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A one-machine system under small perturbations was represented in a closed-loop • 
block diagram and its open-loop transfer· function was calculated. The concept of 
relative stability was developed by means of a generalized Nyquist's eriterion. More
over, the indicial response of terminal voltage according to the unit step change of 
excitation voltage was calculated by means of a Fourier series appr9ximation and its 
integral squared error was proposed as a measure of relative stability. I>, stability 
analysis using this measure was developed for various values of power output. Also, 
the effects of the regulator gain were analyzed using this measure. 

1. Introduction 

The stability problem of a synchronous machine has received a great 
deal of attention in the past1•2•81 and will receive increasing attention in the 
future, since it is to be expected that leading power-factor operation of synchro
nous generators under lightly loaded conditions will become difficult to avoid 

' I '. 

and generation and transmission equipment will come to be applied with 
higher reactances and correspondingly lower stability margins. Among several 

aspects of the stability of a synchronous machine, an important one is the 
mode of small perturbation stability. This paper deals with an analysis of 
the phenomena of stability of synchronous machines under small perturba
tions by examining the case of a single machine connected to a large system 
through an external impedance. 

First described is a method of representing the perturbed performance of 

a one-machine system in the closed-loop block diagram. A detailed model of 
a synchronous machine equipped with damper windings and the effects of 
excitation and prime mover controls are included, in order to make the analysis 
more accurate. 

* Institute of Electrical Engineering 



308 Yasuharu OHSA WA and Muneaki HAYASHI 

A knowledge of the degree of stability is frequently more important than 

merely knowing whether, under certain operating conditions, the machine is 

stable or not. A concept .of .relative stability was developed by means of a 
generalized Nyquist's criterion. 

Moreover, the variation of terminal voltage responding to the step change 

of excitation voltage was calculated by means of a Fourier series approxima
tion and its integral squared error was examined as a measure of relative 

stability. The stability analysis using this measure was developed for various 

values of power output. Also, the effects of the regulator gain were analyzed 
using this measure. 

2. Representation of Systems for Stability Analysis 

2-1 Description of a Synchronous Machine 

Complete description of the dynamic behavior of a synchronous machine 

requires consideration of its electrical and mechanical characteristics as well 

as those of associated control systems. The necessary mathematical state
ments are summarized here. 

The equations describing the balanced 3-phase performance of a synchro

nous machine were derived by the use of Park's axis transformation shown 

in several references (Appendix A) and summarized by Shackshaft0 • They 
are subject to the following assumptions : 

(a) A current in any winding is assumed to set up an m. m. f. wave 
which is sinusoidally distributed in space around the air gap. 

(b) The effects of hysteresis are neglected. 
(c) It was assumed that a component of m. m. f. acting along the direct 

axis produces a sinusoidally distributed flux wave in that axis only, 

and that, similarly, a quadrature-axis m. m. f. produces only a quadra
ture-axis flux. 

The equations are shown in Appendix B. Time is scaled so as to make wo 

unity: i. e., real time was multiplied by 21Cfo in this paper. The equations 

are represented in per-unit form. The base values chosen were such that all 

per-unit mutual inductances between rotor and stator circuits in each axis 

were equal to one another. On this basis the following relations between 
self-, mutual, and leakage reactances pertain :2> 

X11a=Xaa+X11 

Xa=Xaa+Xai 

Xkkd=Xad+Xkd! 

Xq=Xaq+Xai 

Xkkq=Xaq+Xkq! 

The nomenclature is summarized at the conclusion of the paper. 

(1) 
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If 'Ptd, 1/Jka, itd, and ikd are eliminated from eqns. (B-1)-(B-3), (B-6), and 
(B-8), the expression for 1/Ja becomes 

¢ _ {(Xkka-Xtka)s+rka}Xaa • : V, 
a- (X11a•Xua-Xtka2)s2+ (r1a•Xkka+ rka•X11a)s+ r1a•ru fa 

[ 
{(Xk1:a+X11a-2x;ka)s2+ (rka+r1a)S}Xaa2 ]· 

- Xa (X11a•Xua-Xtkt1.2)s2+(r1t1.•X1cka+rka'.X1ra)s+rra•ru ta 
(2) 

Eqn. (2) is rewritten as follows: 

1/Ja=G(s) •Vra-Xa(s) •ia (3) 

Similarly, eliminating 1/Jkq and i1cq from eqns. (B-4), (B-5), and (B-10) yields 

(4) 

and 

(5) 

The quantities Xa(s) and Xq(s) are called operational reactances and G(s) is 
called an operational transfer function. 

The equations describing a one-machine system shown in Figs. 1 and 2 
are as follows : 

Speed Feedback 

Mech, T f 
Infinite Bus 

rans ;rm;r m J 
r,.~L~n~ 

Reference Voltage . Feedback 

Stator flux linkages 

Voltage .Volt.age 
Regulator 

Fig. 1. Model system (1). 

~ 
It 

Infinite Bus 

Fig. 2. Model system (2). 

1/J,,,=G(s) •Vr_a~Xa(s) •ia 

(/Jq=r-,X;(s),:-iq. 

Induced voltages 

(6) 

(7) 
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V,i =-sr/J,i -I'• i,i-ax/Jq (8) 

Vq = S<pq- r• iq + ax/J,i (9) 

Voltages at the infinite bus 

e,i=s(</J,i-L.•ia)- (r+R,) •i,i-w• (</Jq-L.•iq) (10) 

eq=S(</Jq-L.•iq)- (r+R,) •iq+W• (</Jd.-La·•i,i) (11) 

ed.=eb sin 8 -(12) 

eq=eb cos 8 (13) 

Electrical torque at air gap 

T=r/Ja•iq-rpq•ia (14) 

Terminal voltage 

Vi2=Va2+Vq2 (15) 

Mechanical equation 

Msw=TM-T (16) 

Angular relation 

s8=w (17) 

2-2 Description of Control Systems 

The representation of machine control systems such as excitation systems 
and the speed governor as well as the one of the machine must be included 
in a study of the dynamic stability of power systems. In this section mathe
matical representations of control systems are given in a form appropriate 
for stability studies. 

The model of the excitation system assumed in this paper is shown in 

Fig. 3, and its mathematical representation is as follows: 

l+sTa 

'------i _!$_1<s_s - I-----' 

I +sTs 

Fig. 3. Simplified model of voltage regulator. 

) K.·Kr(l+T ,s) 
g(s = (l+T .s)(l+T,s)(l+Tas)+K.K,s (18) 

The saturation of amplifiers, non-linearity of rectifiers, and time-lags between 

the movements of elements or equipment are neglected to simplify the calcu

lation. The values of the gain Kr are varied later. 
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Under restrictions similar to the ones of A VR, a simplified model of the 
speed governor is shown in Fig. 4 and represented as follows : 

AW . I . -Kg. I ATM 

' (l+stg)( l+sT11) • 

Fig. 4. Simplified model of governor. 

(19) 

2-3 Linearized Equations for a One-machine System 

When steady-state stability is studied, the complexity can be reduced by 
considering only small deviations of the variables from their steady-state 
values. This means that system equations can be linearized, since only in
finitesimally small changes are of interest. This method of small oscillation 

is well known arid used in many dynamic stability studies. 
Eqns. (6)-(17) are linearized to ~ive: 

d¢t1.=G(s) • dv1t1.-Xt1.(S) •dit1. 

dr/)q= -Xq(S) •diq 

dVt1.= -r/Jqo• dw-dr/)q- r 0 dit1.+sd¢r1, 

dVq -r/Jt1.o•dw+ d¢t1.- r 0 diq+S,:1r/Jq 

det1.- - (r/Jqo-iqo•L.),Ja,- (dr/Jq-L. 0 diq)-(R.+r) 0 did 

+ s(dr/Jt1.- L., dit1.) 

deq- - (r/Jdo-iao•L.)•dw+ (dr/Jt1.-L••dit1.)-(R.+r)•4iq 

+s(d¢t1.-L. 0 dit1.) 

det1. = ebo cos Do• dD-= eqo • dD 

deq = -ebo•sin Do•dD= -eao•dD 

G =r/Jt1.o• Jiq+iqo• J¢r1,-r/Jqo• dit1.- i,w dr/Jq 

Msdw-G:11-G 

sdD=Ja, 

Voltage regulator 

4E14""'-g(s),dv, 

· -Speed governor 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 
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ATr,c=-M(s)•.tl(J) 

2-4 Initial Conditions 

(34) 

Before the dynamic stability of the system is studied, it is necessary to 

find the initial values of pertinent variables. Initial conditions are obtained 
by knowing the power output, power factor, terminal voltage, and current. 

Under steady-state conditions, ikd, ikq, and all the derivative terms are zero. 
The situation is represented in the phasor diagram shown in Fig. 5, from 

which the load angle lJ results as 

I 

Vt : 
0 t€---+---__:__➔• ~ -----' 

\ Lfr 
I 
I 
I 

\ it 
I 
I 
I 
I 
I 

\d-axis 
I 
I 
I 
I 
I 
I 
I 
\ 

Fig. 5. Phasor diagram for computation of initial load angle. 

(35) 

Once the load angle lJ is determined, other variables may be computed from2> 

Vd=V,•sin lJ (36) 

Vq=Vt•COS iJ (37) 

id=i,•sin(ll+ip) (38) 

iq=i,•cos(lJ+ip) (39) 

</Jd=Vq+r•iq (40) 

rpq= -vd- r•id (41) 

The voltage of the infinite bus· is therefore set after the initial conditions are 
obtained. 

2-5 Derivation of Transfer Functions 

Manipulating eqns. (20)-(34) to obtain a form suitable for closed loop 

stability analysis, Fig. 6 is obtained3> (the detailed derivation is shown in 
Appendix C). This block diagram illustrates the closed loop structure of the 

equations which include representations of prime-mover power and excitation 
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Re+ r 
C (s) 

011 
+ 

-------~012 
Le+Xq(s)+SJRe+r+S( L.•x.oo» - + 

~(s) 

015 

+' 

017 LIEfd LIVt 

B 

Fig. 6. Block diagram of the synchronous machine connected to infinite 
receiving bus. 
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controls. The dynamic stability of the set of equations described above depends 
upon the coefficients of the various terms which ~re · dependent upon the 
machine loading as well as upon the- characteristics of. the controls. 

To apply the Nyquist method to the above block diagram, it is cut at some 
point and the frequency response of the open loop transfer function is 
calculated. In Fig. 6 the point A is selected for the cut point for the reason 
that the basic stability phenomena include electro-mechanical oscillations and 
their damping, or the point B, for the reason that dynamic stability is greatly 
affected by AVR. In the case of the cut point being A, Fig. 6 results in Fig. 
7, where the change of the input-torque into the alternator and . the change 
of .the angular velocity of the rotor are assumed to be the input signal and 
the output signal, respectively .. Point B being selected, Fig. 8 is obtained, 
where the input is the change of the excitation voltage and the . output is the 

b.W 

Ms 

Q(S) 

Fig. 7. Block diagram for torque-feedback. 

alternator 
R(s) 

retulator 
g(s) 

Fig. 8; Block diagram for voltage-feedback. 
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change of the terminal voltage. The former is .advantageous in analyzing the 
mechanical equation and the movement of the governor, and the latter is 
profitable for determining the effect of A VR. 

Mason's rule'1 is used to obtain the open loop transfer function (see 
Appendix D). 

3. Relative Stability by Nyquist's Criterion 

3-1 Nyquist's Sability Criterion 

The Nyquist diagram can be constructed by plotting the open-loop transfer 
function of Fig. 6 for s = jw over a range of w. Plotting for values of s from 
0 to + joo results in a digram of the form shown in Fig. 9. Although that is 
a simplified explanation, the system is stable if its Nyquist diagram, traced 

out with increasing frequencies, always leaves the critical point -1 + jO at its 
left (Fig. 9 (a)); if the diagram is otherwise, the system is unstable (Fig. 9 
(bJ). 

W=O real w =0 

negative real W•CX> 

a) Stable b) Unstable 
Fig. 9. Typical· Nyquist plots. 

3-2 Relative Stability by Nyquist's Criterion 

Once it has been shown by application of the Nyquist criterion that the 
system is stable, the next point of interest in an analysis is the problem of 
transient performance. Even though a system may be absolutely stable, it is 
certainly possible that the system may be greatly underdamped and have an 
excessive overshoot or too long a duration of oscillation to be acceptable 
practically.51 Thus, a knowledge of the degree of stability is frequently more 

important than merely knowing whether, under certain operating conditions, 
the machine is stable or not. In this section, the concept of relative stability 
is developed applying the Nyquist criterion. 
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A profitable approach to the evaluation of relative stability consists of 
investigating different paths· from a conventional Nyquist's criterion in the 

s-plane0 • In Fig. 10 s is changed from -a- joo to -a+ joo along a line a 
units to the left of the jw axis,' closing as usual in an infinite semicircle to 
the right. If no zeros of the characteristic equation are to the right of this 

line, the transient step response damps out at a rate greater than a, that is, 
in any output terms of the form Ae--ttcos(cunt+i;6), a>a. 

Another path might be from the· origin radially out along a line such that 
s==cunsJ8 ==cun( -cos ct,+ jsin¢) er s=cun( -, + ivl-C2), where C =cos¢ is the damp, 
ing factor (o=,llln), thence clockwise around the usual infinite semicircle, 
back along a radial line with ponits conjugate to the first line, and into the 

origin (Fig. 11)4•6>. Such a path would locate roots of the characteristic 
equation that give rise to specified damping factors. 

R 

<1. 
real real 

o· 

-0"-jCX> 

Fig. 10. Contour for Nyquist relative sta, 
bility criterion (All . oscillations have 
a damping ratio greater than a). 

Fig. 11. Contour for Nyquist relative sta
, bility criterion (All oscillations have 
a damping fact~. greater than sinµ). 

Table 1. List of the system constants. 

T,.=0.2sec. K1=40 L,=0.6 
T,=1.0 sec. K,=1 R,=0.06 
T.=1.0 sec. K.=0.8 Vt=l.1 
Tg=0.Ssec. Kg=0.8 

T"=0.25 sec. M=lOsec. 
r111=0.00107 r=0.002 1'1:4=0.00318 
rta=0.00318 
xu=l.86 · x .. a=l.86 

< ,, ·,, 

, ,x11=0.14 
x .. i=0.14 xai,n=0.04 X1:q1=0.04 
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Nyquist diagrams at the operating point of unit power and the unit power 
factor are shown in Fig. 12 wheres is changed from -o-+jO to -a+joo. The 

value of a was varied from 0.0 to 0.002 and shown as a parameter in the 
figure. As O' becomes large the phase lag becomes large and the system in 

this example is regarded as unstable when 0'=.0.0015. That is, an oscillation 

which decays to 1/s of its initial amplitude at least in 1.77 sec. is involved in 

this operating point. Fig. 13 shows Nyquist diagrams at the same operating 

point when s is changed from O to jRsiµ(R-+oo). In this case the point of 

a,=0 is immovable regardless of the value of µ bt:tt as µ grows greater, the 

phase lag becomes larger and the system is regarded as unstable when µ= 

20°. 

Fig. 14 shows the operating d6main restricted by various values of a . . The 
curve is plotted by obtaining. the critical value of power output changing the 

power factor angle, when the Nyquist diagram may be plotted only near the 

( -1,0) point. Oscillations of long duration are found at the region of lagging 

power factor and a machine operating at about 0.5 per-~nit power at a power 

factor angle of about -15° is most stable from the viewpoint of the damping 

ratio. 

An operating domain, restricted by various values of damping factor, is 

shown in Fig. 15. Trends of variation are the same as Fig. 14. 

0-=0.0015 

real 

5 

0.3 

Fig. 12. Nyquist's loc·i for various values of O' 

(operating point: IWl=l.O and 1=0'). 
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!5 

,. 
i; 

·i Q .. 
. !1 

real 

-10 0 !5 
1.0 

-5 

-10 

20• 15" 10• 

Fig. 13. Nyquist's loci for various values of 
µ (operating point: IWl=l.Oand ¢,= 
O'). 

Fig. 14. Curves of constant relative stability 
(a: damping ratio of oscillations). 

Q 

1.0 

0 
2.0 

-1.0 

Fig. 15. Curves of constant relative stability 
(sinµ: damping factor of oscillations). 
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4. lndicial Response Analysis 

The system is set up according to Fig. 6, which is in a linearized form, 

and transients resulting from a disturbance show how the system would re

spond if this disturbance were infinitesimally small. The equations represent

ing the system can be assumed as linear only in the close neighborhood of 

the steady-state conditions for which the particular coefficients apply. Thus, 

for the response to actual finite disturbances a different representation of the 

machine would be required, but hi general the block diagram given in section 

2-5 can be used to provide approximate results for small finite variations. In 

this section the step signal response of the block diagram shown in Fig. 7 and 

Fig. 8 is calculated to investigate the structure of oscillations and the cause 
of instability. 

If W(s) and V(s) are the closed-loop transfer functions of the block dia

grams shown in Fig. 7 and Fig. 8, respectively, they are given by the follow

ing equations, 

W(s) 
I/Ms 

l+Q(s)/Ms 

Vs - R(s) 
( )- l+g(s)•R(s) 

(42) 

(43) 

If v(t) is the indicial response of V(s), v(t) represents the response of the 

terminal voltage Vt according to the step-change of the excitation voltage Etd• 

Similarly w(t) is defined to represent the response of the angular velocity w 

to the step-change of the input torque TM• 
v(t) and w(t) may be calculated by considering a low-frequency square 

wave with unity magnitude shown in Fig. 16 applied to the system7 >. Ex

pressed as a Fourier series, the square wave signal is, 

---211/d. __ _____., I 
____, I -

Fig. 16. Low-frequency square wave 
(for the calculation of indicial response). 

l+~~ sin(2n+l)at 
2 1Cn-o 2n+l 

(44) 

If the period 21e/a is sufficiently long, a steady-state condition is established 

before the end of the half cycle. The response of the system to the square 

wave in the case of Fig. 7 is 
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(45) 

Where Gn=IVCina)I and <pn=argV(jna). 

In the practical computation, the duration of the positive half of the square 

wave is 20 tr sec., and terms up to those corresponding to 20 rad. (3.18 Hz) are 
included. 

Fig. 17 (a), (b), (c), and (d) show the variation of v(t) with time for 

various values of IWI (absolute value of apparent power) as the machine 
operates at the unit power factor. From these figures, it was deduced that 

the damping of the oscillation is the fastest when IWI =0.5; as the value of 

!WI gets large, the frequency of oscillation becomes low, although it becomes 
rather high near the stability limit, the mean value of which is about 0.25 Hz. 

This oscillation is considered to be caused by the combination of machine and 

~ 
0.05" 0.05 ~ 
$". > -<I <I 

0 5 10 
I (sec.) 

15 0 5 10 I (sec.) 15 

a) IWl=0.2 ef>=O' b) IWl=0.5 ef>=O' 

0.1 r 
~ > 
I 

<I 

0.05-
0.05 

> 
<3 

0 
5 

o----~---~----~--
5. 10 1 (nc.) 15 -0.05

1 

c) IWl=l.O ef>=O' d) IWl=l.4 ef>=O' 
Fig. 17. Step signal response of terminal voltage. 
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regulator characteristics. 

w(t) for various values of JWI are shown in Fig. 18 (a), (b), and (c) as 

the machine operates at the unit power factor. When the value of JWI is 

small, only oscillation of high frequency appears and when the value of JWI 
approaches the stability limit, an oscillation of low frequency appears as 

shown in Fig. 17. Instability occurs at this frequency. An oscillation of high 

frequency, whose mean value is about 1.1 Hz, was considered to be due to the 
interference between the mechanical and electrical torque. 

I 
0.015! 

0.01 

9 
<I 

0.005 

I 
-0.005-

-0.01 

a) I WI =0.5 ~=O' 

0.01!5 

0.01 
9 
<I 

0.00!5 

-0.005 

-0.01 

10 

0.015 

0.01 

3 
<I 

0.005 

-0.005 

-0.01 

c) IWl=l.4 ~=o· 

b) IWl=l.O ~=O' 

Fig. 18. Step signal response of angular velocity. 

Fig. 19 (a), (b), and (c) shows the indicial response w(t) for various 

values of the inertia constant when the machine operates at unit power and 
the unit power factor. It can be seen from these figures that the frequency 

is almost inversely proportional to the square root of the value of the inertia 



0.02 

0.01 

:3 
<l 

-0.01 
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a) M=5sec. 

3 
<I 

0.01 

-0.01 

0,01 

3 
<l 

-0.01 

c) M=20sec. 

b) M=lOsec. 

Fig. 19. Step signal response of angular velocity 
(operating point: IWl=l.O and ~=0°). 
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constant. It was ascertained from the above consideration that the oscillation 
of high frequency involved in w(t) is due to the interference between the 
mechanical and electrical torque. 

The above consideration holds true for various power factor angles. Con

sequently, it can be said that the dynamic stability phenomenon is mainly 
governed by the feedback loop of the voltage regulator. 

5. Measure of Relative Stability 

Hitherto, most studies on power system stability have been restricted 
mainly to the problem of whether the system can be operated stably or not 

after some kind of disturbance, i. e., the problem of stability criterion ; little 
attention has been paid to quantification of the degree of stability. On the 
other hand, some kind of performance index is required to effect optimum 
control of the electric power system. In this section a measure of dynamic 
stability is defined on the basis of the results obtained in the foregoing section 
and the degree of stability is investigated by this measure. 

Since it was found from the results of the foregoing section that the small 
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signal stability is mainly governed by the feedback loop of the voltage regulator 

and that the frequency of unstable oscillation approximately equals that of 

the oscillation of the terminal voltage, it is adequate to define a measure on 
the basis of the response of the terminal voltage to the step change of excita

tion voltage. 

The integral squared error of the step response of the terminal voltage is 

defined as the measure of dynamic stability. The value of the measure is 

given as: 

M,=~~{1- ;~~ rdt 
where M, : integral squared error 

V(O): steady-state value of v(t) 

(46) 

This integral squared error has a definite value when the system is stable. 

It is evident from the definition of the measure that the smaller the value of 

the measure, the better will be the small signal performance of the system. 

Observation of trends in the variation of the measure as the system parame

ters are changed yields useful information within those parameter ranges that 

give stable operation. M, in eqn. (46) can be calculated from the indicial 

response obtained in the foregoing section by means of numerical integration. 

The upper limit of the time in the integral does not need to be infinite since 

. 
2 

0 0,5 1.0 1.5 

Power output IWI 

Fig. 20. Integral squared error vs. power output 
(power factor angle : parameter) 

2.0 
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the system is stable. 

Fig. 20 shows the variation of the integral squared error M, for various 

power factor angles as the power output is varied. The stability of the 

system decreases as the power output approaches a critical value, and M. 

takes its minimum value when IWI =0.5. 
From Fig. 20, equi-index curves may be drawn on a P-Q plane as shown 

in Fig. 21. The operations on one of these curves give the same integral 

squared error of the terminal voltage. 

Fig. 22 shows the variation of the measure as the A VR gain K1 is varied. 
When the machine operates at 1.4 power (p. u.) at the unit power factor, the 

value of M, increases rapidly both as the value of K1 decreases and as it 
increases, and the optimum value of K1 for this operating point is about four. 

On the other hand, when the machine operates at 1.0 power (p. u.) the system 
is stable without a voltage regulator. 

0 

1.0 

100 

i 
I 

-1.0 i~ 
Fig. 21. Domain of operation restricted 

by various values of integral 
squared error. 

.. 
::I 

0.1 

a: W•l.4 and<#>=o• 

b: W=t.a and <f>=o• 

10 Kf 100 
regulator gain 

Fig. 22. Integral squared error vs. regulator 
gain. 

6. Conclusions 

The small signal performance of a single machine connected to an infinite 
bus through an external impedance has been represented in block diagram 

form, which illustrates the closed loop structure of the system equations, 

including the description of prime-mover power and excitation controls. The 
transfer function approach has one particular advantage in that each com

ponent can be treated separately and the effect of each on stability can be 
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obtained directly. Two kinds of open-loop transfer functions, related to voltage 

feedback and torque feedback, have been calculated via Mason's rule and the 

small perturbation stability characteristics have been studied by means of 

frequency response analysis and indicial response analysis based on frequency 
response. These methods, in contrast with others, avoid the need to solve 

for the roots of the characteristic equation. Through these analyses, it has 

been found that the small signal performance of the system is governed mainly 

by the loop of the alternator and the voltage regulator. According to this 
fact, the integral squared error of the terminal voltage responding to the step 

change of excitation voltage has been proposed as the measure of relative 

stability. The effects of the regulator gain have been investigated using this 

measure. 
The results of the analyses are as follows : 

1) In the overexcited region, poorly damped oscillations may be encoun

tered at load levels considerably lower than the absolute stability limit. On 

the other hand, in the underexcited region, the operating state may approach 

the stability limit rather quickly with changing load. 

2) From the results of the investigation using the measure of relative 

stability, it has been shown that there exists an optimum value for the voltage 
regulator gain. 
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List of Symbols 

'Pd, rpq=direct and quadrature axis armature flux linkages 

'Pkd, r/Jkq=direct and quadrature axis amortisseur flux linkages 

¢1d=field flux linkage 
eb, ett, eq=infinite bus voltage and its direct and quadrature com

ponents 

Vt, ii=machine terminal voltage and current 
Vtt, Vq, itt, iq=direct and quadrature axis voltages and currents 

iktt, ikq=direct and quadrature axis amortisseur currents 
v1d, i1d=field circuit voltage and current 

E1tt=V1aXad/r1d=air-gap line, open-circuit excitation voltage 
x11d, xkkd, Xuq=rotor-circuit self-reactances on d- and q-axis 
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Xaa, Xaq=mutual reactances on d- and q-axis 
Xai=armature leakage reactance 
x1,-field leakage reactance 
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X1<a1, X1<q1-=leakage reactances of d- and q-axis amortisseur circuits 
r1d, rka, rkq=rotor-circuit resistances on d- and q-axis 

r=armature resistance 
w0 =rated angular frequency, rad./sec. 
w=instantaneous angular frequency, rad./sec. 

G(s) =operational transfer function between v1a and 'Pd 
Xd(s), Xq(s) =generator inductances in operational form 

z., R., L.=eqiuvalent system impedance, resistance and reactance 
~=angle between q-axis of machine and its terminal volt

age, rad. 
TM=torque input to rotor 
T=air-gap torque 
M =inertia constant, sec. 

g(s) =transfer function of voltage regulator 
K1, K., K,, T., Ta, T,=voltage regulator constants 

M(s) =transfer function of governor 
K0, T 0, T,.=governor constants 

References 

1) Shackshaft, G.: "General-purpose turbo alternator model", Proc. IEE, Vol. 110, No. 4, 
April 1963. 

2) Prabhashankar, K,. and Janischewsyj, Wasyl: "Digital simulation of multimachine 
power systems for stability studies", IEEE. Trans. Powu Apparatus and Systems, 
Vol. PAS-87, No. 1, January 1968,. 

3) Ewart, D. N., and DeMello, F. P.: "A digital computer program for the automatic 
determination of dynamic stability limits", IEEE, Trans. Power Apparatus and 
Systems, Vol. PAS-86, No. 7, July 1967. 

4) Watkins, B. 0.: Introduction to Control Systems, McGraw-Hill, New York, 1962. 
5) Thaler, G. J., and Brown, R. G.: Servomechanism Analysis, McGraw-Hill, New York, 

1953. 
6) Stojic, M. R., and Siiiak, D. D. : "Generalization of Hurwitz, Nyquist and Mikhailov 

stability criteria", IEEE Trans. on Automatic Control, July 1965. 
7) Jacovides, L. J., and Adkins, S.: "Effect of excitation regulation on synchronous

machine stability", Proc. IEE, Vol. 113, No. 6, June 1966. 

Bibliography 

1) Hayashi, M., Ibara, S., and Ohsawa, Y.: "A measure of dynamic stability of one
machine system", JIEEI, Vol. 90, No. 11, 1970. 

2) Messerle, H.K., and Bruck, R. W. : "Steady-state stability of synchronous generators 



326 Yasuharu OHSA WA and Muneaki HAY ASHJ 

as affected by regulators and governors", IEE, No. 134 S, June 1955. 
3) Aldred, A. S., and Shackshaft, G.: "A frequency-response method for the predetermi

nation of synchronous-machine stability", IEE, No. 393 S, July 1960. 
4) Smith, 0. J.M.: Feedback Control Systems, McGraw-Hill, New York, 1958. 
5) DeMello, F. P., and Concordia, C.: "Concepts of synchronous machine stability as 

affected by excitation control", IEEE, Trans. Power Apparatus and Systems, Vol. 
P AS-88, No. 4, April 1969. 

Appendix A Park's Axis Transformation 

Park's transformation may be written as: 

Wd=P((})Wa 

cos(} cos(o- ~ ,r) cos(o+}n-) 
2 

-sin(o- ~ n-) -sin(o+ ~n-) P(fJ)=3 -sin(} 

1/2 1/2 1/2 

(A-1) 

(A-2) 

where Wd is the column vector of Park's quantities and Ula is that of phase 
quantities. 

Appendix B Machine Equations 

Direct-axis flux linkage 

'Ptd =Xtfd"ifd-Xad. ia + Xtkd" ika 

'Pd =Xad. itd-Xd. id +Xaa• ika 

'Pkd =Xtka•itd- 'X:ad•ia +Xkkd"ikd 

Quadrature-axis flux linkage 

Direct-axis voltage 

Vtd =Sr/Jtd + Ytd • itd 

Vd=Sr/Ja-r•ia-w•rpq 

0=s¢ka+ rka"ika 

Quadrature-axis voltage 

Vq=Srpq-Y•iq+W•r/Jd 

O=Sr/Jkq+ Ykq"ikq 

Appendix C Derivation of Transfer Function 

(B-1) 

(B-2) 

(B-3) 

(B-4) 

(B-5) 

(B-6) 

(B-7) 

(B-8) 

(B-9) 

(B-10) 

Eliminating d¢a, drpq, dva, and dVq from eqns. (20)-(23) and (29), Jvc is 
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given as follows: 

Liv,= Vqor/Jdo-Vdor/Jqo Lim+ { Vdo Xq(S)- Vqo (r+sXq(S))}Lliq-{ Vqo Xd(s) 
Vio Vto Vto Vto 

+ Vdo (r+sXd(s))}Llid+ { Vqo G(s)+ Vdo G(s)•s}L1v1d (C-1) 
Vro Vro Vro 

Eliminating Llr/Jd and Llrpq from eqns. (20), (21), and (29) to give: 

LJT = {r/Jdo + idoXq(s) }Llid-{r/Jqo+ iqoXd(s) }Llid + iqoG(s) L1Vtd (C-2) 

Eliminating Lled and Lleq from eqns. (24)-(26), and substituting eqns. (20) and 

(21) into the resultant equations, 

{R.+ r+ (L.+sXd(s))}Llid- (L.+Xq(s))Lliq 

=sG(s) L1v1d- (</Jqo-iqoL.) Llm-eqoLlli 

(L.+ Xd(s))Llid+ {R.+ r+s(L.+ Xq(s)) }Lliq 

= G(s)L1Vtd+ (r/Jdo-idoL.)L1m+edoL1li 

Solving eqns. (C-3) and (C-4) for Llid and Lliq, 

Llid = A1L1Vtd + A2L1m+ A 3L1li 

Lliq = B1L1v fd + B2L1m + B 3L1li 

where 

(C-3) 

(C-4) 

(C-5) 

(C-6) 

A _ {R.+ r+ (L.+Xq(s))s}sG(s) + (L.+Xq(s))G(s) (C-7) 
1

- C(s) 

A _ {R.+ r+ (L.+Xq(S))s}(iq0L.-<pqo) + (L.+Xq(S)) (</ido-idoL.) (C-S) 
2 - C(s) 

A_ -{R.+r+(L.+Xq(S))s}eqo+(L.+Xq(S))edo (C-9) 
a- C(s) 

B _ (R.+ r)G(s) (C-10) 
1

- C(s) 

B _ {R.+ r+ (L.+Xd(s))s}(</ido-idoL.) + (L.+Xd(s)) (</Jqo-iqoL.) (C-ll) 
2- ~) 

{R.+ r+ (L.+Xd(s))s}edo+ (L.+Xd(s))eqo 
C(s) 

C(s) ={R.+ r+ (L.+Xd(s))s}{R.+r+ (L.+Xq(s))s} 

+ (L.+Xq(s))(L.+Xd(s)) 

(C-12) 

(C-13) 

Fig. 6 can be obtained from eqns. (31)-(34), (C-1), (C-2), and (C-5)-(C-13). 

Appendix D Mason's Rule 

Assume input node i and output node j, and let 

Ll=the graph determinant 

A=the kth forward path between i and j 
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.dk=the path factor or graph determinant .d when all loops touching 

the k th path are deleted 

Then Mason's rule is 

(D-1) 

where T,1 is the input-output relation between nodes i and j, n is the total 

number of forward paths, and 

.d=l-(I: all different loops) 

+ (I: all different products of pairs of non-touching loops) 

- (I: aJl differennt products of triplets of non-touching loops) 

+········· 


