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Calculation of Matrix Element of Electrostatic Interaction
between p#l and p#l’ for the Different Couplings
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Abstract

General formulae are given for the energy matrix of electrostatic interaction between
configurations p4/ and p4l’ with I'2¢l. They are obtained for the Russell-Saunders coupling
scheme as well as for the heterogeneous coupling scheme, in which one configuration is
in the Russell-Saunders and the other in the pair coupling scheme. In both schemes,
non-zero matrices are those with !’ differing from ! by 2. Present results are applicable
to the calculation of the levels of singly ionized rare gas, in which the configuration
interaction plays an important role.

Introduction

)

Since the advent of the rare gas laser, much attension is paid to the elementary
parameters of rare gas atoms and ions. One is the electric dipole transition proba-
bility for spontaneous emission between the levels which have various configurations
of singly ionized ions. The intermediate coupling calculation for rare gas ions was
first performed by Garstang”. In order to get accurate eigenvector components
of a level, various kinds of interaction between electrons should be taken into account.
Especially it is often important to include the perturbation produced by interactions
with other configurations. The singly ionized rare gas ions of the p* configuration
with low { value ({=0, 1, 2) are well described by the Russell-Saunders coupling
and those with high [ value ({=3, 4) by the pair coupling?. The matrix elements
of the electrostatic interaction operator between configurations with ['={ in the
Russell-Saunders coupling scheme were calculated by Yamanouchi et al.® and
by Moller?, those in the pair coupling scheme by Moller® and those in J. j coupling
scheme by Minnhagen®.
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In the present paper the configuration interactions between the g4 and p*/’
configurations with [’=£/ both in the Russell=Saunders and in the heterogeneous
coupling schemes are given. The latter denotes one in the Russell-Saunders (LS)

coupling and the other in the pair (JK) coupling.

The coupling of the core electrons

The p* configuration of the partially filled shell structure is the lowest lying
energy state of doubly ionized rare gas ion. The electrons in this shell interact each
other through the electrostatic and spin-orbit interactions. The complete transition
from LS coupling to J: j coupling is plotted in Fig. 1. This is transcribed from Fig. 112
in TAS®. The curves show the relative intervals between the levels as a function
of x({/5F,). The recently observed levels of Ne”, Ar®, Kr® and Xel® are also
plotted in the figure in such a way that all the levels fit the theory as well as possible
by the least-square method for each element. The parameter values %, F; and & of
these levels are given in Table I. It is apparent from Fig. 1 and Table I that the
coupling of the core electrons goes progressively from the LS to the J.j coupling as
the atom gets heavier.

As for neon and argon, the cores are well described by the LS coupling scheme.
While for kripton and xenon the cores are considerably apart from the LS coupling,
then the mixing of level takes place. However, all the cores lie on the left half (x<<1)
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Fig. 1. The configuration $4 in intermediate coupling. (y={/5F3.)
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Table I. Parameter values of ¥, F2 and {. (x={/5Fz.) They are determined to make the
observed values best fit the theory by the least-square method.

Ne Ar Kr Xe
X 0.01054 0.09513 0.5365 0.8473
F, 3720 2178 1897 1784
¢ 196 1036 5089 7558

in Fig. 1, so that the coupling of the core is assumed to be described by the LS coupl-
ing in the present paper.

Electrostatic interaction for LS coupling scheme

It is well known from experimental study? that the configurations p*! with
{=0, 1, 2 can be well described by the aid of the LS coupling scheme, while those
with /=3, 4 by the aid of the JK coupling scheme of Racah!V.

In order to get the matrix element of the electrostatic interaction, it is convenient

to express the Coulomb interaction between electrons in tensor form!?

2 3
¢ r
> = 3 2] <k+l (c"(k)'cf(k)> s (1)
i>j T i>j k>
where r is the lesser and 7~ the greater of r; and r; and ¢'®’ the tensor operator of
rank & related to the usual spherical harmonics.
First we consider the case where both configurations of interest are in the LS

coupling, that is,
| (So,8) S, (Lo, D)L, J>, (2)
P (8o, 9) S, (Lo, UYL, J>, (2"

where [ is the total angular momentum of the state, So and Lo are the spin and
orbital angular momentum of the p* core electrons, respectively, ! is the orbital
angular momentum of the running electron and S and L are the total spin and orbital
angular momentum of the LS basis state, respectively. The matrix element for the

LS coupling is expressed as follows:

>

22
i>j rij

<SLj SLJ>= % [ fx R*(ng pnl, no pn'l’) + gx R*(no pnl, n'l' no p)]

(3)

The Slater radial integral R* is defined by
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k
R*(na Loy 1 I me Loy na L) = 2 f - f - 7;f—+l Rug1o (1) Ry 1 (12)

XRnc N (T]) Rndld (7‘2) dr1 drz . (4)

Rai(r) is the radial part of the hydrogenic wavefunction. The coefficients fr and g«
are given after some computation as follows!31419:

i = 0(8,8") 8(L, L) 8(So, So') (— 1)Lo’+L+1.3[[, [']1/2

CENEEDE L oo, .

ge = 0(8,8") 0(L, L") (— 1)So+So"e12[1, I, 8o, Lo, So’, Lo']'?

N L 1Ly
Lk I\ k1 — e (128 Sy
21 (Yo{|¢) (do’ {9 e L
<(,5 )G e o) = (19 ('l >{1/2 Sso}t 1; zL} (6)

Here

abe
{c d f} 1 95 — coeflicient,!”
g hk

and (¢o{|¢)=(SoLo{|SL) is the coeflicient of fractional parentage!® (CFP), and
(p*po|| U ® | p*do”) is the matrix element of the tensor U‘*, which is the sum of the
unit tensors u‘® of the core.

The calculated results of fx in eq. (5) and ge in eq.(6) with /'=:[ are given in
Table II. This contains only those either of which is not trivial zero.

Electrostatic interaction for heterogeneous (LS-JK) coupling scheme

In order to estimate the coefiguration interaction between the configurations
pHwith [=0, 1, 2 and p*’ with =3, 4, it is necessary to calculate the matrix element
of the electrostatic interaction operator for the heterogeneous coupling scheme;
one configuration is in the Russell-Saunders (LS) coupling scheme and the other in
the pair (JK) coupling scheme, that is,
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p“l : l (SO’ 5) S: (LO’ l) L’ J> » (7)
P (S Lo') Jo, U) Ky s, J>, (7)

where Jo is the total angular momentum of the p* core electrons and K the inter-
mediate angular momentum.

A state in JK coupling scheme may be expanded in terms of LS states as!®-20
(56, o) Jo, 1) Ko 5, > = 33 1(8059) 8. (L', 4) Ly J> Use-nsf ®)
where

Usk-rs — (__ 1) Sol+Lo +1/2+1'+S+L+2K [Jo, K, S, L]I/Z
{S L J}{L So K}
X .
I KL Js

Therefore, the matrix element to be worked out is obtained by using egs. (8) and (9)

(9)

in eq. (3) as

e?

<SLJ| 3 | JoKT> = S (SR (b p1) + @R PLUP) s (10)
1> T

where fx and g« are expressed as follows!®:

fk = (— 1)S*So™+2K417+3/2,3 | ' S, L, Jo, K112

<1 k k><l k l'>{So' Ly jo}{S L j}{Lo' k Lo}
X
000/\000W K LIWKI128)4 LV

X (p*¢o | U | p* ¢o”) 8(So, So') , (11)
-~ I k1N, 000
(. So+So’ ’ ’ "1/
g = (= 112 [, So, Lo, S5, L1 o><l, L 1)
_ L1 Ly
(12 5 sy ,
X Sl D@19 ), o ¢ }{1 koL } (12)
L1 L

The calculated results of ﬁc and ;k in eqgs. (11) and (12) with {'2:/ are given in
Table I1I. Again in Table III, only the coeflicients, either of which is not trivial

zero, are listed.

Results and Discussion

The coeflicients of the direct integralﬁ in eq. (3) and fk in eq. (11) contain two
3j-coeflicients. The first 3j-coefficient is not zero only when k=0 or 2. The second



Table II. Coefficients fx and gk for the electrostatic integral RX( pl, pl’) and R*¥(pl, I'p) in the Russell-Saunders coupling scheme with [’/
CORE | 1 CORE r S L f 1=0 &1 g, =0)
1g ! 1p 1+2 12 ! 24 3¢+ 1Y+ 2) 24/2 3 V3 DI+ 2) _\/2
5 I+ DRI+3) 5 QI+3)V/ @+ DRI+ 3) 3
N2 V 1+2y vV
Ip | 1 Ig 1+2 || 12 1+2 2V 3u+ni+y 2v10 _ 34+ i+ 2) _N10
54/ Q1+ 3)Q2+5) 25 @I+ 3)\/ 21+ 3)2d +5) 15
ip | ip 2 | 2 1ea V6@ + DU+ D+ 3) V70 _ABaIE D DI ) V70
5QI+3)\/2U+5 25 @I+3?*V20@1+5) 30
I+ 1 3IVId+3y 0 3V 0
5(21+3) 2021+ 3)2
. Bl-2)V6ll+2) 0 V3@ -DII+2) 0
521+ 3)3/ Q- DI+ 1) Q1+ 3)2/201+1)
ID ! 3P 1+2 12 1+2 0 0 _ 33+ 1)+ 3) _\/30
@1+ 3)V/2Q1+3)Q21+ 5) 10
I+1 0 0 — 3___&1'_22 0
2021+ 3)
Weirsires 5
3p ! 1p 1+2 | 12 I+1 0 0 w v
2021+ 3) 2
12 ! 0 0 34/31(1+2) 0
Q21+ 3)4/ 221+ 1)21+ 3)
3p ! 3p 1+2 12 I+ 1 _3\/(l+l)(l+2) _\/2 9 (l+1)(l:2) 2
521+ 3) s 221+ 3) 2
32 | 1+1 _3varndry V2 0 0
521+ 3) s

1

IHS] TYSIO3]



Table ITI. Coefficients ﬂ and g;, for the electrostatic integral K*(pl, pl') and A¥(pl, !’ p) in the heterogeneous coupling scheme with I’=¢/.

CORE | S L JCORE | I, K J IA I=1 &4 g2 (=1
2 vV v i vV
1g AR ) . - 112 _ V3 Dd+2) _2v/30 30+ DA +2) 30
54/ @21+ 121+3) 25 | @I+ QI+ DQI+3) 25
2 1 1+1/2 + " +  w _ " o
vV vV 1 9
3 | y2 |1+1] % 1 {141 | 14172 VedrpU+2) 3 _3 62(”1)(;2) -2
<1021+ 3) 25 220+ 3) 50
5 , V3@ 1) +2) 34/3 3431+ 1)U+ 2) 93
521+ 3) 25 201+ 3)? 50
s 1141 Ve +2)1+3) 3V 2 363+ 2)I+3) 92
1021 + 3) 25 2221+ 3)° 50
Vv vV 0
o l1+2 | 14312 Vi1 V1o 3 (21+3)(21+1) 34/1
s4/21+3 25 2021+ 3) 50
L e d+ Ve +1) 2 _ 30+ DV6UI+D) 3
) 10Q1+)VI+2 25 22QI+3*\1+2 25
L Lies Ve + DU+ 3) 2V5 | 3Veu+nU+3) _3\/5
10 Q@I+ NI+ 2) 25 T 22143)/ 21 +3)(1 +2) 25
2 I+1 d+ D6+ 3) _2\/2 3(I+1)\/6(1+3) 342
1021+ 3)\/1+2 25 201+ H/1+2 25
s | 149 _\/2(21+7)(1+1)(1+3) _24/3 34/2QI+ I+ DU+ 3) 34/3
1021+ H/1+2 25 221+ 32 /1+2 25
Veiia+2 Vv
% (12| 1| 2|1 1-1/2 0 0 - 3Veldr2) 3V30
221+ )V @I+ DI+ 3) 50

uo'umnﬁy‘uog 136 fo UONIDINUT IYDIS04399]5]

4 |



Table III. (Continued)
CORE | S L [CORE| To] K J IA I=1 & 41 8,a=1
. 3/61(1+2 3430
2 1 1+1/2 0 0 i+2
2021 +3)/ 21+ D2I+3) 50
330+ U+ 9
3p 2| 1+1] 'p 2 11+ 1+1/2 0 0 ——i—)g_}_) -
2021+ 3) 25
2 | 1+1 1+3/2 0 0 + +
2430+ i +2 670 Vi3d+DU+2 3470
Ip | y2 |i1+2] s 0 |1+2 | 1+32 ARl d+hd+2)
54/ @21+ 3)21+5) 175 QI+ ) @I+ 3)Q21+5) 175
o [i+2 | 1+52 + " " - -
3210+ 1 3
1p Y2 [1+1] 3p 1| 1+1 || I%1)2 0 0 —2—i——2—) _
2221+ 3) 50
I+ 1)l V3
2 1 0 0 EEAACLE ”)2 3
221+ 3) 50
20 + 32
2 1 0 0 | AV L
2221+ 3) 50
31 V1o
o |7+2 || 1+32 0 0 - 3+ 1) V1
221+ 3)A/QI+3)(1+2) 50
30+ 1)V20+ 1) 1
i I+1 0 (1] R ST St —_
2721+ 3)°(1+2) 25
3200+ DI+ 3) Vs
1| 1+2 0 0 5
221+ 3)1+2)V/21+3 25
5 | et 0 0 30+ 1)V200+3) V2
221+ 3)2(1+2) 25

951
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Table III. (Continued)
CORE | S L |CORE | I, K 1 5 &1 g,0=1
5 |14 0 _\/6(221+7)I(12+ DI+ 3) V3
2°QRI+3)°(1+2) 25
NI Vv
'p 12 |1+2 ] %p 0 |[1+2 | 1+32 0 drIHvear) AV
221+ 3)\/ Q21+ 3)21+5)(I+2) 175
30+3)VI+1 2414
1 |1+1 0 - -
2020+3)(I+2)\V21+5 35
S 0 WA+ 1)+ 3) _ V10
2Q21+3)(1+2) v/ 21+ 3)(21+5) 175
30+ 1)VI+3 24/7
2 |1+1 0 - -
2021+3)1+2)\/ 20+ 5 35
VBRI NI+ 1)U+ 3) Va2
2 |i1+2 0 - -~
201+3)0+2)V20+5 35
\/———
o |1+2 1452 0 61+ 1) +2) 34/35
2021+ 3)\/ QI+ 3)21+ 5) 175
N 0 3WVI+1 _34/70
2021+ )V QI+ CI+5)1+3) 700
L L1 o 3WVQRIF I+ DI+2) 9210
2021+3)\/(21+3)(21+5)(1+3) 700
P 0 __A\Berrne+y _ 342
2021+ 3321+ 5)(I+3) 140
V@I DU DI+
s | 1e3 o ) _ 9+/14
2020+ 3/ QI+ HQU+3)(1+3) 140
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Table III. (Continued)
CORE| S L |[CORE | Jg K J f 1=1 &1 gz(z=1)
iy 2 ;i ) . T Bl-2V/611+2) Ve V6Q@I-1)1(1+2) V6
5QI+30/(21-1QI+1) 25 2021+3)%/21+1 50
2 1 1+ 1/2 + + — I —
Via+ 6 VTd+ 3
p 2 |i1+1) 'p 2 [ren | reap | - 2YIEE3) -— 3—(—23) —_
521+ 3) 25 2021+ 3) 25
2 i+ I+3/2 | + + — — n
2 R V6QI+T(I+1)(1+3) 124/21 V6QI+ U+ 1T +3) 6421
D y2 |i+2 | D 2 [ 1+2 || 1432 - 5
5214332145 175 221+3)°\/21+5 175
2 1+2 i+sp2 | * " + . _ _ .
3VI+1D)E+2 3v/6
3p 32 |1+1| 3P 2 1 - | YUDED) 0 0
. 5Q1+3) 25
1+2 34/3
2 | 1 1+1/2 EIGE) - 0 0
521+ 3) 25
=
L lier | ey | JYE@IEDEED _3 0 ]
1021+ 3) 25
Ve@i+1@+3) v
2 1+1 1+ 1/2 _M .__3_2_ 0 1]
10(21+3) 25
0 [1+2 | 1+32 NI L5 S— V33 0 0
5v/(21+3)(21+5) 175
Ll ren g+ 1/6QI+5) V14 0 0
1021+ 3)/1+2 25
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Table 1II. (Continued)

CORE CORE | I, | K ] A I=1 &4 £,a=1)
Ll gea d+DV6(+3) T 0 0
10V/(21+3)(21+5)(1+2) 175
2 | 1e1 _ V6Qi+5)u+ DU+ 3) 237 0 0
10Q21+3) 1+ 2 25
s | 1o U+1)V2Q1+Da+3) 242 o 0
10021+ 3)/ Q21+ 5)1+2) 175
o |1s2 | 1es2 - V3 Da+2) _ 370 0 0
521+ 3)(21+5) 175
V20+1y1+3)_ v
1 e 3/20+ 1y(1+3) 64/35 0 0
100/ Q21+ 3)21+5) 175
5 | 142 6@+ 1)0+3) _&v/n 0 0
1021+31/21+5 175

uorDIUSYU0r) 193¢ 0 uoyIVIZUT 21IS04]T

6G1
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shows that |l'—/|=2 for k=2 when ['>[. Then the coefficients f; and f, remain

NON-ZEro.
The coeflicients of the exchange integral g« in eq. (6) and gt in eq. (12) contain

two 3j-coefficients, too. In the same way as above, the coefficients g, and g;, are
non-zero.

In Tables II and III, all the coefficients are given as a function of [ and the
corresponding numerical values for /=0 and 1 are also given. The coeflicients with
/=0 are applied to the estimation of the configuration interaction between p*s and
£*din LS coupling scheme. On the other hand, those with /=1 are applied to estimate
the configuration interaction between p*p in LS and p* fin JK coupling schemes.

The coefficients f« and g« with I'=/ using egs. (5) and (6) coincide with those
obtained by Yamanouchi et al®.
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