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Synopsis

Presented are the results of analysis of a kind of threshold-value crossing problem
in random vibration. Probability of crossings of a certain response level by a given number
of times is formulated in terms of the “n-th passage time density”’, from which approximate
solutions are derived under the renewal process approximation. Discussions are made in
comparison with the simple Poisson process approximation.

1. Introduction

In the analysis of structural systems subjected to random loading, it is important
to obtain the probability that the dynamic response of a critical member passes
out of a limited domian of safe service. If the structural failure is to take place at
the time when the response first exceeds this safety limit, then the problem is discussed
in terms of the probability distribution of the maximum response-? or the first-
passage time density®~>. However, depending on the properties of the structural
materials and composition of members, the failure of a structure due to dynamic
loads is not uniquely determined by the maximum response, but it would also be
affected by the accumulation of damage in the repetition of stress reversals.

The present study deals with this problem in terms of the probability that a
certain assigned deformation or stress level is exceeded by the response by a given
number of times, from the results of which some basic properties of such phenomena are
surveyed. For this purpose, the concept of the first-passage time density is generalized
to the density of the n-th passage time, with the aid of which discussed are the
probability distribution of the number of crossings of an assigned response level.

In solving the problem, the correlation effect between responses at different
times are considered by means of a renewal process approximation to be discussed

in comparison with the simple Poisson process approximation.
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2.. Basic Analysis

(1) Formulation of the Problem

Let y(¢) be an arbitrary continuous random process, or the structural response
in discussion. The analysis in this study shall be made on the number of crossings
of the response level | y(¢)| =Y in its duration .

First we consider the state of response illustrated schematically in Fig. I in which
|»(2)| exceeds the level Y by (n-1) times in the interval (0,z) and the n-th upward
crossing of the same level occurs at ¢=¢, and we shall represent the state of Fig. 1
by the notation R,(n,Y,t). For such a problem, we define the probability densities
pn(Y,t) and Zn(Y,t) of the time of the n-th upward crossing of the response level
|»(¢)| =Y conditional on the initial states, respectively, that |»(0)|<Y and that
|»(0)[>7Y:

ljn(Y,t) dt = P[Ry(n, ¥, 1)||»(0) | £ Y]
pa(Y,t) dt = P[Rs(n, ¥, t)|{»(0) | > Y]

The density functions p»(Y,¢) and ;n(Y,t) are considered to be a generalization of
the first-passage time density. Analogous to this terminology, p(Y,t) and }Jn( Y,t)
shall be referred to as the n-th passage time densities in this paper. It is obvious
that the first passage time density coincides with the specific case where n=1.

On integration of p»(Y,¢) and }Jn(Y,t) with respect to ¢ in the interval (O,r),
we obtain the probabilities that there occur n- or more upward crossings of the
response level | y(¢)| =7 in the duration r conditional on the above-mentioned initial
conditions. Hence the probability @.(Y,r) that just » upward crossings occur in
the duration r is given by

ao(Y) {l—f;pl(Y,t) dt} n=0
aol) { [ pu(x,0) di — [0 pa(¥, ) it}
Ou(Y, ) ={ + ao(Y){l_f;};l(Y, 1) a’t} in=1
| | ao(¥) {f; pn (Y, 1) dt —f(’) poer(Y, 1) dt}
+ao(Y){f;p?n-1(Y,t) dt-f(’);Z,(Y,t) dt} =2
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where
a(Y) =P[|y(0)|< Y], a(Y) =1 —a(¥) =P[|»0)|>7Y]

In deriving Egs. (2), the event | »(0) | > Y has been treated as the first upward crossing.
From Egs. (2), the probablity @,(n; Y, t) that the number of the crossings will
not exceed n, or the probability distribution of the number of crossings of the response

level Y, is written as
n
Os(n; Y, 7) = 3 0,(Y,7)
v=0

[ ao(¥) {l—fgpl(Y,t)dt} S n=0

l——{ao(Y)f;pnﬂ(Y,t) dt -+ ao(Y)fgﬁ,,(Y,t)dt} i1

(2) Representation of the n-th Passage Time Densities pn(¥,) and pa(¥,t)

The explicit representation of the n-th passage time densities can be obtained
in a manner analogous to that used by M. S. Bartlett® for the first-recurrence time
density. Divide the time interval (0,¢) into m small intervals 4y, 45, ..., 4= of equal
length dt=t/m; i.e., 4i=(ti-1, t:), ti=idt; i=1, 2, ..., m. And let e; and & rep-
resent the following events:

ei==there is an upward crossing of the response level | y(t)|=Y in 4;

¢i=there is no upward crossing of the response level | y(¢)|=Y in 4: .

If we write e;Uegi==1, then the usual algebraic laws are applicable in calculating the
probability of compound events of the ¢’s and e:’s. For example,
n—-th crossing

first crossing (n~1)th crossing
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Fig. 1. TIilustration of the n-th Upward Crossing of a Response Level | y(t)|=Y at ¢.
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Plené] =Plein (1 —e;)] = P [es] — P [eine)]
Plene] =P[(1 — enN(l—en]
=1 —Ple] —Pes] + P[eines]

and so forth.

Since we take 4t small enough, only one crossing could take place, if any, in
any of the intervals 4i. Hence if G»(Y,m) represents the event that the n-th upward
crossing of | y(t)| =Y takes place in the interval 4m, m>>n, then by reference to Fig. 1,
the probability of this event is represented by the following formula in which all
symbols represented by U to denote the union of events are replaced by the sum-
mation symbols:

m—n+1 m—n-2 m—1
PIG(Y,m]=P[ U U ... U (@né......
i1=1 ig=iy1+1 in-1=in-g+1
Néy -1Neiy NEy+1MN..eee. My ~1M ey NEig+1MNeennns
Ny ~1M€in_y NEip_y+1MNeenen. Ném-1Nem)]
m—n-+1 m—n+2 m—1 '
= 3 S SO P[(I—e)n{d —e) e,
i1=1 i2=i1+1 in_1=in—2+1
N —e,-1) Nl —ey+1)N...... N —en-1) N1 —ep+1)N......
Nl —ei_-1) N (1 —eip_y+1) N e N (1 —epny) Neiy, Neig N
...... N eip_y MNem]
m—n+1 m—n+2 m—1 n—1
= > S e 2 {PI( N ew)nem]
i1=1 19=i1+1 in_1=in-g+1 k=1

m-—1 n m—2 m—1 n+1
— 2 Pl(nex)ne] + > 3 PL( N ew)Nen]
in=1 k=1 i k=1

in= 1n=l in+1=in+l

By letting 4¢—0 in the above result, the n-th passage time density p.(Y,t) is
obtained as

pe(¥, 1) = lim —= P [Ga(¥, m)][5(0)] < ¥]
4t—0

where
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S (Y5t by eonen. St ddt,...... dti

3
=P[i21{|y(t1)|§Yﬂiy(tt+dtf)|>Y}||y(0)|§Y] ......... (5)

As long as (t) has the same kind of probability distribution, Gaussian for example,
throughout the time axis, the independent time variables in fi(Y; #1, #3, .... #1) can
be interchanged arbitrarily whether »(¢) is stationary or nonstationary. Hence by
reference to Eq. (A. 4) in Appendix, Eq. (4) is reduced to

et ntm-2 t t
Pr(Y,t) =3 (— 1)m1 ( )f dtlf diy ...
m=1 n-1 0 13
...... f; o (Y311, by ey tntmezy £) dinsmes ceeeerens(6)
n+m-3
In the same manner, [;n(Y , t) complementary to p»(Y,¢) is obtained as
~ R n+m-2 t t
B (1) =) (— 1)1 ( )f dtlf diy ...
m=1 n-1 0 21
...... fi o (s tyy bay ey trtmegy £) dinsmes e
n+Mm-3
where
_/}.v (Y, tl, tz, ...... N ll) dt1 dfz ...... dtr
1
:P[.ﬂl{iy(t:)ngﬂjy(ti +dt)I>Y}|pO0)|>Y] ......... (8)
1=

For application of these results to Eqgs. (2) and (3), the formulae (6) and (7) are
rewritten with the aid of Eq. (A. 2) as

f; po (Y, t) dt =m§1(_ 1)m-1 ("::2)]; dt, f;ldtz ......

t t :
...... f dtn+m—2f fs (Y, Py 82y ceineny Entm—2, t) dt
tnsm-2

tnim-3

‘3 Yta’t—§ 1)1 "m_z)jta’t L
fop"(,) = 3 (-1 (") [ [ e
13

t -~
...... f dtnsmes f Fo (T tay by vy tnemeay 1) dt
tnsm-3 tnim-2

3. Approximate Solution for Stationary Response

The formulation made in the previous chapter is valid for a general case. How-

ever, the n-th passage time densities in Egs. (6) and (7) involve infinite number of
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integrations which do not enable numerical evaluation for processes such as the
structural response with a high correlation between the amplitudes at different
times. Hence in this section, two types of approximation valid for a stationary re-
sponse are adopted, viz., the renewal process approximation and the Poisson process

approximation, the former being expected to be closer to the exact solution.
(1) Renewal Process Approximation

In this section, we shall make the following two assumptions. (1) The response
(¢) is a stationary random process. (2) Although the time of the n-th upward crossing
|9(t) | =Y in Fig. 1 is in general affected by the times of n—1 crossings prior to it, we
shall treat the n-th crossing time as affected only by the time of the (n-1)-th crossing;
i.e., the process of such crossings constitute a renewal process?.

Under these assumptions the probability parameters fi(Y; ¢, ta,...... , &) and
fs(Y 1T 7 T , t1) in Eqs. (5) and (8) assume the form

where

fe(Yit)dt =Py | STyt +d)|>F|[30)|=Tnly@)|>7]

This f:(Y; t) represents the conditional probability of an upward crossing of | (¢)| =Y
in (¢, t+dt) on the hypothesis of the crossing at t=0.
On substitution from Egs. (10), the right-hand side members of Egs. (9) become

multiple convolution integrals. Hence the Laplace transforms of Eqs. (9) are ob-

tained as
8 [Lommoa | = L 5y (U7 prigyee
8 [omrna | = f%’j)_él et (T s e
......... (12)
in which

JEON I BIORSE
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is the Laplace transform of f (¢), and Fs(Y;s), ﬁ:(Y ;5) and F:(Y;s) are the Laplace
transforms off:(Y;t),js(Y;t) and f:(Y;t), respectively. By virtue of Eq. (A.7), the

infinite series in Eqs. (12) are simplified as

‘ t _ F(Y; ) {Fe(Y;55)}m !
8[[0”" (¥, ¢) ‘”] T 1Y)}

= _ F(Y; ) {Fe(Y; )}
8[]0”" &0 d’} = T {l+F(Y; )"

Thus the inverse transforms of Eqs. (13) are the following multiple integral equations

in terms of p(Y,t) and Z);.(Y,t):

oo (Y, 1) +,=§1<1>ﬂ> d fjldtz ...... f:i_lpn(Y; b fe(Ys ¢ — 1)
i—1

« IT fo(¥; tmey — tm) dti
=1

t & t
=f a [ ds..... f: ST 0) STt = tamy)

0 1
n—2
/i ﬁ(Y, tm+1 — tm) din—y
m=1
~ n n ¢ ¢ ¢ ~
P (Y, 1) + z( )fo dn (" dn...... P50 fo(Vs 0 — 83)
;=1\ 1 13 ti-1
i—1
. ” ﬁ(Y, tm+1 — tm) dti
m=1
- ¢ ¢ t ~
=0 an [ dn.... f A5 0) fol¥5 £ — tam)
t tn-2
n—2
o II fo(Y; tmey — tm) dtn—y
m=1

The multiple integrals appearing in Eqs. (14) are at most n-fold, for which numerical
_evaluation is much easier than for Egs. (9) though not simple enough.
The terms fs(Y;¢) andfs(Y;t) are given by
1
£ = = PIHOIS Y 0 b+ d)]> V][O < 7]
1
da PLbOISYe+dal>YniyO=y]
=Q (¥)|a(Y) (15)

. 1
£ (T;0) =mP[U(t)IgYﬂ|y(t—|—dt)|>Ym|y(0)|>Y]
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1
= AP[DOI=Y Ny +d)[> Y]

dt 3.(Y)
—PI®OISY Oy +d)|>Yn|p0)|<Y]}
= {N(Y) —Q (V)}ae(Y) (16))

where Q (Y) and N.(Y) are the probabilistic parameters related to the threshold-

value crossings?-2-4 which are represented for a stationary Gaussian process by

N(Y) = % 75 exp{—%( Y )2 } ......... (17)

Oy

0 = g Dol (22
2 L= ol 5 V5 vn< +erf<¢2>>}
e (= 52) o= ) 4V om0+ en ()} o

where

Usy = U (& ;2 s s Y
1 1(1)}:<ﬂs1_ﬂ3)512i<ﬂs2_M>_el

usy = us2(£1) Hse Hse Oy
vs1 = vs1(£1) Y

vsy = vs2(€1) } i \/ﬂss <ﬂ53 fi o s Ty>

sy = 1[Cs, psg =— 0yy[Cs , tts3 =— 0,5 [Cs,

tsa = (1 — 0y32)[Cs , ttss = 03y 055 |Cs, #ss = (1 — 055?)[Cs
Cs=1—py* —py3?

0,2 = E [52(1)], 05> = E [5*(t)]

02y = E [5(0) y()1/0:2, 055 = E [5(0) 5(1)]/(65 75)

Likewise, f:(Y,t) is represented by

£ = 5y Lo 450 [75050) 645,500, ¥,500) 850
+ 5 450 [ 50)150) |67, 50), — ¥, 50)) d5(0)
0 . o, . . .
+ [ 450 [7130) 50) 8(— ¥, 5(0), X.5(0)) d5(1)
2 GO [0 150056) |6~ %,50), — ¥, 5)) d5(n)}
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where ¢.( »(0), (0), »(¢), »(¢)) is the joint probability density of the four independent
variables. For the Gaussian distribution, Eq.(19) yields

fe(¥.1) =2‘m1\/‘c:% [exp{'%< ZH
. f:o &) exp < — %){ exp ( — v;2> + .‘/—%_Ucl (1+ erf< 30-12—) >}d$1
Fo {5 (2} 7 new (%) e (- )
+1/§ oy (1 + ext (—;—%) ) } &, e (20)

where

Hee
Ues

Ucy = ucl(el)} _ < Heg?
Ucy = ucz(él) ’ Hes
Ucp == vcl(él)}

Uepy = Z)c2($1)

>512—2(1 n )(mﬁm)%el

1 Y
=T V s {/«‘cs &1 4 (#tea T Hea) o‘_y}

Zi} =2 (#ter 4 #e3) —Mfz—jﬁﬂc—“)z —1

ter = (1 — 0332 — 0y32)[Ce, ttez = — 05y (05y — 033)[Ce

tes = (0yy 035% + 0352 03y — 033)[Ce :
tes =— 05y (1 — 00y 055 — 053%)[Ce, ttes = (1 — py3? — 055?)[Ce

leg = — O3y — Oyy> O3y — Oy Dy.;*z)/Cc
Ce = (1 — Dyyz) (1 — OJ;;'Z) — pyy? (2 — 20y O3y — Oyj'/z)
oy = E [ (0) 5(£)]/0 52

(2) Poisson Process Approximation

It can readily be verified that in the limit as ¢ — oo, the parameters f:(Y;t),
f;(Y;t) and f.(Y;t) are all asymptotic to N¢(Y) which is independent of the con-
ditions at ¢=0. If we use this limiting value, the process of upward crossings of
|9(¢)| =Y becomes a Possion process, for which the n-th passage time densities p»(¥,¢)
and p(Y,t) are obtained as”

Ne(Y) {Ne(Y)t}n
(n—1) !

po(T, 1) = pa(Y, ) = exp{— Ne(¥) } .oveeens @1)

and
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~ n—1 . i
f; (Y, t) dt = f:) (Y, t)dt =1 —exp {— Nc(Y)t} ngM

!

(3) Application to a Single-Degree-of-Freedom System

The two approximate methods discussed in the foregoing sections have been
applied to the stationary random response of a linear structure with a single degree
of freedom. In this case, the correlation coefficients py» and py»y and the standard

deviation ratio ¢ [0, involved in Eqs. (15)—(20) are approximately given by®

Oyy == pyy(t) = e“hnwﬁt(cos on t 4 hnsin Bn t)

. . g—hn(ﬂnt . - .
0ry = pyy(t) gﬁsmwn L, 03[0y 2 0n
- n

n is the frequency of damped free vibration, and hn=Fhx/+/ ] _j,2, Likewise, p55 is

obtained as
05y = 053(t) == e—hnomt (cos On t — hn Sin on t)

Using these results, some numerical values have been obtained for _fs(Y;t),f's(Y;t),
Se(¥;t), the n-th passage time densities pa(Y,t) and Z)n(Y ,¢), and thereby the prob-
ability distribution @,(n;Y,r) of the number of upward crossings of | y(¢)| =Y in the
duration r. The damping factor 4. was taken as 0.1.

Figs. 2 and 3 show the parameters fi(Y;t) and f:(¥;t) plotted against ¢ nor-
malized with respect to the natural period T» which proves that the effect of the
initial condition dominates the fluctuation of them for small £. For example, high
peaks of fo(Y;t) at t=0.5T» is a consequence of the highly periodic fluctuation of
the response y(¢) since these peaks mean that the upward crossing of y(¢)=-+Y at
t=0 makes another crossing which is quite likely to take place at =0.57% on the

F L hy=0.1
> Y/Oy=1.0
Z ol
o W 2.0
0.0l
L 3.0
[~
0.00!
0 20 20 eo
f/Tn

Fig. 2. Probability Parameter fo(Y;¢).
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0.6 ’
g | Y/a_{’;.% hp=0.1
o4 4.0
“_0
0.2 J{\V% \V 7
o \/\/\N
o 2.0 4.0 6

.0
/Ty
Fig. 3. Probability Parameter fo(Y; ¢).

other side of the neutral position of the oscillator.
The numerical results for the n-th passage time density p-(Y,t) are plotted in

Fig. 4 both for the renewal-process and the Poisson-process approximations. It is

0.3

oz i Y/ay=1.0

Pn (Y1) /uy

thick line:renewal process
% thin line: Poisson process

N —i b
4.0 6.0 '/Tn
Foo04
= v/ay= 2.0
>
=
a
0.02 \\
Ve
0 1L h L
0 4.0 6.0 YTy
.004 I
£
B
=
o
0.002 Y/q=3 °
0 =
0 4.0 6.0 yr.

Fig. 4. n-th Passage Time Probability Density pn(Y, t), (An=0.1).
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obvious from this figure that the modes of variation of p.(Y,¢) derived from the two
methods are quite different. This result is natural if we consider that we have seen
in Fig. 3 that two successive crossings of the response level Y are in high correlation.
Hence when compared with the renewal process approximation which accounts for
this correlation, the Poisson process approximation introduced by neglecting its
effect is considered to be in greater error.

On the basis of the probabilistic parameters discussed above, there have been
calculated the probability distribution @,(r;Y,7) of the number of crossings of the
response level Y through the duration ¢ which are plotted in Fig. 5 against Y/d, for
n=0 and 3 and various durations. The meaning of @,(n;Y,r) for n=0 is same as the
probability distribution of the maximum response discussed in earlier papers’-?,

since it represents the probability that there is no crossing the response level Y.

Whick line:reneviat process
thin line;Poisson process|

.0 4.0
Y/0,
Trz—=
; 7(;-
(b}
3
2.0 4.0
Y/0y

Fig. 5. Probability Distribution of the Number of
Crossings of a Response Level ¥, (An=0.1).

In Fig. 5(b) for n=3, it is noted that the curves obtained from the two methods
cross each other for larger t/ T, and as a result, the probability @,(n;Y,7) based on the

renewal process approximation assumes smaller values than that on the Poisson



80 Hiroyuki KAMEDA

process approximation for high levels of Y/o, or @,(n;Y,r). In discussing the prob-
ability distribution of the maximum response, the Possion process approximation
always results in the non-excess probability lower than those based on more accurate
methods or the simulated values!-?, which implies for the design purposes that
when using the simple Poisson process approximation, we are on the safe side, though
the result may be inaccurate. On the contrary, the above discussions on Fig. 5(b)
assert that when we are concerned with the probability distribution of the number of
crossings of a high response level, the Poisson process approximation may give values
on the dangerous side as the number of crossings to be considered increases.

4. Conclusion

In this study, discussions have been made on some basic aspects of the probability
that crossings of a certain response level take place by a given number of times in a
duration of ramdom vibration, from which following conclusions have been derived.
(1) The formulation of the problem in this chapter can be made in terms of the
probability density referred to as the n-th passage time density by the author.

(2) The approximate method of solution was developed by means of the renewal
process approximation, which is considered to offer a result far closer to the exact
solutions than the simple Poisson process approximation.

(3) The effect of narrow frequency band fluctuation is exhibited in the n-th passage
time density due to the renewal process approximation, by which this method of
analysis is considered to explain the phenomena fairly well.

(4) When the probability of structural safety is discussed in terms of the probability
distribution of the number of crossings of a high response level, the simple Poisson
process approximation may give results on the dangerous side.

Tt is noted finally that the numerical computations have not been made for a
sufficient range of parameters. Hence it is still required to cover a wider range of
them especially of longer durations, from which broader conclusions on the present
problem could be deduced.
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Appendix. Derivation of Some Mathematical Expressions

(1) Conversion of Ranges of Integration in Eq. (4)

Let f (#1,¢2,..-,¢m) be a function which remains unchanged by an arbitrary inter-

change of independent variables, and we shall deal with a multiple integral of the

t t t t t
fO dt ftl dty...... fil_2 dti-, fO dt,ft; dti+y......
t

form

¢
...... f din-1 F (bt bay evnreny tm) ditm
tm-2 tm-1
120c0ees I-1 1 I41eenees m=-1 m
== F ......... (A‘l)
O lesones -2 0 I oovens m—-2 m-1

in which Fj means the integration with respect to ¢ in the interval (¢;,t), with t=0.
It can be readily verified by changing the order of integrations that

Inm :ft dtl ft dtz ...... ! f (tl, B2y veennn 5 tm) dim
0 ty im-1

m-—

4 im to
- f  din f - f AT P TR (A-2)
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Since the independent variables of f (¢1,t5,...,tm) are interchangeable, we obtain, by
virtue of Eq. (A.2),

P tdtftdtftdt y t, t tm) dt
0020 enens m—1 —-fo 1 0 2 t2 Zsceone tm_l f( 15 625 sceees Py m) m

.y +f’dtf’1dtf‘dz AN tw) dt

= Im 0 1 0 2 e Zereens tm- 1 15 12y eveens 5 m) m

¢ t1 &1 11 t
— 2l + f dn f Sty f iy f b o St s e ) di
—m f d f ... F(try by eernnny ) dtm
1 tm-1
1230eeans m A3
=mF w_— e (A-3)

123 40eenes m 12 3caare. m
=m(m-—1)F
000 3cceees m=-1 Q1 2eeense m—1
120eenes I-1 1 I4l.eennns m
F
0 Qescone 0 0 7 oseesen m-—1
3iecnee m
=mm—1)...... (m—1+2)F
01 2eccess m—1
and by the same operation in the reverse order,
1 200aeee =2 I-1 1 I+1evsnns m
F
QQeecaan 0 I-2. 0 I voveus m~1
m(m—1)...... (m—I42) FVI 23eneene m
92 01 2eeneen m-1
120000 1-3 1-2 1-1 1 I+1.eeee. m
F
0 0eevsne 0 -3 1-2 0 ¢ «.eeens m-1
m(m—1)...... (m—142) F123 ----- m
3.2 01 2eceens m-1
12cencen I=1 1 I41eenees m m 1230e0ees m
F =()F
O leevoes I-2 0 1 +eeves m-1 -1 Q01 2vennes m—1

14 t 14 t t ¢
f ' di f | o f iy f . di f ! dtiee. S0ty ey ) di
m t t it
- <:-1 ) f . i f , bz f VG oL R— (A-4)
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(2) Reduction of a Kind of Infinite Series

An infinite series S» of the form

Sn = EI(M—z) (—dy™t (A5)

n-=1

is considered. By an application of the binomial theorem, Eq. (A.5) is reduced to

A+d) S =11+ kél {iéo (— l)l;+i <:)<’l+k—l-l >} gt

n-1

GEAR ()T e

k=n+1 1i=0 "1

It can be proved by means of the mathematical reduction that

k n n+k-i-1
2(—1)’(.>( )=0;k=l,2, ...... .n
=0 : n-1
n n nt+k—i-2
S =0 ()T ) =0 k=t a2
i=0 f n-1
......... (A-6)
Hence we obtain
1
Spn =777 L. (A7)

T (1 4 d)a



