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A Note on the Nonlinear Vibrations of the Elastic String

By

Takaaki Nisaipa*

(Received June 30, 1971

The nonlinear vibrations of an elastic string which are described by the equation
phi*w/ 0= (Po+ Eh/2L-§\ (910/02)dx)o'w/ox*

were investigated. A proof for the existence and uniqueness of a solution with
finite harmonics in the large in time and a conditionally periodic behavior is given
for this equation. :

1. Introduction

Free lateral ‘finite’ vibrations of uniform beams with the ends restrained
80 they remain a fixed distance apart may be described by the equation,
o G-+ LG8 = (P § (G2 ) as} G ®
(—oolt<+0, 0<x<L)
with the initial and boundary conditions,
w(0, ) =wo(x), w0, x) /6t =, (%),
w(t, 0) =0*w(t, 0)/ox*=w(t, L) =*w(t, L) /0x*=0, }
where w is the lateral deflection, x is the space coordinate, { is the time, E
is the Young’s modulus, EI is the flexural rigidity, ¢ is the mass density, % is
the thickness of a beam of unit width, L is the length, and P, is the initial
axial tension.

@

An equation governing free lateral ‘finite’ vibrations of a uniform string
may be considered as a limit case, such as the no-resistance (EI=0) to bend-
ing of equation (1), i.e.,

ow Eh %/ 0w \2, | 0w
oh-og =[P+, ( )d"] o ®

ox
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Equations (1) and (3) have only the nonlinearity contained in the term for
the axial force, which is given by the stretching of the medium line.!? Con-
cerning equations (1) and (3) a review has been given, for example, by Eisley.®
An equation of ‘finite’ deflections of plates was derived by Berger,® which
neglects the second invariant of strain in von Karman’s equation. Free vibra-
tions of this plate are described by the equation

%%2%+V*w= {P+ Zi—ZSSIVWI’dA}Vzw, @
where D is the flexural rigidity of the plate, and A is the area of the plate,
which was considered by Aggarwala.l

The existence and uniqueness theorem of solutions in the large in time
for the problem in (1), (2) was obtained by Dickey.” Concerning vibrations
of the string (3) a local (in time) existence theorem for general initial data
was given by Dickey.® As regards the existence and uniqueness theorem of
solutions in the large (in time) both equations (1) and (4) can be treated in
the frame-work of the theory of nonlinear perturbations to linear evolution
equations.’%1%

Here we consider the solutions in the large (in time) for equation (3)
under the assumption that the initial data of (2), do not contain infinitely
higher harmonics, that is, there exists a natural number N such that the
initial data may be represented as follows

ul .o y .
wo(x) = g‘, aksmTkx, wi(x)= X bi smTkx, ®)
k=1 - kw1 .
where ax, br are constants.
Then the solution of the problem (3), (2) with (5) is proved easily to exist
uniquely in the large in time. This follows from the fact that the nonlinear
term is an integration of good form; thus, if certain harmonics are not con-

tained in the initial data, then these harmonics will not appear in the solution
in the course of time,

Under the same assumption, the solution was examined for its behavior
near the equilibrium state (w=0), using the Kolmogorov-Arnol’d-Moser theorem
on the conservation of conditionally periodic motions of dynamic systems in
the case of oscillations (a limiting degenerate éase) under small perturbations
of Hamiltonian functions; that is, a large part of the free vibrations starting
from initial data sufficiently near the equilibrium state can be shown to be
conditionally periodic oscillation,?#1%12 The definition of the conditionally

periodic oscillation will be discussed later. We note that the associated linear
system of equation (3) is
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and so the linear frequencies of equation (3), that is,

P,
o= (N/ph =, ~/h T, N2 e )

are linearly dependent on integers. Therefore, the linearized motion under
the assumption (5) is only periodic oscillation (not the conditionally periodic
oscillation). :

The same result can be obtained for both equations (1) and (4) under the
assumptions of the initial data (the smallness and the analogue to (5)).

0w

oh—F i

=Py

Last, we consider the following linear wave equatlon Wlth time dependent
wave-velocity

atz ~+a@®) 22 a Y, (0<x<n, 0<b) | )

y(t’ 0) =y(t9 7"') =09 tZo’ }

@0, ) =y0(x), 0y(0, x)/0t=y:(x), 0<x<m,
where the function a(?) is non-negative and bounded.

It is well known that if a(?) is a Lipschitz continuous function in ¢, then

a smooth solution for equation (6) exists in the large in time. In section 4
it is shown that if a(?®) has a bounded total variation in 0<{<¥T, then the
solution of equation (6) can exist in ¢{e{0, T), but if a(?) is only a bounded
measurable function, then that is, in general, not valid in the following sense.
We see that the L2-energy estimate does not hold ; that is, when ¥C>0, ¥7T >0,
and YE>0 are given, there exists a bounded measurable function a(¢) and an
initial value yo(x), ¥:(x) such that ||y|i+[y:[}<E and the corresponding solution
satisfies the following inequality :

”J’(t, ')“?"'“ay(tv ')/at”2>c for t=toST,

where |-|.(m=0, 1, 2) are norms in W2 (cf. section 2).

2. Existence and Uniqueness

We consider the following initial-boundary value problem which is equi-
valent to that mentioned in the introduction.

ow/ot1=(1+ a2 (' (w/oxydz)ow/ox?, 0<x<m, 0<t, )

w0, x) =wy(x), w0, x)/ot=w,(x), 0<x<m, }

, ®
w(t, 0)=w(t, ©)=0, 0<t
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where a is a non-negative constant.

Let W,i(l=1, 2,---) be the Sobolev space of square summable functions f(x)
in x€[0, ] with square summable /-th derivatives. W}=L,(0, r). The norm
is denoted by |+|.. If a function f(x) belongs to W,i(I=1, 2,---), then f(x) has
continuous derivatives up to the ({—1)th order. We define

Wi={f@eWy, 1@ -1m=0} @=1,2,-),

and then it is also a Hilbert spéce with the same norm as in Wj'; further,
Sobolev’s lemma or a direct calculation gives the following equivalent norm.
[fli=|adif/dx!2+1 £0) |2+ f(m) |?
=|dif/dxp for fEWr(=1, 2).

Let @Qr be a class of functions w(?, ) such that they are bounded measurable
(in ) vector-valued functions from te(0, T] in Wa* with bounded measurable
first derivatives from ¢ in W' and bounded measurable second derivatives
from ¢ in L,.

Now we suppose an essential but restrictive assumption : that the initial
data, equation (8), does not contain infinitely higher harmonics; that is, that
there exists a natural number N such that the initial data are represented as

N N
woe(x) = El a sin kx, w,(x) =k§ by sin kx, (ax, b : constants). (©))

Under the assumption (9) we may easily obtain the following existence and
uniqueness theorem of the solution for problem (7) and (8).
If we assume the condition (9) on the initial data (8), then there exists
a solution of problem (7) (8) in the large in time, which has the form

w(t, )= :ﬁl ax(Dsin kx, 10

and it is unique in the class of functions Q.
In fact, substituting the expression (10) into equation (7) we get the fol-
lowing system of ordinary differential equations.

@ () =—Fka(t) [1 +a Z:v‘.lnza,.z(t)}, k=1, 2,:--, N). an

The initial data for system (11) are given by the condition (9) as follows.
ak<0)=ak9 dk(o) =bk’ (k=1) 2,"'; N)- (12)
The total energy of problem (11) (12) is the following.

Eh=1 kg”l de®+rar ) +4{ kz"l Fai(d) =
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=E(0)E (bk2+ Rad) +-& (z: K ) . ‘ asy

This a priori estimate, equation (13), allows us to conclude that the solution
of problem (11) (12) and thus problem (7) (8) with (9) exists in the large in
time.

The uniqueness of the solution in the class @r is obtained by the energy
estimate for the difference of the two solutions in the usual way.

3. Behavior of Solutions near the Equilibrium State

When we assume the condition (9), the system (11), (12) is equivalent to
problem (7), (8) from the argument of section 2. Therefore, we may apply
the Kolmogorov-Arnol’d-Moser theorem on the conservation of conditionally
periodic motions of dynamic systems in the case of oscillation (a limiting
degenerate case) under small perturbations of Hamiltonian functions to system
(11). The Hamiltonian function corresponding to (11) is given by (13), that

is, .
H;_{ ) (@2 +Rad) +-% (2 Pas ) } }’ as

Here we note that the lmear frequencms of system (11) (0=, 2,---, N)) are
linearly dependent on integers, that is, system (11) is a resonant one with a
specialized nonlinear coupling.

By the use of the variables plc'—‘ak/’\/ k and ¢x=vV'E kak (k 1,---, N) the
Hamiltonian function (13) becomes

_—[zk(pk2+qﬁ)+ (qux)}- A | N D)

First, in order to transform (14) into a normal form by Birkhoff’s trans-
formations we introduce the following variables

b= (0e—ig), =15 putign), (=L, N, i=y/=D),

where the canonical transformation from (g, p) to (7, & is generated by the
function

¢(q, § = % [%5k2+ a +‘i)qkek+7iqk2] .
k=1 7
Then (14) becomes
H- ,?3N1 ikekvk———[z k@k—m)Z] —H,+H..

Birkhoff’s transformation, which normalizes the fourth :order term H,, is a
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canonical transformation from (7, §) to (g, ), which is defined by
Ex=Pr+0K/0M, Gu="7x+0K/0pr, (B=1,------ » ND,
where

K= E akx"'kzvlr"lzv'ﬁlkl ...... ﬁNkN.vlll ...... 771\11”,
kit tby+h++iv=4

ky, 1;=0, 1,.---- , 4,  @hyiyl-Iy=constant,
If we solve explicitly for &, 7 in terms of p, §, we obtain
Ex=Dr+0K*/34i+ -, Me=qx—0K*/0pr+---, (k=1,---, N),
where K* denotes the function obtained by replacing 7 with § in K and the

power series converges in the neighborhood of the origin. The modified value
of H, obtained by substitution, is

H(, D =H.(b+0K*/0q:+ -, -, qn—0K*/0pn+--) + Hy,

where the arguments of H, are the same as those of H,. To terms of the
fourth degree inclusive we find

GK

HG, @ = 5 ikhdt 3 it(0: 00— 5O )+ Huhiora) +

+higher degree terms=H,(p, §)+H.(p, D +H P, D.

Thus the forms of H, are unmodified while H, takes the form

Y. (. OK* 0K* _
Eln(qn"aﬁ—ﬁn 615 )+H4(ﬁl, : ’qN)
N . _ ~
=3 [akl-ulzv{'gi”(ln_kﬂ)}+hkl"'kNll"'lN]pxkl'"5Nk”q11""1jzvl”, (15)
Bytetin=4

where hz,..iy1.--1y is the coefficient in the original H, analogous to az,..;y. Easy
calculation gives the follwing :

H(, D=~ | S -0 =
a (¥ _ s & s
= — E{ » szfmZsz'i' 3 AmnPpaGmPrdn+
m=1 mEn

N
+ 21 m2(Ppmt— 45m8‘7m_ 4Ppndn®+qnt) +

+ 2 mn (ﬁmzﬁnz + ﬁmzqflz + szﬁnz + qm2qn2 -

mxn
- zﬁmzﬁnqn - Zﬁmq-mﬁnz - zp_QOan - zqmzﬁnqn)] . (16)

Although the linear frequencies of system (11) (w=(, 2,---, N)) are linearly
dependent on integers, we can take convenient values for the coefficients
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@iy by --ly in (15) such that the terms in the latter two summations in (16)
vanish in H,, when the terms in the former two summations in (16) remain

unchanged. In fact, for example, the coefficient of the term pn* in H, turns
out to be

Boto00-0 {im (4—0)] — 5,

therefore we may take a¢..4.-0.-0= —iam/64, and then the term vanishes in H,.
For another example, since the coefficient of the term of pn2G.2 (m*n) turns
out to be

Qp---2--00--2-- o[tm( 2)+m(2)] 16 7"

we may take agp..2-.00.-2-0=famn/32(m—n), (m=n), and then the term vanishes
in H,. The other terms (except pn’jm?, PmdmbPsds) can be treated in the same
way. The terms of pn2dn?, PnGmPrGr remain unchanged by any a,..1y, because
the multiplier of ag,..1y is zero. Thus we obtain the following expression of
the Hamiltonian function :

N N a~ ‘
Hp, D= 2 inbudn—g 3 @+Dmnbulnbrds+HG, D,

where H (§, 7) begins with the sixth degree terms with respect to § and g,
because the original Hamiltonian function does not contain the third degree
terms, and so fl (ﬁ, @) does not contam the fifth degree terms. By the trans-

formation ﬁk'— (ﬁk—le), qk=—(ﬁk+1qk) we get

H(ﬁ = __1 y S92, 72 a N "
’ q)"?ngln(ﬁﬂ +q")+—3_2— E (2+6n)'

myn=1
-mn(Bnt+Gn®) B2+ 3.0 +HE, D,
and by the transformation using action-angle variables
b=v2r; cos @i, fx=v7r, sin Qe (=1, N),
we get the following

H(z, @ = Z_‘, nrn+ mZn‘._l(2+6”‘)mnrmt,.+
+H@, Q=H\()+H(, @, o an
where by virtue of the above reduction by Birkhoff’s transformation to this
normal form, there exists & >0 such that H(z, Q) is analytic in the region
=[!rn—so|<eo, II,,.QI<1} and H begins with the sixth degree terms with re-
spect to p, g, that is,

|H(z, Q|<Clz]® in G. as)
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In order to introduce the definition of eonditionally periodic motions of
the dynamic system, we consider the Hamiltonian system with the Hamiltonian
Hy(z) defined in (17) in the action-angle variables (zy,---, T, @1,:, @x).

N a N
Hy(t)= Z‘.lm',,+§ n 1(2+6’:)mm'mz',..

Since the canonical equation corresponding to it is
de 6Ho dTm aHo

dt ~ O’ dit 0Qn
the integration is at once the following
Tn(®) =tn(0), Qn(t) =wnt+Qn(0) (m=1,-e-- » ND,

v ,
On=mE - 3 2+ D nmra(0).
n=1

We put 7=(z1,"-, T8), ©=(@1,", Ox).
Each torus t=7(0) (=constant vector) is invariant. If the frequency w=
() is lineérly independent of integers (that is, from '
Wrky+eeeees +wyky=0 with integers k:;(1=1,---, N)
it follows that =0 (¢=1,---, N)), then the motion is called conditionally perio-
dic with n-frequencies @,-:-, @y. Then the trajectory z(f), Q) fills the torus
7=1(0) everywhere densely. .
Now we remember the theorem of Kolmogorov-Arnol’d-Moser, of which we
need especially the theorem that treats the motion near the equilibrium state
in the theory of oscillations. It may be described as follows: The motion is
supposed to be described by the canonical equation

.bk=—6H/8qk, dk=6H/6pk (k=19 2,"'9 N)’ (19)
where the Hamiltonian function is assumed to be. of the form
H=H0<p1 ‘I)+Hl(17, CI),

where
N N
H,= kz‘,l 2k7k+k§11kl‘flcfl, 2te=pi*+qi,
Ak, Ax=2Aux are constants,
H, is analytic with respect to p and ¢ in the domain
G= [ltk—€o|<so, k=1,--, N} and it satisfies

{H,|<Clz]32 in G.
If the condition

det (2Ar) =det(02H,o/r:0r,) +0 in G ' 20)
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is valid, then for any x>0 it is possible to find >0(g>¢) such that: I..The
domain G.={|rr—e|]<le} consists of two sets f. and F,, one of which, F,, is
invariant with respect to the motions of equation '(19) and the other, f:, is
small: mes f,<kx mes F,, where mes denotes the ordinary Lebesgue measure:
II. F. consists of invariant n-dimensional analyti¢ tori 7, given by:the para-
metrically represented equations

Dr=vV2( Ff2(Q)) cos (Qk+gk“’(Q))

Ge=v 2@+ f2(Q)) sin (Qx+ g (@),
where ‘ '

S (Qy+2m) =f2(Q)), g (Qs+2m) =g (@),

Q‘—-(Qx,-j-, Qy) is fhe angular parameter and ‘
, = (1'1‘.°,;_--, 7a*) is constant depending on
the number of the torus w. III. The invariant tori T, differ llttle from the
tori t=t*=constant, i.e., | f®|, | g*|<vs. IV. The motion determined by egua-
tion (19) on the torus T, is conditionally periodic with n-frequencies w: Q—
w=0H,/0r, +=0.
In order to apply the above theorem to our case it remains . only to verify

that the condition (20) holds. It can be easily calculated so that

det 2+ mn) = @N+1) 1T mt=0.

Therefore we can conclude that
A large part of the vzbratzons of - equation (7) startmg Jrom initial data
suﬁiczently near the eqmlzbrzum state and satisfying the. condition (9) is a con-.

ditionally perzodzc motion. .

At last we remark that the same result holds for the free v1brat10ns of a
nonlinear beam or plate (which is described by equations (1) or (4) in the
introductory section) under the two assumptions of the initial data (the smal-
Iness and the analogue to (9)).

4. Wave Equation with a Time-Dependexit Wave 'Veloéity

We consider the wave equation with a time-dependent coefficient :
0%y/0r2=b(DHd%/0x2, 0<t, 0<x<m, ‘ N ¢ ))
where the function b(#) is bounded and meaéurable and
() >d=constant>0. :

We say a function, y(@), belongmg to the class Qr, is the solution for the
initial-boundary value problem (21) with
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t, )=y, n)=0, 0<¢ :
¥y, O=y¢, m ] @2)

Y0, ) =y,(x), 0y (0, x)/0t=y,(x), 0<x<=x
if it satisfies equation (21) almost everywhere and also satisfies the initial
conditions. (yo(x) W2, 3 (x)eW,)

We show that there exists a solution in the large in time in the case that
b(t) has a locally bounded total variation in #, and then the following estimate
is valid:

|9 5es +10y/0t 5 <ClYolmass |7:15) 23)
for 0<t<¥T, m=0,1,

where C depends only on the total variation of b() in [0, T) and does not
depend on each b(f). But in the case that 5(¢) is only bounded and measura-
ble in (0,+0), it is, in general, not valid; that is, the following energy esti-
mate does not hold:

[y1i+]0y/ot2 < Clyol, 311D @0
for 0<i<T,

where C is dependent only on ess.sup. [6(?)]| and independent of each b(%).
0<tsT

First, in order to prove the latter, we consider the following initial data.

¥ (%) =a sin nx, y{™(x) =B sin nx, (25)
where a, 8 are constants.

If n’a®+ 5%, n*a®+ntf? are kept fixed, then |2, +|y{™E (m=0,1) are con-
stant (independent of #). For initial (25) the solution of (21) is given by the
ordinary differential equation :

d.() +nb (D a. () =0, 0t

a.(0) =a, dn(0) =5, (26)
where a.(?) and d.(f) must be continuous in { in order that y=a,(¢) sin nx and
0y/0t=d,(t) sin ux are continuous in W} and L, respectively.

Now we suppose that

b09 t2i<t<t21+l
b= (1=0,1,2, -+ )
b1, <2<t

where #,=0, by, b; are constants, and b, >b,">0 and also #; are determined below
appropriately. In the interval 0<¢<?,, the equation

@n(t) +n2boa,(t) =0
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gives
124, (1) + ntboant (f) = n2d,2(0) 4+ n*bea.2 (0)=e,*.
We start with 4.(0) =0 and a.2(0) =e;2/n*b,.

If we integrate the above first order differential equation with respect to
t, we obtain

t= 1, s 1500/ V &= nuant.
Here we define #, as follows :
1
Vbon
Then d.2({)=e%/n* and a.2(f,)=0. In the interval #,<t<f; the equation is
dn() +n%b1a.(t) =0, and so the energy equality is
a2 (1) +n2bia2(f) =e,2/nt.

Here we define £, as follows:

bh=— So dan/x/exz/nz—n’boa,.2=—§—

e1/n2 v,

1

Vb;n !

where d.>(f:) =0, a.2(l:) =e2/n*b,. The time #(i=3,4, - ) is determined in
the same way

—ey/n? Vie -
ty—t = ‘—So e/n Vb.dan/velz/nz_nzblanzg.g_

t2t+l—‘t2t= % 1/%—” ’
(1
tave—loiar = % va—n,
1

and there we obtain the following:
1
Gt =0, @it =S5,
e’/b

i
dn?(foier) =7(—b—l—> s Gn(l2er) =0,

e’
n‘bo

-x (1 1\
fu="3 (VE+1/7>T) "

2 1
et =t ) + bt (1) = 25 (22 )’

When C>0, T>0, e,>b are given arbitrarily, we may chose the least integer
i=1, such that

e_f(lg_:a)‘°= C, ie.,

n2
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io=(log C+2log n—2 log e,) /log(bo/by).
Then for (4)+1>i>4) ((-) is the Gauss notation),
L LR O e T
Therefore, we choose n sufficiently large such that {x<7. Thus we have
constructed the function #(#) and the initial values y, and y,, for which the
energy inequality (24) dose not hold. -

Next we consider the case that 5(#) is a bounded function of bounded total
variation in [0, ¥7T). It is sufficient that we consider only the #-harmonic i.e.,
the ordinary differential equation (26), because superposition is possible.

Let b:(t) (k=1,2, ------ ) be a step function in (0, 7] such that

b"(t)=b<%i> for %ist<%(i+l)"

Then b*(t) converges to b(¢) at continuous points of b(#) as k—o and toots. \Srztir.
b"(z-)st%t. var. b(#). Multiplying by d.(f). the differential equation
<t<t
dn(®) +n2b (D a,.@) =0
and integrating the result in ¢(0, ), we arrive at
&y (D =d, () +n*b* @) a2 ()

b()-s( )

=24, (0) exp{Ctot. var. & ()}
0<r<t _

Sezm (O) exp {CTZ
Ti<t

<e?x,(0) exp{Ctot. var. ()},
0<r<t ’

where C is dependent only on sup 5() and inf (). Thus we get the follow-
ing a priori estimate for the case of b() : :

ey =a.2 (1) +nb(Dat(D) <er@e C LA 2@

at the continuous points of b(?).
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