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Synopsis

A theoretical analysis of stresses is presented for isotropic and anisotropic beams
having holes. The beams are loaded by pure bending or cantilever bending. In the case
of an isotropic body, the coefficients of mapping function are able to take a sufficient
number of terms for an opening of arbitrary shapes in beams. Numerical examples are
shown for the cases of isotropic beams with a hole of square, rectangular or hexagonal
shape, and for the case of orthotropic beams with a hole of circular or elliptical shapes.
The results obtained are valid, if the hole is small in size compared with the height of the
beam.

1. Introduction

The effect of a hole on the stress distribution in isotropic elastic beams has been
analysed by many investigators, e.g. Tuji”’, Savin?, Joseph and Brock®, Heller®,
Heller et al®, Yamasaki and Gotoh®, and Deresiewicz”. In these studies, the
investigators treated the case of isotropic elastic beams which have a hole of circular,
elliptical, triangular, square, rectangular or hexagonal shapes, subjected to pure
bending or to cantilever bending. In each case the axis of the hole is perpendicular
to the longitudinal axis of the beam parallel to the axis of the applied load, and the
dimensions of the hole are assumed to be small compared with the width of the
beam containing the hole. Thus, the problem can be treated as one of the plane
stress problems of simple connected region with the single closed contour correspond-
ing to the perforation.

On the other hand, the problem of anisotropic beams without an opening has
been solved by Lekhnitskii®, Silverman®, and Hashin!®. Lekhnitskii®’, Green and
Zernal? have given the exact solution of plane problems for anisotropic infinite
plate which have an opening of circular or elliptical shape under pure bending
applied at infinity.

In the present paper, the author deals with the plane problems of stress dis-
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tribution in isotropic elastic beams having a hole of artibrary shapes and in aniso-
tropic elastic beams having a hole of circular or elliptical shape. Owing to the
proposed method by the author for the case of isotropic beams, it is not restricted to
a sufficient number of terms for the coeflicients of mapping function which represent
an opening of arbitarary shapes. And then stress distributions are illustrated for
anisotropic beams having a hole of circular or elliptical shape subjected to the
complicated loads as well as pure bending.

The present work is still concerned with a certain class of generalized plane
stress problem for isotropic or anisotropic elastic long beams in which the size of
the hole is small compared with the width of beams. Noting with this fact, evalu-
ations of error are examined numerically when the dimensions of the hole are enough
to increase toward the width of the beam. Finally, the paper treats with the problems
of beams with two or three holes in a line under pure bending applied at infinity,
by the use of the method indicated in reference (12).

2. Basic Equations for Plane Anisotropic Elastic Problems

In a homogeneous and anisotropic body in plane elasticity the stress-strain
relation can be written as
Ex == ay) Ox + ayn Oy + aie Txy ,
&y = a120x + a2 0y + G26 Txy (2.1
Txy = @16 Ox + 826 Oy + Qg6 Txy ,
where the a:;’s are the elastic compliances.

In the case where the material is isotropic, the a;;’s may be expressed in terms of

the Young’s modulus Ey and Poisson’s ratio vy as follows

an = ap = 1/Eo, a3 =— vo|Eo, } (2.2)

a6 = az =0, ags = 2(1+vo)/Eo .

It may be shown that the stresses in an anisotropic body can be given in terms

of two functions of complex variables:
a=x+my, zZz=x+my, (2.3)

21, 4 and their complex conjugates %y, i, are the roots of characteristic equation for

the anisotropic body under consideration as follow:
an #* — 2a16 4 + (2a12 + aes) #2 — 2az6 1t + a2 = 0. (2.4)

The stress components in rectangular Cartesian coordinates (x, y) are expressed in
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terms of two complex stress functions ¢,’(z;) and ¢,'(z2)®.

0x = 2Re [? 61" (21) + 122 62'(22)] ,
0y = 2R [ $1'(21) + 82'(22)] 5 (2.5)
Txy = — 2Re [t 61" (21) + 2 2 (22)] .

When the material is isotropic, we obtain the well-known formulae of Kolosov-
Muskhelishvili'® :

0y — Ox + 2i Txy = 2 [ZO ¢”(Zo) + ¢’/(ZO)] s }

(2.6)
ox + 0y = 4R. [¢'(20)] -

When the Cartesian coordinates (, ) are taken as Fig. | ~3, stress distributions
in an anisotropic beam without a hole subjected to pure bending or to cantilever
bending are as follows*819,

(1) Pure Bending

When the beam having no hole subjects to end couples M, stresses in this case
are as follows:

M
6;:_7(}’+50)a 0y =713 =20, 2.7)

where [ is the moment inertia around a center of the beam, and ¢, is excentricity

from the center line of the beam to the coordinate axis x as shown in Fig. 1.

y
{ s G b \ X
8f L - Center of
y Beam
M M

Fig. 1. Beam with a hole subjected to pure bending.

* Hashin!® has obtained the theoretical solution for anisotropic elastic beams in a state of plane
stress using the method of double polynomial series developed by Neou'®. Though he points out
that the solution for stresses as given by Lekhnitskii are not correct, we can not find the errors in
the Lekhnitskii’s original Russian book (second ed.)!® and its English translation®. It may be
thought that the errors suggested by Hashin are due to the misprints of the English book!® or the
original Russian book (first ed.).
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(2) Cantilever Beam by a Terminally Concentrated Load

A beam with a rectangular cross section is fixed at one end and is bent by a
transverse force P applied to the other end (see Fig. 2). In this case stress components

are expressed as follows.

(2.8)
e S B SR |

Among these components, ¢ and 2, are identical to those in the case of an aniso-
tropic beam. In an orthotropic beam where the direction of the x-axis is the principal
direction of elasticity a;s=0 and also stress 05 is practically the same value as for
an isotropic beam. In the case of a beam for which compliance a;¢ is not equal to
zero (i.e. in the case of an anisotropic or an orthotropic beam where the axial direc-
tion x is not a principal direction), stress is distributed across the cross section not

linearly, but parabolically.

y
A
Z t
A
2 h X
j IL i - C) b
; - ; fo - ; . Center of
- 2h . Beam
?
Z !
P
~
7 %
]
= L

Fig. 2. Cantilever beam with a hole subjected to a terminally concentrated load.

(3) Cantilever Beam by a Uniformly Distributed Load

A beam with a rectangular cross section is fixed at one end and is bent by a
normal load ¢ (per unit length) uniformly distributed on upper side of the beam
(see Fig. 3). We obtain the following formulae for the stress components:
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Fig. 3. Cantilever beam with a hole subjected to a uniformly distributed load.

3
ag=-L [{3y(ao — )2 4 (a0 — x) (2 — B2) + 2 (7 ”—5)s}
2 3,2 30 2
+ & {3((10 — x)2 — 62(a0 — %) (2y + &0) + 2¢ (Th —3y?2—3e9 y —e&0o >}] ,
03 = — qu—{(2k3 4382y — ) + g (382 — 3p? — Beoy — 802)} s

w5, = —g-l—[ (3 — 1) 43 (a0 — %) + 249}

+ colB(a0 — #) (2 + c0) + 24 (B — 32 — Beoy — 602)}] :
(2.9 a)

L e $=2<2a12+a65 _12>. (2.9 b)
an , 4a1,

It is also obvious for this case that the distribution of ¢ and 3, in an orthotropic

beam dose not differ from that in an isotropic beam.

As was shown above, when obtaining the stress distributions in an anisotropic
beam without opening subjected to pure bending or to cantilever bending, stresses
in the beam with an opening can be calculated as follows. Firstly, we calculate the
radial normal stress and the tangential shearing stress on the virtual contour of a
hole which would be perforated in the beam, from equation (2.7), (2.8) or (2.9).
Then, we calculate the stresses by equation (2.5) when the external loads equal
the magnitude and oposite sign of the stresses in the above are applied on the contour
of a hole of the perforated beam. And then we can solve the problem under con-

sideration by superimposing the stress components 0x, 0,, txy by (2.5) to a3, 67,
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w2, by (2.7), (2.8) or (2.9). Therefore, it may be reduced to solve the first boundary

value problem of simple-connected region with an opening.

3. Method of Analysis

We refer the plane body under consideration to Cartesian coordinate system
(%, ) where the origin lies in an arbitrary cross section of the hole. We consider an

infinite elastic plate with the hole, the contour of which is given by expression:

Xo = Qg cos 0 + Ey (@m cos m@ + Bm sin mb) ,
m=1
(3.1)

Yo = Ggsin 6 — zv}l (m sin m0 — Bm cos mb) .
m=

In which 6 is a parameter varing from 0 to 27 in a counter-clockwise direction on
the contour and @m, Bm, (m=1,2,............ , V) represent the real constants to be
decided by the cross section of a hole, and v is a finite integer with plus sign. For
example, it may be set am=8n=0, (m=1,2,............ ,v) for a circular hole and
Br=am=Bn=0, (m=2,3,............ ,v) for an elliptical one. Several investigators
have calculated the values of the constants @m, 8= in company with the variations

of the rounded corner of an opening with several cross sections.!”
A complex plane zo (=x-+iy) with the hole as given by equation (3.1) is con-
formally transformed onto the exterior of a unit circle |{| =1 in the {-plane. The

mapping function is expressed as
Zg = w(c) = aOC ~+- 2—1 (am -+ Zﬁm) g, (3.2)

Similarly, we consider the solutions of the problem by mapping the planes z:
(=x+ux ), as shown in equation (2.3), onto the exteriors of unit circles |[{k|=1 in

the Ck-planes. Then the mapping functions may be taken as:

Zk =% [ao {(1 — i) Ce + (1 4 d) &1}
+ i_‘.l{(l + k) @m — i (L — ipk) Bm} Ce”
+,§1{(1 — i) @m + (1 — ip) Bm} S ] (3.3)

Each of these functions on the contour of the cross section of a hole takes a value
equal to {={r=0(=¢").
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If X» and Y» are the components of the external force related to a unit area along
the axial directions of the coordinates (x, y), two complex stress functions ¢x(zx)
appearing in equation (2.5) can be written as:

2R. [¢1(z1) + 82(22)] = f: Ynds +¢1,
s (3.4)
2R. [m$1(21) + t2d2(22)] = — fo Xnds 4 ¢, .

Where ¢y, ¢, are constants which can be fixed arbitrary on the contour, since the
simple-connected region is to be considered; without loss of generality with respect
to this case we can set these constants equal to zero.

Whereas the external stresses X» and Y. along the contour of a hole can be
determined by the use of the stress components of equation (2.7), (2.8) or {2.9) as
follows.

Xn = — [0F cos (n, xo) -+ 15, cos (n, yo)],

(3.5)
Yn =— [z3, cos (1, x0) + 07 cos (n, yo)] ,

in which #z is a unit vector directed to the inward normal to the contour of a hole.

Using a tangential unit vector s for clockwise direction on the contour, we have

dxo
ds -~

dys
cos (n, Xo) = — Do , €Os (1, yo) =

% (3.6)

Thus by substituting from equations (3.5), (3.6) and (3.1) into the right-hand sides
of equation (3.4) and intergrating with respect to the arc-length from an arbitrary
initial point to a variable point s, we shall assume that equation (3.4) can be expanded
in a Fourier series in ¢# and ¢=™° as

Y ki . _ .
2R. [¢1(z1) + $2(z2)] =+ on 0+ a0+ 2 (am ™ - ame=m) |
m=1
’ (3.7)
X o — ) .
2R [mb1(z1) + t282(22)] = — on O+bo+ 2 (bme™ 4 bme=m),
m=1

Where an, bn are the complex constants to be determined from applied stresses and
the shape of a hole, and am, b are their conjugates; ao, bo are arbitrary constants
which can be set equal to zero in our case; X, Y are the components of the resultants
of the external forces acting on the contour of hole.

Assuming that the functions ¢«(zx) are defined as the following:

be(zr) = eln & + S Tem ™, (k=1,2) (3.8a)

m=1
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then the complex coefficients /'xm can be expressed by am, bn as

Iim = M y Dom = M . (3.8b)
M1—Hy h—t

For m=2, however, zx is not a suitable function, because branch points of
the zx—{k transformation occur when |{|>1, and any function ¢«(zx) of {x such as
equation (3.8) will not, in general, be single-valued throughout the region under
consideration. It is necessary to make several modifications such as the methods
developed by Stephens!® and Lekhnitskii!®. The present paper will therfore treat
only the problems of an anisotropic material having a circular or an elliptical hole
(corresponding to m=1 in equation (3.3)) at which the complex functions ¢«(zx)
are singlevalued throughout the region, because zx have no zero on or outside the
unit circles |{|=1.

On the other hand, when the material is an isotropic body, stress components
0z, 0y and 7>y must be determined by equation (2.6). Using the formula derived
in Appendix I, we can easily obtain a solution of plane problem of an isotropic
body with a hole of arbitrary shapes which is given as equation (3.1).

Let us use cuvilinear coordinates (£, 7) which & and 7 define the point by means
of two orthogonal intersecting curves. One of their closed curves consists of the
contour of an opening under consideration. And let us specify the stresses as 0,
the normal component on a curve §==constant; ¢, , the normal component on a
curve 7==constant; 7, the shear component on both curves. The following equa-

tions can be obtained from the fundamental relations of stresses.

0‘5+0‘,7=0‘x+0'y,

. & d¢ dz. . 3.9
0'5—0',]—|—211'57=%° dZo.dzE (ffx—O'y'l‘QlTx.v)- ( )

Where 0x, 0y and txy are the stress components in rectangular Cartesian coordinates
(%, ») as given by equation (2.5) or (2.6).
In the next section we will show some numerical examples of isotropic and

anisotropic beams subjected to pure bending or to cantilever bending.
4. Numerical Examples

(1) Pure Bending

For the case of an anisotropic beam subjected to end couples, M (see Fig.1),
the stresses in this beam having no hole are given by equation (2.7). The stresses
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on the virtual contour of the hole which would be perforated in the beam may then
be represented by equation (2.7) replaced » by y. of equation (3.1). Inserting this
expression into equation (3.6), the integrations of external stresses X», ¥» can be
expanded in a Fourier series in cosmf and sin mé by the aid of the auxiliary
integrations shown in Appendix II. In this case the complex constants @m, bm in

equation (3.7) are determined by

M .
an =0, bn =" r(Kn+iln), X=Y=0, } @)

where,

Kn = 2605»1 —l—- F,ln, L = 260 dm” -I— H,}., (form = 1, 2, ......
Kn = F}, Ln=HL (form=v+1, ... , 2v

Then the stress components refered with the coordinates (x, ») can be obtained from
equation (2.5) for an anisotropic case (in which it should be set » equal to 1), or
equation (2.6) for an isotropic case. And then using equation (3.9), we can get the
stress components refered with the curvilinear coordinates (¢, 7).
Let us show some typical examples for the circumfential stress at the contour of the
hole of arbitrary shapes subjected to pure bending. Here, we will quote mainly
the coefficients am, 8m, (m=0,1,2, ............ , v) of mapping functions for rectangular
openings given by Heller and others!”, for the case of an isotropic beam. The
number of the terms being adopted in these mapping functions is y=7,

Fig. 4 shows the distribution of the circumfential stress ¢, at the contour of a
square hole (k=a/b=1.0), which is perforated in an isotropic beam under pure

bending, for the variations of rounded corners (p=rq/a, ro; corner radius) of openings

0.0 p=-%_— (clirculnr)

0 2215°A{45° 67.5°  90°

-0.5

Fig. 4. TYpical tangential stress distribution along

edge of square hole in isotropic beam
subjected to pure bending.
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as the parameters. This result may be also obtained from the theoretical solution
given by Heller and others. Fig. 5 shows the distribution of the circumfential stress
¢, at the contour of a circular hole which is perforated in an erthotropic beam when
the ratios ¢(=£1/E;) of the elastic moduli and angles ¢ take several typical values.
In which ¢ is an angle in a counter-clockwise direction between the x-axis and
the direction of principal elastic modulus E;. Left half of solid lines of this figure
shows the distribution of a, for the case of ¢=0° (i.e. Ex=E), Ey;=E5) and right half
of solid lines the case of ¢=90° (i.e. Ex=_E,, E;=E)). In these cases, the stress distri-
butions are both symmetrical with respect to the line equal to 6=90°. The stress

¢, for the case of ¢=45° is shown by dotted lines in the same figure.

I-5 T T T y l‘
Orthotropic y lo‘°|7//i
- 5.0
Lok &=0 “'ﬁ X 2.0
’ ﬁé‘z:;_ e=1.0 =I.([) (Isotropic )
L tsotropi
(circular) (Isotropic) .0
0.5 //\ ' i
< —- N\ (=07 (
€1 ZH NN I
20.0 et H ,
02: 22’3' 80° 10 3 .
-0.5 %I.O(I]sovro ic)) /
A% 2730 e
O s - X0
-1.0 (=45 \\\\: 22800

Fig. 5. Typical tangential stress distribution along edge of circular hole in orthotropic
beam subjected to pure bending.

In above examples we set the elastic constants such that the Poisson’s ratio »;
is equal to 0.15 and the shear modulus is defined as

(4.3)

(2) Cantilever Beam by a Terminally Concentrated Load

As was shown in Fig. 2 and preceding section, the stress distribution in a homo-
geneous anisotropic beam with no hole is given by equation (2.8). The stresses
0x, 0y and 7x, on the virtual .contour of the hole which would be perforated in this
beam may then be represented by equation (2.8) substituted x¢ and yo in equation
(3.1) for x and y respectively. Inserting into equation (3.5) and integrating the
right-hand sides of equation (3.4), we obtain
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- P 7 P
— 1 ; 1 _ 2 ; 2
am 8l (Qm +2Rm), b = sl (Qm —I—lRm),

m=1,2,......, 3) (4.4)
P
9T

L4
2
where,
Qo' = 4eo Fo + Mo!,
Qnm' = 4(ee? — B?) Bm + 4eo Fr' 4+ Mnu!,
le = 4(502 — }12) am” + 4’60 Hml + le 5
le = 4'8() Fnl + Mml, Rn! = 450 Hn! + le,, (fOI‘ m=v—|—l, ...... 5 21))
On' = Mn!, Rn' = Nn!, (for m=2v41, ...... , )

Q0% = 2(8; Fol + 2¢0 Fo? + g0 Fo®) + AMp! 4+ Mo? + Mp?
Qm? = 4(02 Bm + 03 aw’) + 2(0; Fm! + 2e0 Fr?® + g0 Fn?)
+ AMn' + Mn? + Mn*,
Rn? = 4(0, an” + 03 Bm) + 2(01 Hn' + 2¢0 Hn? + €0 Hn?)
+ ANm! 4+ Nn2 + N2
(form=1,2,...... )
Qm? = 2(0) Fm! + 280:Fn? + &g Fn®) ++ AMn' + Mn? - Mn®, (4.5b)
Rn? = 4(0y Hn' + 260 Hn? + €0 Hm®) + ANw! 4+ Nn? + Nip?,
(form=v+4+1,.... , 2v)
Qm? = AMm* + Mn®> + M3, Rn®> = INn! + Nu? + Na®,
(form=2v+1,.... , 3)

(for m==", 2, ...... )

B2
61=2}~60—d0, 62=l<602—7> — ap &, 63:802—h2.

Thus the complex functions ¢«(z«) for this case may be determined as follows.

3

1
¢ (z1) =108+ —— 3 b —mpam) &17 ",
H1 — U m=1
l 3 _
$2(z2) = 2 1n &y — ‘ﬂ‘——‘ D) (bm — sy am) §77 .

1 — H2 m=1

(4.6)

In which the coefficients I'; and I'; in equation (4.6) are the complex constants

which satisfy the following simultaneous linear equations:

F1+Fz—f1—fz=——¥‘i,
2r
- _. x
ﬂ1F1+ﬂ2r2—-ﬂ1F1——ﬂ2F2=El>
s i as a2 (*.7)
ﬂlzrl—l-/lzz['z—mzfl—ﬂzrz=#<7‘X+”—Y>
2n a1 an )

1 1 1 = 1 i (a2 azé
—I'y+—Ty——=T,——T =———<—X ~—Y>
Hy 1t 123 2 1y ! Ha 2 27 \ax + a2 .
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Since all the coefficients of the functions ¢,(z;) can be completely decided as
mentioned above, we can easily obtain the expressions for the stresses in the case of
anisotropic beam.

In the case where the beam is an isotropic plate, the analytic functions ¢(zo)
and ¢(zo) may be determined in the manner to be shown in Appendix I.

Let us show several numerical examples. For the purposes of comparision with

the results given by Savin and Deresiewicz, let it be assumed that, in each case,
4
= 10h=?ao are retained and the demension & of the hole normal to the longitudinal

axis of the beam is one quarter of the height of the beam (i.e. 5=#/2). Fig. 6 and
Fig. 7 show the variation of ¢, in the case of several shapes of opening perforated
in an isotropic beam, with various values of corner radii p=rofa. The variation of
¢, for the case of square hole and rectangular one (k=a/b=2.0) is given in Fig. 6(a),
and hexiagonal one in Fig. 6(b). From the fact that the mapping employed by

Savin and Deresiewicz is onto the interior, and that by the author onto the exterior

12. A\(_L lb T y T T T
A% k=o=100 S Isotropic (e=1.0)
10. \k_ a . X
8. AL P — o%" b=% &0 |
- 6 / : T [ 2\
& . A b, NS
. i o~ A BN
70 N
0. // . N2 )
o, ~20¢ ° ° ° ° 2 0% ° ° °
. \\\ \\ 40" 60c  80° 100 _‘;2\%)3\«140 16057180
- T~ Z. elliptical) N\ /
} Al 2 y \\
-6 SEAI b1 N N
‘\\_,f—e_ k=g=7 _[® 9 \/
-8 \ ‘ ,._l_._ _ o . 0 Jox
\‘\_//"‘l' P= X(~1.0)
3 L 1 1 1 | 1
-10 32
8 l /\ .
6 25 /'%/-8__‘. k=g—=2£_ =£—°-
X2
4. . ‘<f1=:2|'(circular)
< ,/’/ N Isotropic (e=1.0)
b [~ 2 = N b h -
& o £ N\, "z &=0
0°  20°  40° €0°  8O° 100° 120° 140° 160°
-2. d
_4‘ \\\ _____ v

Fig. 6. Typical tangential stress distribution along edge of (a) square (afb=1.0),
rectangular (a/b=2.0) and (c) hexagonal hole in isotropic cantrlever beam
subjected to a terminally concentrated load.
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of the unit circles, these two results in this example are slightly different except in
the case of the particular shape of opening e.g. a circular opening or an elliptical one.
The coefficients of mapping function to represent an opening with hexagonal shapes
as in Fig. 6 (b) have been used the values given by Yamasaki and Gotoh®. Fig. 7
shows variation of ¢, at the contour of square openings corresponding to Fig. 6 (a)
with which the eccentricity & from the origin of opening to the center line of a beam

is equal to A/4.

’A(IBiZ)
e
14, '\ | T T T T y i
12— 8], k:qB:l_o_ p=_‘:-° ] 4
10 I'W;/T | ( ) 77,~A__ ° ) X —
. Y =2 (circular IR .
~ 8 .I/ XX\JJ/ s [~ - i
N\ 1 ./ " ’\ \ ‘/I/‘\\ Isotropic (e =10)
N.c 6. / -l \ n —
£ I \\‘/‘-\ jo \\ b=h/2'8°=/4
4. T 7 N
2 ! A / \\
E // \ ,/ \\\
0. / I \ /’I NS
_2.022{/&0" 80° 120°%] 160° }200'* 240° 280°~;\;\320° ;o"
. N4 ¥
-4. N ¥,

4

Fig. 7. Same as square holes in Fig. 6 (a), except with excentricity (e,=h/4) from the
center line of the beam.

Though the numerical results are only given in the above examples for an
isotropic beam, those for an orthotropic beam are plotted in Fig. 8 and Fig. 9. Fig. 8
(@), and (b) show the circumfential stress ¢, at the contour of a circular opening
against the variation of ratio ¢ of the principal elastic moduli and the angle ¢ between
the x-axis and the axis of the principal elastic modulus E;. Although showing the
range of 0 from 0 to 7 in Fig. 8(a), these stress distributions are in antisymmetry

with respect to the x-axis. As was shown in Fig. 8 (b), when the axes of the principal

8
6. Orthotropic _ DN k=5=I10
. P=0°, €°=0 Q 5.0 p__._(l;_‘,:lz.
4.+ h
b=z Z \\2‘0 (circular)
-2 t B )
@‘}: o i \ \ e-l.o! (lsofro!plc) ‘
a 20° 40° 60° 80° 100% 120° 140° 1602 0°
AN N

= NN —
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T T
¢ 10.0  Orthotropic

M50 g-as0, g = 0°
£2.0 o h .
/ ’»\; |°(|sofrop|c)
IGO"/72C0° 24\\\ 2q0° zﬁo*' i
s <=

Fig. 8. Typical tangential stress distribution along edge of circular hole in orthotropic
cantilever beam subjected to a terminally concentrated load.

elastic moduli do not coincide with the coordinates (x, ), distribution of ¢, is not in
antisymmetry with respect to the x-axis. Fig. 9 are two of examples of circumfencial
stresses for an orthotropic beam with an eccentric opening (eo=Fh/4).

In the above examples we make the assumption that the orthotropic beam has

the elastic constants as in the previous cases for pure bending.

12. [ j o ' l
o £ e=10 (1sotrop|cb) | Orthotropic _
- [,// zo =5=l0 . h
8 L, Fea5°, =7
X //// \%(,50 (c:rculur ) h ) 4
6. oA \10.0 b=z )
N
— : \&
§‘\ 2.
= 0.
o !40°  80°
-2.
-4, \
-0 /&(e lO(Isotroplc)
-6
. <. o b_1
M ENSZ O
. L ‘ ( elliptical )
-10. < : '

Fig. 9. Same as Fig. 8 (b), except with excentricity (¢,=h/4) from the center line of the beam.

(3) Cantilever Beam by a Uniformly Distributed Load

The theoretical expressions for this case are more complicated ones in com-
parison with cases (1) and (2). Being able to be calculated by the same manner as
the above cases, numerical expressions are omitted for this case.

Fig. 10 is the distribution of circumfential stress ¢, at the contour of the square
hole (k==a/b=1.0) such that the hole is perforated at the center line of longitudinal
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Fig. 10. Typical tangential stress distribution along edge of square hole in isotropic
cantilever beam subjected to a uniformly distributed load.

axis of an isotropic beam. From this figure, it can be observed that the stress dis-
tributions are not in antisymmethry with respect to the x-axis. This reason is due
to the fact that the stress component 05 caused by a uniformly distributed load on
upper boundary of the beam is not in antisymmetry with respect to the center line
of the beam.

As in the general case of an orthotropic beam, the distribution of circumfential
stress-@, at the contour of the circular and the elliptical hole (2/6=2.0) in the case of
e=5.0, ¢=45°, ep=h[4 are shown in Fig. 11. Dotted lines in this figure indicate
the distribution of ¢, for the case where the eccentricity ¢ is equal to —A/4 (i.e. for
the case when the opening is perforated to the position downward the center line
of the beam) and broken lines for the case of eo=*#/4. In order to easily compare
with two cases of eo="1/4 and eo= —A/4 in the same figure, stress ¢, for the case of
go= —h/4 are plotted in which the angle ¢ are taken in a clockwise direction and
the sign of stress 7, is taken in opposite to the true value.

50.0 | .
40.0 Orthotropic {(e=5.0)_
h
30.0 F=45°,b=7% -
i/ b_h. \ h
200 T [] N &° = t-;- -
- 1[/,;/ M (circular ) /’.#*\\ \
= 10.0. |—»2b= \ i ~In
N A4 Y 171 N
82 00i) T ar e
o o° ° ° ° ¢ A ° - PP
100 / 4i0 s{o h i2 \‘NO’ZI ggo> 240° 280 \\%20917130
-20.0 - ' _—E°=Th A\ \\ T ;af . |2) T
' ———, ———— LY \ slliptrca
-30.0 TR \X ;/ !

Fig. 11. Typical tangential stress distribution along edge of circular and elliptical (a/b
=2.0) hole in an orthotropic cantilever beam subjected to a uniformly distributed
load.
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(4) Stresses at the Region of Exterior to the Hole Surface

In the previous examples we calculated only the distribution of circumfential
stress 0, at the contour of a hole which is perforated in an isotropic or an orthotropic
beam under several external loads. Let us calculate here the stress distribution at
the region exterior to the hole surface. Though the calculations in this case are
very complicated compared with the previous treatments, the problems can be
solved in the same manner as the above. ; :

Fig. 12 is some examples of circumfential stress ¢, at the edge of a hole and stres-
ses Ox, Txy along the x- and y-axes under the loading condition (2). Fig. 12 (a) is the
stress distribution of ¢, at the contour and along the coordinate axes when a square
hole (p==ro/a=1/8, b=F#/2) is perforated with eccentricity (sp=F#/4) in an isotropic
beam. The dotted lines in this figure show the distribution of stresses o3, 3, caused
in the beam having no hole. In the case of an orthotropic beam having a circular
hole (b=~A/2) with eccentricity (eo="/4), the stress distribution is shown in Fig. 12 (b).

Assuming that the problem under consideration can be treated as a single-
connected region with a hole as mentioned in the first section, the boundaries of
the upper and lower sides of a beam are neglected in above examples. In this place

we consider the effect of these boundaries on the stress distribution in a beam having

Isotropic (e=1.0)

Center of
Beam

Stress Scale:
0. 2. 4. s6.
—t—t—t——

|
(XBh_a)
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Fig. 12. Typical examples of stresses at the region of exterior of hole surface in
cantilever beams subjected to a terminally concentrated load. {a) square
hole (p=rofa=1/8, b=h/2, ¢y=h/4) in an isotropic beam, (b) circular
hole (b=h/2, ¢,=h/4) in an orthotropic beam.

a hole. In the case of Fig. 12 there is close agreement between the stresses 0x, txy of
the beam with a hole and the stresses 2, 72, of the beam with no hole at the boundary
of the lower side, but there is a difference of 5.59, between both cases on the upper
boundary of the beam. Fig. 13 shows the distribution of stresses 6, rxy on the co-

1
Ty (xphz)

Isotropic (e=1.0) pe

£ =0 Xy »._-0; | 4n
h l. Oh

0.8h

Tyx s | W\ S 7

o d-- AN X X
-4 9/—‘E

Fig. 13. Stresses o4, rxy on the coordinate axes of an isotropic cantilever beam
with circular hole subjected to a terminally concentrated load.
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ordinate axes under the loading condition of (2) in the case where the diameter of
a circular hole located on the center line of an isotropic beam becomes large. From
this figure ,comparing stress ¢'x with stress 62 along the y-axis on the upper boundary
of the beam, we can observe the differences of 5.29, when the diameter of the hole
becomes half of the width of beam (i.e. b=#) and 119, when b=1.2 &.

Consequently, judging from the illustrations as in the problem of a single-
connected region as treated in this paper and from many numerical examples not
shown here, though some differences arise from individal cases (for example, condi-
tion of external loads, condition of the shape of a beam, ratio of elastic modulii of
orthotropy, directions of principal elastic axes, size and shape of a hole, excentricity
&o or othors), it may be thought that the results as above have an error within about
5%, in the case that the hole is located within the range of 4-£/2 of the center line of
the beam (width of the beam: 2h).

(5) Stress Distribution Around Three Circular Holes Under Pure Bending

In the previous paper (reference 12), the author treated the theoretical solution
by successive approximation to be obtained by the point matching approach using
the solution of anisotropic elastic plate with an elliptical hole, and showed some
numerical examples for an orthotropic plate containing two or three circular (or
elliptical) holes. In some particular cases of isotropic or orthotropic plate with two
or three equal circular holes, the results obtained by the method were quite in
agreement with the results obtained by others. Thus by using the same method,
we calculated the stress distribution at the contours of three circular holes located

on the center line of an isotropic or an orthotropic beam under pure bending.

y T }isotropic(e=10)y ¥

M
............ _ _ (x=—a)
k le=30, 3/5 2. 1

S.,=3a

Fig. 14. Typical tangential stress distribution around three
circular holes with equal radius in a line of the center
line of an isotropic or an orthotropic beam subjected
to pure bending.
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Fig. 14 shows the stress distribution of ¢,, ¢} around the right and the center holes
in the case of an isotropic beam and in the case of an orthotropic beam containing

three equal circular holes with the spacings so/2a=s,/24==1.50, subjected to end
couples M.

5. Concluding Remarks

We investigated theoretically the effect of holes on the stress distribution in a
homogeneous isotropic or anisotropic elastic beam subjected to bending with shear.
In the process of this theoretical analysis, we used the stresses of an anisotropic beam
based on the assumption of the Bernoulli-Euler’s beam theory for an anisotropic
elastic beam having no hole. Concerning this assumption, Hashin!® has examined
that the theoretical results are enough to be exact compared with the experimental
ones of the maximum stress and the deflection of anisotropic beams.

We showed only the numerical examples of the stress distribution of isotropic
or orthotropic beams having holes under three kinds of loading conditions, but it
may be easily extended for any other loading conditions such as simple beams
subjected to a concentrated load or to distributed loads.
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Appendix 1

In the case of an isotropic body, Muskhelishivili’s complex variable method for
solving two-dimensional elastic problems for a simple connected region consists of
the determination of two analytic functions ¢(zp) and ¢(z,) to represent the stress
function. The first boundary-value problems for the functions ¢(z) and ¢(zp) have

the following form:
209 (20) + 0(20) + #(z0) = — fo (X» —Yo)ds +c. (A1)

In which X, Y» are the external stresses along the contour of the hole defined by
equation (3.2); and ¢ is an integration constant.

We denote the results of the substitution zo=w({) in ¢(zo) and ¢(zo) by ¢1(£o)
and ¢1({o), respectively, so that

olo(Q)] = 01(0), ¢[@]=d(0).

In this case the boundary condition (A.1) becomes:
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©(9) 01'(0) + ¢1(0) + &i(0) = f3 + if7,

w'(0)

. ) (A.2)
Atift=— [ X —¥)d,

where 6=¢*# is the value of { on the boundary of the unit circle.

Since () is a polynomial of degree v, the function »(d)/w’(6) can represented

as follows.
©0) _ Sv kg Ry gb : (A.3a)
o('0) =1 0 27
where,
7’;‘ = %ot ibs s (p=v,v—1)

Qg

1 v—p—1 .
r¥ = {(ap+zap> v z: Jheselar —ig)}
(p=v—-2,0v-3,.... , 1)

1 vtp—1 .
6{+ —a_ 2 ]T;_,,+1(a1 ’Bf) > (P =0, l)
. 0 mpHt ot (A.3b)
Ty= | D irheale — i8) + 5y pales — i)}
@  j=p j=1
(b=2,3, ...,y -1)
) .
Tv=_—2]‘rv—j—( —lﬂu))
Qo j=1
1 2 .
Tep= " 2 Jrpyal®s —iBs), (p=v+1,v+2, ... 5 ©0) .
U j=1

In which the symbol &4, the Kronecker delta, is defined as having the value one if
i equals j, zero if ¢ differs from j.
Consequently, all parts of the Laurent expansion can be completely evaluated by
the known constants &y, &m and Sm.

The functions ¢;(£) and ¢;({) are analytic within the region under considera-

tion, and can be assumed to be the forms of the power series.

) = Al + 3 Anlm
m=l (A.4)
Sbl(c) = Bln C + 20 Bm C—m

From equations (A. 3a) and (A.4), we can calculate the left-hand side of equation
(A.2) as follows,



48 Ken-ichi HIRAsHIMA

% ¢1'(0) + e1(0) + ¢1(0) = i(4 — B) 9+E C*O"’+ZC<7 s,
(A.52)
where,
Cx=A4d,, (p=v—1,v,.... , )
CF = 4, — :21_']'21, P (P =1,2, ey = 2)
C¥ =B, — Ej?l,-r}‘:h L (A.5b)

Ci =B, — EJA ¥,
J—
. vip—1

_ ! ot B—
Cpr =B, — E jAjT;k_p_,_l —_ ZIJAJ To-j-1s (P=2, 3, ...... s 00).
i=p j=

And we can obtain the right-hand side of equation (A. 2) by use of the right-hand
side of equation (3.7) as follows.

. 1 . hod = s .
f‘l’—{—zfg:E;_—(Y—zX)G-i- 2_1 (@m + tbm) 07" + 2—1 (am + tbm) 6™, (A.6)

in which am, b» and their conjugates are determined by the results of Appendix II.
By inserting from (A.5) and (A.6) in equation (A.2), and on comparing the coef-
ficients of like powers of 6™, we obtain:

Ap = (@r +bs), (p=v—1,v,...... , ©0)

v—p—1 _ _
A= X jAithpn+ @ +ibs), (p=1,2,...... ,v —2)
j=1
_ ’ . vep—-1
B, = (a,+ib,) + z‘. JAi ¥, (p=0,1) (A.7a)

u+p 1 -1

= (ar+1ibs) + 2 JArpn + ZJAJ Tp—g-1,

After some simple algebra, the second equation of (A.7a) yields the following:

? L2 v+2 v+ﬁ 1
EA,'{‘S?_J 2 (k—ﬁ_l) ™ ?f.pu} 2 4; { > ( —p—1) r¥ h+p+1}
“p+1 f Yy a

v—p—1

— (ar +ibs) + 2 (e — i),  (p=1,2 iy y—2). (A7)

The solution of this system for the 4y, 4y, ...... , 4,—; can be easily obtained.



Stresses in Isotropic and Anisolropic Beams Having Holes 49

On the other hand, the coefficients 4 and B are determined by comparision of
the coefficient of 6 in equations (A.5a) and (A.6) and by the condition of single-
valuedness of displacements, so that

X +41:Y B k(X —1iY) .
27(1+k) 27(1 + k)

In which £ is a constant defined as k=(3—v.)/(1+v.) for plane stress. Therefore,
all coeflicients 4, B, Am and Bx of the functions ¢;(£) and ¢({) are determined in

A=— (A.8)

terms of the known constants ak, Bk, am and bm.
Instead of determining the coefficients B» by above equation, it is easier to
proceed directly from the conjugate equation of (A.2), which gives

1
0 =hH — 2 +e(1/0) — wa)(’(éc)) oi(0) , (A.9a)

where,
1 s oo _
Hh—ifa= om (X—iY) In {4+ 21 (a,,—1b,,) "+ 20 (@,—1b,) L™ . (A.9Db)

Thus the stress components 0x, 6y and tx, in isotropic plate can be calculated by

use of equations (2.6), (A.7) and (A.9) in the usual manner.

Appendix II

In order to obtain the coefficients am and bm of complex functions ¢«(zx) or
¢(z0), $(z0), several integrations must be carried out. In this appendix, let us show
some of the formulae of auxiliary integrations which are necessary to clarify the
theoretical analysis.

We rewrite the expression (3.1) which represents the contour of an opening

under consideration, as follows:

%o = > (@’ cos m0 + fm sin m) ,
m=1

4

v (A.10)
Yo == > (@'’ sin mO + Bm cos mb) ,
m=\
in which,
a) =« ar, oy =ay —ay,
1 o+ a1, a 0 1 } (A1)

’” :
a; =y, [27] :—aj,(]=2,3, ...... ,v).

Then by differantiation of equation (A.9) with respect to variable 8, we obtain
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= Zv] m(— @&m’ sin m@ 4 Bm cos mf) d9 ,
=t (A.12)
dyo == > m(am' cos m0 — Bmsin m) 46 .

m=

Using these expressions, the following integrations are not so difficult to obtain.

fyo dy, = *-é— {Fal 6+ Z‘, (Fm! cos m0 + Hn' sin ma)}
P
fyodxa — ~—;~ {F.,20+ S (Fw? cos m6 + Ho? sin mo)}, L)
m=1
1

v
f Xo dxo = 5 {F03 64+ > (Fx® cos m0 + Hn?sin mﬁ)} .

m=1

where,

Fol=0, F? =— F, —ZJ([?; —a;’ a)”),

= 2 (4350 + 433, Hiv= 2 (4571 — A4 ),

j=2

Fre = E A3y + 2 (AJ Fot+ 475,

Hy = Z 435, +,~§+1(A7""” — A55%,5) 5 (A.14)
(forn=2,3,...... ,v—1)

n—1 n-—-1
Fn® = E A:'_lj,j, H,® = 2 Am.'_.sj.j, (fOI‘ n=y,9 4 1)

2 A"_J ¥ H.,* = 2 A"__J I (forn = 1)—{— 2, ...... 5 29)

j=n—y j=n—yv
a=1,273.
J J
A‘:?:k—}-JB‘::}’ A:?=_k_]BaI::§> )
: . 5 (A.15)
J J
ALy = B A =— T B
Byy =B B —ax'a," , Byi=aa" 4 BBy, (A.16a)
.10a
By = a;"Bk + ax"B;, Byj=ar"B;i —a;"B«
By =a)/Bx — Brau”, By =a/Bc + B’ } (A.16b)
B}Y = B Bk + aj'ax”, Byy=a/a” — B Be. )

By =B, (i=1234). (A.16c)
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fﬁ’ dyo =

1
4
N
f_yoz dxo = Ai— {Maz 0 + >3 (Mm? cos m0 + Nm?sin m@)} >
m=1
1
4

f Xo Yo q’yo =
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M,! =1§1] (leafj” — leﬂj),

M3 = EJ (Via," — Wi8)),

3v
{Mo] 6 + > (Mn! cosmf + Nw'sin mﬂ)} )
m=1

3
{M.ﬁ 0 + 33 (Mn® cos m@ + Nn?sin m@)} >
m=1

- 21 J (VA8 — Wid)),
2

M~ —EJ:%;+2J:+3J+EJJ o s

(for n=1,2, ...... , V)
Ny = EJ—11+2J+H _gffin.u
M *2]—114' E Ju—n,
""+ (for n=v+1,v+2,...... ,2v—1)
N.* —EJ—J}+ 2+Ju—n>
j=n
My® = 2 I8k, N = 2 J#lhss
22‘]—”’ N = 2 Jod s, (forn=2v41,...... , 3v)
J=n—2u i =n—2
a = ], 2, 3 .
Jui= k’:_"(Vk o + Wby, Jii= %J (Vila," — Wilg;) ,
9
Jid =y Wi — Vg, i == (Wil 4 vy
Jii= *(Vk Bi + Wile)'), Joi=— k]_j (—VilBi+ Wila)') ,
. r
JEi =y ke —wig)), it == wias 4 Vi)
i = k+ (Ve + WeB), Ji ==L (i, — vy,
. -
Ji = k+ (VB — Wiy, Jof =— ki7(Wk2a,~” + Vi28)) .
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(A.17)

(A.18)

(A.192)

(A.19b)

(A.19¢)
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Ve = 1B,
=

Ve = 2( i+ BYAy), Wt =3 (Bu - BYA ),
Lj= j=2
n-—1

Va® =

21 n—jj + E (B,_,_,,—{—B‘” nj)
j=
(forn=2,3,...... ,v—1)
n—1
Wa™ = E By, + 2 (B; $on — BYS ),

Va® —EB‘»_’}, W”M=ZB:;31“’, (forn:V,V—i-l)
j=1

j=

2 -Bn—j,j s Wa" 2 B”_j i (for n—=y + 2, ...... 5 2V)

j=n—y J=n—y

d=1,2.

(A.20)



