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A one-machine system under small perturbations was represented in a closed-loop-
block diagram and its open-loop transfer function was calculated. The concept of
relative stability was developed by means of a generalized Nyquist’s criterion. More-
over, the indicial response of terminal voltage according to the unit step change of
-excitation voltage was calculated by means of a Fourier series approximation and its
integral squared error was proposed as a measure of relative stability. A stability
analysis using this measure was developed for various values of power output Also,
the effects of the regulator gam were analyzed using this measure.

1. Introduction

The stability problem of a synchronous machine has received a greaf
deal of attention in the past’®® and will receive increasing attention in the
future, since it is to be expected that leéding power-factor operation of synchro-
nous generators under lightly loaded conditions will become dlﬂicult to avoid
and generation and transmission equipment will come to be apphed with
higher reactances and correspondingly lower stablhty margins. Among several
aspects of the stability of a synchronous machine, an important one is the
mode of small perturbation stability. This paper deals with an analysis of
the phenomena of stability of synchronous machines under small perturba-
tions by examining the case of avsingle machine connected to a large system
through an external impedance.

First described is a method of representing the perturbed performance of
a one-machine system in the closed-loop block diagram. A detailed model of
a synchronous machine equipped with damper windings and the effects of

excitation and prime mover controls are included, in order to make the analysis
more accurate.

* Institute of Electrical Engineering
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A knowledge of the degree of stability is frequently more important than
merely knowing whether, under certain operating conditions, the machine is
stable or not. A concept of relative stability was developed by means of a
generalized Nyquist’s criterion. »

Moreover, the variation of terminal voltage responding to the step change
of excitation voltage was calculated by means of a Fourier series approxima-
tion and its integral squared error was examined as a measure of relative
stability. The stability analysis using this measure was developed for various
values of power output. Also, the effects of the regulator gain were analyzed
using this measure.

2. Representation of Systems for Stability Analysis

2-1 Description of a Synchronous Machine

Complete description of the dynamic behavior of a synchronous machine
requires consideration of its electrical and mechanical characteristics as well
as those of associated control systems. The necessary mathematical state-
ments are summarized here. '

The equations describing the balanced 3-phase performance of a synchro-
nous machine were derived by the use of Park’s axis transformation shown
in several references (Appendix A) and summarized by ShackshaftV. They
are subject to the following assumptions:

(@) A current in any winding is assumed to set up an m.m.f. wave

which is sinusoidally distributed in space around the air gap.

(b) The effects of hysteresis are neglected.

(¢) It was assumed that a componént of m. m.f. acting along the direct
axis produces a sinusoidally distributed flux wave in that axis only,
and that, similarly, a quadrature-axis m.m. f. produce's‘only a quadra-
ture-axis flux. C o

The equations are shown in Apperidix B. Time is scaled so as to make wo
unity: i.e., real time was multiplied by 2zf, in this paper. The equations
are represented in per-unit form. The base values chosen were such that all
per-unit mutual inductances between rotor and stator circuits in each axis
were equal to one another. On this basis the following relations between
self-, mutual, and leakage reactances pertain :?
‘ .xffd =Xgat+Xs; Xq=Xaqt+Xai
X¢=Xaq+Xar ’ Xikg=Xaqt+Xrq €3]
Xrka =Xad+Xxar

The nomenclature is summarized at the conclusion of the paper.
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If ¢ra, Pra, ira, and ire are eliminated from eqns. (B-1)-(B-3), (B-6), and
(B-8), the expression for ¢« becomes
{(Xrra—Xrea) S+ Yea}Xaa
(Krras Xexa— Xred®) S+ (FraXara~+ Yea*Xrra) S +r fd‘rlcd

_[x _ {(Xria +xffd—‘2xfkd)s2+ (Pra+770)S e ]i @
4 Grra Fexa—Xgead) ST+ (Frar Xexa+ TiasXyra) S+ Fra- g ) °

$a=

';i..

Eqn. (2) is rewritten as follows:

Pa=G(8) vra—X4(5) +1a @&
Similarly, eliminating ¢x, and i., from eqns. (B-4), (B-5), and (B-10) yields
Xag’s . .
Gg=— (x"——_xkkqs e )zq , ) @
and . '
«(8)ig ‘ ®

The quantities X4(s) and X,(s) are called operational reactances and G(s) is
called an operational transfer function.

The equations describing a one-machine system shown in Figs. 1 and 2
are as follows:

Speed Feedback

i

Infinite Bus

Mech. | A .. o B Trgngformer
Power Input Turbine ] £x ) Gen. _,§§ A
. = ) Tie Line
" Governor : " Speed Yo : :
Sensing T
Element
Reference """ | voltage Feedback
© Voltage ..Voltage.
Regulator
Fig. 1. Model system (1).
" e
! Re Le b
_— Infinite‘ Bus
it .
'Fig/. 2. Model system (2).
Stator flux linkages - ‘ )
gb.;—-G(s) Vrd—X¢(S) ia (6)
Pa= —Xe(S)~1q. )]

Induced voltages
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2-2
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Va=SPa—¥+ia— Wy i
Vo=Sq— Tlg+Wda
Voltages at the infinite bus v A
a=5(pa—Lovia) — (r+ Re) -ia— @+ (Pq— Losiy)
€,=5(pe— Loi) = (+ R,) +i¢+ @+ (pa— Lu+1a)
€s=6psin d
€;=¢e,Ccos d
Electrical torque at air gap
T =¢ariqg—ig+ia
Terminal voltage
Vet =042+ 042
Mechanical equation
Msw=Ty—-T
Angular relation
sb=w

Description of Control Systems

®
®

10)
an

-(12)

as
as
(15)
a6

an

The representation of machine control systeins such as excitation systems
and the speed governor as well as the one of the machine must be included
in a study of the dynamic stability of power systems. In this section mathe-
matical representations of control systems are given in a form appropriate

stability studies.

The model of the excitation system assumed in this paper is shown in
Fig. 3, and its mathematical representation is as follows:

\ AE¢d

I+sTa

TsKs S
1+sTg

Fig. 3. Simplified model of voltage regulator.

s) = K, -K,(1+T.s)
ES) = AT, A+ Tes) A+ Tes) + Ko Kos

18)

The saturation of amplifiers, non-linearity of rectifiers, and time-lags between

the movements of elements or equipment are neglectéd to simplify the calcu-
lation. The values of the gain Kr are varied later.
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Under restrictions similar to the ones of AVR; a simplified model of the
speed governor is shown in Fig. 4 and represented as follows:

Aw =3 ATa
L (g TgH 1+ )

Fig. 4. Simplified model of governor.

M) = as

K,
A+Ts)A+Ths)

2-3 Linearized Equations for a One-machine System

When steady-state stability is studied, the complexity can be reduced by
considering only small deviations of the variables from their steady-state
values. This means that system equations can be linearized, since only in-
finitesimally small changes are of interest. This method of small oscillation
is well known and used in many dynamic stability studies.

Eqns. (6)-(17) are linearized to give:

Apa=G(5)» Qvra— Xa(5) + dis ¢))]
dpg=—X,(s)- iy : @n
6= — oo+ A= Mpg— 1+ Bia+ 54 ©2)
Avg=pae+ dw+ dpa— 1+ Jig+ sdp, 23)

deg=— (‘/’qo— iqo‘ La) M Z’w"“ (A‘/'q— Lc‘ Aiq) - (R¢+ r) hd Aid

+5(dpa— Lo+ dis) 2y
deg=— (pao—iao* Ls)+ do+ (4pa— Lo dia) — (Ro+ 1) diy

+5(dpa— Lo+ dia) - (25)
deq=ey, COS G+ A0 =€49+ 40 - (26)
deq= —eyosSin Goe 46 = —eq9+ 46 o @n
v, = Z‘:: <dva+ ::: «dvq ' @8
AT =g Big+iges dpa—Poos dia—iaoe Aipy @9
Msdw=ATy— 4T - €
s40=Jdw @D

Voltage regulator _

AE g =—g(s)-dv, : 32
s @

"Speed governor
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CATy=—-M()-do : o Co 34)

2-4 TInitial Conditions e A ‘
Before the dynamic stability of the system is studied, it is necessary to
find the initial values of pertinent variables. Initial conditions are obtained
by knowing the power output, ﬁowgr. factor, terminal voltage, and current.
Under steady-state conditions, ke, fxqg and all the lderivative terms are zero.

The situation is represented in the phasor diagram shown in Fig. 5, from
which the load angle d results as

Fig.. 5. Phasor diagram for computation of initial load angle.

d=Imag (log{vi+is (r+jx)}) 35
Once the load angle & is determined, other variables may be computed from?
Va=0¢+8in (36)
Vg=0t+COS 0 . @3N
te=1ds-sin(@+¢) - ‘ ‘ (€1))
ig=i:-cos(8+¢) €2))
Ga=0g+7+ig ' (40)
bem—veris - @b

The voltage of the infinite bus is therefore set after the initial conditions are
obtained. '

2-5 Derivation of Transfer Functions
Manipulating eqns. (20)-(34) to obtain a form suitable for closed loop
stability analysis, Fig. 6 is obtained® (the detailed derivation is shown in

Appendix C). This block diagram illustrates the closed loop structure of the
equations which include representations of prime-mover power and excitation
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- [{Retr 8 (Le-Xg(sNf€q4o+ (Lo +Xq (8))€q0 ] O3
C(s) ) ]

{Re+v+8(Le*Xa (8] (Yoo —1 do Lo +(Le=Xg (a)(Pyo—igole) | P4
e e g ') — : 8 - .l |__

-p8 =Di9

D2

s

Yao +1 qo%y(s)

. , 23
LLREH +5(Lg+Xq(8))} (g0 Le — Vo) + (Lo +Xq ($)¥go— i goLe)
C (s)

[-{Retr+ stlevXq )] €ae +{Le+Xqis) Bgy | D6
: T CE I
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: vﬂa Vdc
Vig TV, S
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‘ Fig. 6. Block diagram of the synchronous machine connected to infinite
receiving bus.

controls. The dynamic stability of the set of equations described above depends
upon the coefficients ‘of the various terms which are ‘dependent upon the
machine loading as well as upon the characteristics of the controls.

To apply the Nyquist method to the above block diagram, it is cut at some
point and the frequency response of the open loop transfer function is
calculated. In Fig. 6 the point A is selected for the cut point for the reason
that the basic stability phenomena include electro-mechanical oscillations and
their damping, or the point B, for the reason that dynamic stability is greatly
affected by AVR. In the case of the cut point being A, Fig. 6 results in Fig.
7, where the change of the input-torque into the alternator and the change
of the angular velocity of the rotor are assumed to be the input signal and
the output signal, respectively. Pomt B bemg selected, F1g 8 is obtained,
where the input is the change of the excitation voltage and the output is the

: 'AE“ + alternator aVy
AT + \ . Aw . R{s)
- | Ms
' . regulator
Q(s) — ~g(s)

Fig. 7. Block diagram for torque-feedback. Fig. 8. Block diagram for voltage-feedback.
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change of the terminal voltage. The former is.advantageous in analyzing the
mechanical equation and the movement of the governor, and the latter is
profitable for determining the effect of AVR.

Mason’s rule is used to obtain the open loop transfer function (see

Appendix D).

3. Relative Stability by Nyquist’s Criterion

3-1 Nyquist’s Sability Criterion

The Nyquist diagram can be constructed by plotting the open-loop transfer
function of Fig. 6 for s=jw over a range of w. Plotting for values of s from
0 to +joo results in a digram of the form shown in Fig. 9. Although that is
a simplified explanation, the system is stable if its Nyquist diagram, traced
out with increasing frequencies, always leaves the critical point —1470 at its
left (Fig. 9 (@) ; if the diagram is otherwise, the system is unstable (Fig. 9
b).

g >
£
E g
w=0 w, 1\ reol w=0 -1 w4
-Il w=o0 negative reai we=oo
a) Stable ’ * b) Unstable

Fig. 9. . Typical Nyquist plots.

3-2 Relative Stability by Nyquist’s Criterion

Once it has been shown by application of the Nyquist criterion that the
system is stable, the next point of interest in an analysis is the problem of
transient performance. Even though a system may be absolutely stable, it is
certainly possible that the system may be greatly underdamped and have an
excessive overshoot or too long a duration of oscillation to be acceptable
practically.® Thus, a knowledge of the degree of stability is frequently more
important than merely knowing whether, under certain operating conditions,
the machine is stable or not. In this section, the concept of relative stability
is developed applying the Nyquist criterion.-
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A profitable approach to the evaluation of relative stability consists of
investigating different paths from a conventional Nyquist’s eriterion in the
s-plane®’. In Fig. 10 s is changed from —o—jo to —g+joo along a line ¢
units to the left of the jw axis, closing as usual in an infinite semicircle to
the right. If no zeros of the characteristic equation are to the right of this
line, the transient step response damps out at a rate greater than o, that is,
in any output terms of the form As *cos(w.t+¢), a>c.

Another path might be from the origin radially out along a line such that
S=wne!? =wa(—cos¢=+jsing) or s=wn(—{+7v/1-{?, where {=cos¢ is the damp-
ing factor (6=(w.), thence clockwise around the usual infinite semicircle,
back along a radial line with ponits conjugate to the first line, and into the

origin (Fig. 11)%%, Such a path would locate roots of the characteristic
equation that give rise to specified damping factors. :

z
> ' 2
H g
-0+joo = £
—E
A R=® \
wu : e . . .
' veal y=cos*y real
&
\ S plane
R
L1
_o'_jm

Fig. 10. Contour for Nyqtﬁst relative sta- Fig. 11. Contour for Nyquist relative sta-
bility criterion (All oscillations have - -bility criterion (All oscillations have
a damping ratio greater than ). . 2 damping factor greater than sin n.

Table 1. List of the system constants.

T:=0.2 sec. Kr=40 ) . E.=0.6
T.=1.0 sec. K.=1 " R.=0.06
Ty=1.0sec. .. Ke=08 Ve=1.1
T,=0.8sec. K,=0.8

Ta=0.25 sec. M=10sec.

7ra=0.00107 r=0.002 7ea=0.00318
724=0.00318 ‘

%aa=1.86. L ' %ag=1.86 L %r1=0.14

2a1=0.14 . mp=004, 2eqr=0.04
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Nyquist diagrams at the operating point of unit power and the unit power
factor are shown in Fig. 12 where s is changed from —o+4350 to —g+joo. The
value of ¢ was varied from 0.0 to 0.002 and shown as a parameter in the
figure. As ¢ becomes large the phase lag becomes large and the system in
this example is regarded as unstable when ¢=0.0015. That is, an oscillation
which decays to 1/¢ of its initial amplitude at least in 1.77 sec. is involved in
this operating point. Fig. 13 shows Nyquist diagrams at the same operating
point when s is changed from 0 to jRs/#(R—o). In this case the point of
w=0 is immovable regardless of the value of ¢ but as x grows greater, the
phase lag becomes larger and the system is regarded as unstable when p=
20°, Lo T o :

Fig. 14 shows the operating domain restricted by various values of ¢. . The
curve is plotted by obtaining. the critical value of power eutput changing the
power factor angle, when the Nyquist diagram may be plotted only near the
(-1,0) point. Oscillations of long duration are found at the region of lagging
power factor and a-machine operating at about 0.5 per—;_ihit power at a power
factor angle of about —15° is most stable from the viewpoint of the damping
ratio. ’

An operating domain, restricted by various values of damping factor, is
shown in Fig. 15. Trends of variation are the same as Fig. 14.

imaginary o

0=0.0005 0.5

03 .

0=0.0

0.3

Fig. 12. Nyquist’s loci for various values of g
(operating point: {W|=1.0 and ¢=0").



Relative Dymamic Stability of a One-machine System

-0 -5

317

Ls
>
]
£ o
£
real
o s
10 Lo
05 g=000i5
-5
=0002
0.3 o / AN ld
1-10 /
0.2
-of
20° (ge 0° H=0° L-18
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: |Wl=1.0 and ¢=
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2.0

15. Curves of constant relative stability
(sin ¢ : damping factor of oscillations).

Fig. 14. Curves of constant relative stability
(0: damping ratio of oscillations).
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4. Indicial Response Analysis

The system is set up according to Fig. 6, which is in a linearized form,
and transients resulting from a disturbance show how the system would re-
spond if this disturbance were infinitesimally small. The equations represent-
ing the system can be assumed as linear only in the close neighborhood of
the steady-state conditions for which the particular coefficients apply. Thus,
for the response to actual finite disturbances a different representation of the
machine would be required, but in general the block diagram given in section
2-5 can be used to provide approximate results for small finite variations. In
this section the step signal response of the block diagram shown in Fig. 7 and
Fig. 8 is calculated to investigate the structure of oscillations and the cause
of instability.

If W(s) and V(s) are the closed-loop transfer functions of the block dia-
grams shown in Fig. 7 and Fig. 8, respectively, they are given by the follow-
ing equations,

1/Ms
WO 150m/Ms @
V() =) )

1+g() R
If v(®) is the indicial response of V(s), v(f) represents the response of the
terminal voltage »; according to the step-change of the excitation voltage Eyq.
Similarly w(®) is defined to represent the response of the angular velocity
to the step-change of the input torque T.

v(®) and w(f) may be calculated by considering a low-frequency square
wave with unity magnitude shown in Fig. 16 applied to the system”. Ex-
pressed as a Fourier series, the square wave signal is,

2T/

Fig. 16. Low-frequency square wave
(for the calculation of indicial response).

1 2 & sin@n+Dat
2t Tl mil

If the period 2x/a is sufficiently long, a steady-state condition is established

(40

before the end of the half cycle. The response of the system to the square
wave in the case of Fig. 7 is
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Gy, 2.8 G
WO =5+ B o t1

Where G.=|V(jna)| and g.=argV (jna).

In the practical computation, the duration of the positive half of the square
wave is 20 r sec., and terms up to those corresponding to 20 rad. (3.18 Hz) are
included.

Fig. 17 (@), (b), (¢), and (d) show the variation of v(#) with time for
various values of |W| (absolute value of apparent power) as the machine
operates at the unit power factor. From these figures, it was deduced that
the damping of the oscillation is the fastest when |W|=0.5; as the value of
|W| gets large, the frequency of oscillation becomes low, although it becomes
rather high near the stability limit, the mean value of which is about 0.25 Hz.
‘This oscillation is considered to be caused by the combination of machine and

sin{(@n+ 1 at+ @znss} (45)

(o} 0.05
= 5
° s IO' (sec.) s 0 5 1o t (sac.)ls
a) |W|=0.2 ¢=0° b) |W|=0.5 ¢=0°
o.lr

005~

I
I
>

5. - L
10 t (sec.) i% 0.05

c) |W|=1.0 ¢=0° d) [Wi=14 ¢=0°
Fig. 17. Step signal response of terminal voltage.
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regulator characteristics.

w(t) for various values of [W| are shown in Fig. 18 (a), (b), and (¢) as
the machine operates at the unit power factor. When the value of |W] is
small, only oscillation of high frequency appears and when the value of |W|
approaches the stability limit, an oscillation of low frequency appears as
shown in Fig. 17. Instability occurs at this frequency. An oscillation of high
frequency, whose mean value is about 1.1 Hz, was considered to be due to the
interference between the mechanical and electrical torque.

o.ons!~ 0.015 N
|
0.0l 3
3 1 <
< 0.005 (\
0.005 (\ l\[\
A A A stO
o [\/\l\f’./\,\,\vv 10 ° TR
vavvvt(.‘.c.) Hsec)
\ - L
-0.005 - 0.005
! -0.01 U
-0.0li"
a) |Wi=0.5 ¢=0° b) [WI=1.0 ¢=0°
o.onsn
0.0
3
<
0.005}

-0.005

-0.01

c) |Wi=14 ¢=0"
Fig. 18. Step signal response of angular velocity.

Fig. 19 (a), (b), and (c) shows the indicial response w(#) for various
values of the inertia constant when the machine operates at unit power and
the unit power factor. It can be seen from these figures that the frequency
is almost inversely proportional to the square root of the value of the inertia
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) ° I\I\[\I\{\/\/\AVAVA s ) ° [\[\/\/\/\5/\ Ao 1
VU\/\IVWV Viswc) 10 \]V\]V V'V e
-0.01} H adl)

a) M=5sec. b) M=10sec.

0.0Ir

\/ \/ V VY M)

-0.01

¢) M=20sec.
Fig. 19. Step signal response of angular velocity
(operating point: |[W|=1.0 and ¢=0°).

constant. It was ascertained from the above consideration that the oscillation
of high frequency involved in w(#) is due to the interference between the
mechanical and electrical torque.

The above consideration holds true for various power factor angles. Con-
sequently, it can be said that the dynamic stability phenomenon is mainly
governed by the feedback loop of the voltage regulator.

5. Measure of Relative Stability

Hitherto, most studies on power system stability have been restricted
mainly to the problem of whether the system can be operated stably or not
after some kind of disturbance, i.e., the problem of stability ériterion; little
attention has been paid to quantification of the degree of stability. On the
other hand, some kind of performance index is required to effect optimum
control of the electric power system. In this section a measure of dynamic
stability is defined on the basis of the results obtained in the foregoing section
and the degree of stability is investigated by this measure.

Since it was found from the results of the foregoing section that the small
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signal stability is mainly governed by the feedback loop of the voltage regulator
and that the frequency of unstable oscillation approximately equals that of
the oscillation of the terminal voltage, it is adequate to define a measure on
the basis of the response of the terminal voltage to the step change of excita-
tion voltage.

The integral 'squared error of the step response of the terminal voltage is
defined as the measure of dynamic stability. The value.of the measure is
given as:

1= 3

where M, : integral squared error
V(0) : steady-state value of v(®)

This integral squared error has a definite value when the system is stable.
It is evident from the definition of the measure that the smaller the value of
the measure, the better will be the small signal performance of the system.
Observation of trends in the variation of the measure as the system parame-
ters are changed yields useful information within those parameter ranges that
give stable operation. M, in eqn. (46) can be calculated from the indicial
response obtained in the foregoing section by means of numerical integration.
The'upper limit of the time in the integral does not need to be infinite since

100

. L ; .
o] 0.5 1.0 1.8 2.0
Power output IW!

Fig. 20. Integral squared error vs. power output
(power factor angle: parameter)
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the system is stable.

Fig. 20 shows the variation of the integral squared error M, for various
power factor angles as the power output is varied. The stability of the
system decreases as the power output approaches a critical value, and M,
takes its minimum value when |W|=0.5.

From Fig. 20, equi-index curves may be drawn on a P-Q plane as shown
in Fig. 21. The operations on one of these curves give the same integral
squared error of the terminal voltage.

Fig. 22 shows the variation of the measure as the AVR gain K, is varied.
When the machine operates at 1.4 power (p.u.) at the unit power factor, the
value of M, increases rapidly both as the value of K, decreases and as it
increases, and the optimum value of K, for this operating point is about four.
On the other hand, when the machine operates at 1.0 power (p.u.) the system
is stable without a voltage regulator.

o

.oy
!

o ‘}»—wa

|
: a: W=1.4 and $=0°*
b: W=1.0 and $=0°
‘! o1 | 16 K 100

-.O %A regulator gain

Fig. 21. Domain of operation restricted Fig. 22. Integral squaréd error vs. regulator

by various values of integral gain.

squared error.

6. Conclusions

The small signal performance of a single machine connected to an infinite
bus through an external impedance has been represented in block diagram
form, which illustrates the closed loop structure of the system equations,
including the description of prime-mover power and excitation controls. The
transfer function approach has one particular advantage in that each com-
ponent can be treated separately and the effect of each on stability can be
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obtained directly. Two kinds of open-loop transfer functions, related to voltage
feedback and torque feedback, have been calculated via Mason’s rule and the
small perturbation stability characteristics have been studied by means of
frequency response analysis and indicial response analysis based on frequency
response. These methods, in contrast with others, avoid the need to solve
for the roots of the characteristic equation. Through these analyses, it has
been found that the small signal performance of the system is governed mainly
by the loop of the alternator and the voltage regulator. According to this
fact, the integral squared error of the terminal voltage responding to the step
change of excitation voltage has been proposed as the measure of relative
stability. The effects of the regulator gain have been investigated using this
measure,

The results of the analyses are as follows:

1) In the overexcited region, poorly damped oscillations may be encoun-
tered at load levels considerably lower than the absolute stability limit. On
the other hand, in the underexcited region, the operating state may approach
the stability limit rather quickly with changing load.

2) From the results of the investigation using the measure of relative
stability, it has been shown that there exists an optimum value for the voltage
regulator gain.
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List of Symbols

¢a, Pg=direct and quadrature axis armature flux linkages
Qra, Prg=direct and quadrature axis amortisseur flux linkages
¢ra=field flux linkage
@, €4, ¢;,=infinite bus voltage and its direct and quadrature com-
ponents
v¢, ii=machine terminal voltage and current
V4, V4, 14, ig=direct and quadrature axis voltages and currents
ixe, txg=direct and quadrature axis amortisseur currents
Vrq4, ira=Tield circuit voltage and current
Eyi=vsa%qq/77¢=air-gap line, open-circuit excitation voltage
Xrrdy Xerds Xekg=rotor-circuit self-reactances on d- and g-axis
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Xad, Xag=mutual reactances on d- and g-axis
x=armature leakage reactance
xn~field leakage reactance
Xrat, Xxq =leakage reactances of d- and g¢-axis amortisseur circuits
¥rd, Txa, Trg=rotor-circuit resistances on d- and g-axis
r=armature resistance
wo=rated angular frequency, rad./sec.
w=instantaneous angular frequency, rad./sec.
G(s) =operational transfer function between v,; and ¢q
Xa(s), Xq(s) =generator inductances in operational form
Z,, R,, L,=eqiuvalent system impedance, resistance and reactance
d=angle between g-axis of machine and its terminal volt-
age, rad.
Tx=torque input to rotor
T =air-gap torque
M=inertia constant, sec.
g(s) =transfer function of voltage regulator
K,, K., K,, To, Ta, T.=voltage regulator constants
M(s) =transfer function of governor
K,, Ty, Th=governor constants
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Appendix A Park’s Axis Transformation

Park’s transformation may be written as:

wd=P(0)wa

J cos cos(ﬁ——g—n) cos(0+ %n) 1
P =% —sin § —sin(ﬁ—%n) —-sin(0+ %7:) J
L 1/2 1/2 1/2

(A-D

(A-2)

where wq is the column vector of Park’s quantities and w. is that of phase
quantities.

Appendix B Machine Equations

Direct-axis flux linkage

Gra=Xrra~tra—Xaa+ta+Xrrasira

Pa=Xaa*8ra—Xarla+Xaatra

Pra=%Xrra*ira— ¥aa*la+ Xrrafra
Quadrature-axis flux linkage

o= —Xqiq+Xag rq

Yrq=—Xaq*Ig+Xurq*frq
Direct-axis voltage

Vra=SPsra+"ra*isa

Vg=S¢g— r°ia—w'¢q

0=S¢ra+"rastra
Quadrature-axis voltage

Ve=8Pq—1-igt WP

O=sQrq+ Tre"ing

Appendix C Derivation of Transfer Function

Eliminating 4¢q, 4p,, 4ve, and dv, from eqns. (20)-(23) and

B-1
B-2)
®B-3

®B-H
(B-5)

(B-6)
B-D

B-8

B-9
(B-10)

(29), dve is
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given as follows:

= Yaobao—Vawhgo Yao. _ Vg ' . e
dvi= ™ < Aw+[vw X (9 " (r+sXq(s))}Azq [vm Xa(s)

+

v . v Va -
vj: (r+ st(s))} dig+ {‘v‘%G(s) + ﬁG(s) -s] Mya _ €-D

Eliminating 4¢: and 4¢, from eqns. (20), (21), and (29) to give:
AT = {‘/"410 + idoX‘l (S) }Ald - {‘/’qo + iqud (S) }Ald + iqu (S) Avfd (C’Z)

Eliminating des and Jde, from eqns. (24)-(26), and substituting eqns. (20) and
(2D) into the resultant equations,

{R,j— r+ (Lot+sXa($)) Yia— (Lot Xo(s)) diy

=5G(8) AV ra— (Pqo—iqoLe) dw—€q040 ) (o))
(Le+Xa(8)) dig+{Rs+ 7+ s(Le+ X, ($)) }ig
=G () dvsa+ (Pao—1iaoLe) dw+€a040 (C-4)
Solving eqns. (C-3) and (C-4) for 4i; and 4i,
Mo=Advsa+ A ds+ Asdd €5
diq=B4vse+ By dw+ By 40 (C-6)
where
A= (Rt 14 Lt X (IS} + (Lot X(DIGE) - C-D
®
Ay= {Re+ 7+ Lo+ X, (5))s} (i.,oL,C = o) + (Let+ X4(8)) (Pao—faoLe) (C-8)
[O)
Ag= - {Re +r4+ (Le+ Xq (S))S}eqo + (La + Xq (s))edo (C_g)
8 C(s)
— Re+1G(s) .
B;= O (C-10)
B.— {Re+ 7+ Lo+ Xa(8))$) (Pao —C ido)La) + (Lot Xa(S)) (oo —iqoLe) (C-11)
2= (s
By= {Ret 7+ (Lt Xa (s%)(ss%eao + (Lot Xa(8))€00 (C-12)
C(8) ={Rs+7r+ (Le+ Xa(8))SHRs+ r+ (Lo+ X, (5))s}
+ Lo+ Xo(8)) (Le+ Xa(8)) (€13

Fig. 6 can be obtained from eqns. (31)-(34), (C-1), (C-2), and (C-5)-(C-13).

Appendix D Mason’s Rule

Assume input node i and output node j, and let
4=the graph determinant
P.=the kth forward path between ¢ and j



328 Yasuharu OHSAWA and Muneaki HAYASHI

4dr=the path factor or graph determinant 4 when all loops touching
the 2th path are deleted
Then Mason’s rule is

3! Puds

k=l
T g

where Ty is the input-output relation between nodes i and j, » is the total
number of forward paths, and
4=1- (X all different loops)
+ (X2 all different products of pairs of non-touching loops)
— (2 ajl differennt products of triplets of non-touching loops)

»-D



