties.

i) Te¢(F+G)=TeF + TG

ii) TeTBF=TeBF if @ and B are commutative.

iii) T4«(FG)=(T*F)(T*G) if @ and F are commutative.

iv) TeR(8)=R(s—a), T4R(8)=R(8—a) where R(8) is a rational function
of 8 and commutative with a.

v) Teew=eT*» where w is an operator and commutative with a.

Using this operation we shall consider the solution of (5.4) in some special
cases.

When L can be neglected and an infinitly long system is considered we have

v(D) =eie/s7Bv, a*=RC, B=C-'G (.31
where vo={vo(®)}={v, O}.

If @ and B are commutative e~avs+p=T-8¢ %5, then
vW={v@, DY={e#{ Fa, t-Do(Dde) (5.32)

where F(A, t) is defined by (5.23).
Further when G can be neglected and an infinitly long system is considered

we have
v(D) =/ ot By~ Po, a*=LC, f=5CLRC  (5.33)
and if @ and B are commutative e~ ’2v(e+p?—F = T8 ¢~%=v/s?~p>, then we have
a8 o- _la P —
o) —eien| eb{ 1- 2o ip] By FTTRIGD oo 5.30

6. Conclusion

As mentioned above, a method to apply the Mikusinsky’s operational cal-
culus to the matrix functions in order to study the physical systems with
distributed constants has been presented, and using these results, multi-conductor
transmission systems are analysed.

The operations used here are restricted by the matrix algebra, and then
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commutative matrices are considered, this method is very useful to get the
numerical solutions of systems with many variables.
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Appendix

Proof of The Theorems
Theorem 2.1: Denote a continuous part of {X(®)} by {¥(®)}, then

(XY= YOI+ 5 A Hu )= YOI+ 1 5 phs.

Multiplying by 8 and considering that {X'()}={Y’@®} and X(0)=Y(0), we
have

XD} =8{Y D)+ 3] Bt = (X' O)+ X+ 3] Aol

Theorem 3.1: We shall consider the following power series
@, AG + @ G2+ oo A-D
where G={G(#)} continuous function in the interval 0<t< o,
Denote by M the maximum absolute value of all elements of G(¥) in an
arbitrarily fixed interval 0<{<{,, then

|GOI<MH H=(H,) H;=1

60 1=[f,6¢~0) 6@ de| <m{ M-Mdc Hamb> | H
where m is the order of G, and generally
n < pr—1 n___ < n—
IG(t)lmM( )'Hm M( 1),Han

Denote by o the convergence radius of the series (3.6), then the sequence
220 _— n 1
(5 0 )i (n 1
tends to 0, ‘fe., it is bounded by a certain number K, therefore

o ST E=(ZR Y e B

lanA"G (D) | < |atndo®mm " M " 0 n _1)|

(
(3 Youm=siuin( 4 sk 3
and p is the convergence radius of the series (3.6) then the series
2
k’Iall% +k’|a2|<%> e

is convergent. Hence the convergence of the series (A-1) follows and from
this fact follows the convergence of the series (3.7).

Theorem 4.1 and 4.2: The operator w is constant with respect to A, then
from the theorem of the ordinary differential equations uniquness of the solu-
tion is assured.
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Theorem 4.3: From theorem 3.1, the power series (4.15) represents the
parametric function in every domain
[Al<ho, OZE<t, ‘ (A-2)
and a numerical series ' ‘ '
@D =1lear+2-a2A+
has the same radius of convergence as the series (4.15), therefore the power
series (4.17) represents the parametric function in the domain (A-2), then the
theorem is proved by differentiating term by term.




