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~ Abstract

The authors deal with the nearly 1/3-harmonic oscillation (a kind of almost
periodic oscillation) in three-phase circuit with series condensers. The funda-

mental equation becomes non-autonomous type with small parameter ¢

dxg
dr

) .
= El arq %9 + € fr (%1, %, %5,7) k=1,2,3,4,5

An analog computer is used for obtaining the parameter region where the
nearly 1/3- harmonic oscillation is sustained. Furthermore, the asymptotic method
of Bogoliubov and Mitropolsky is extended to analyse the behavior of the nearly

1/3-harmonic oscillation,

1. Introduction

The authors have reported the 1/3- harmonic oscillation in the three—-phase circuit

with series condensers. This paper describes the nearly 1/3- harmonic oscillation in

nearly 1/3- harmonic oscillation is sustained. Making reference to it, the nearly
1/3- harmonic oscillation is analysed by the extention of the asymptotic method for

the system with many degrees of freedom. The notations are the same as the

paper already published.

2. The region of the nearly 1/3-harmonic oscillation.

By means of an analog computer, the region is obtained where the

Making use of an analog computer, we obtain the region on E-y plane where the
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nearly 1/3- harmonic oscillation is sustained. The oscillation is maintained in the
shaded part of Fig. 1. The typical wave forms are shown in Fig, 2 for parameters
£=0.15, =0.20, E=0.40. In the shaded region, the imaginary parts of the eigen
values, @, and o,, for the unpurturbed system of the fundametal equation, hold the

relation 2w, =~ w,

0.30
€=0.15
£=0.15

020

ol %. 10 020 030 040 050

g ——

Fig. 1. Region where the nearly 1/3 harmonic oscillation is sustained (analog
computer).

*"—

Fig. 2. Typical wave forms of the flux interlinkages for parameters £=0.15, 5=0.20,
£=0.15, E=04.

Thus, we can modify the unpurturbed system in the same manner as the case of

the pure 1/3- harmonic oscillation. Hereafter, notations w, and @, show the absolu-
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te values of the eigen values for the modified unpurturbed system.

3. The analysis by the asymptotic method

Let’s analyse the nearly 1/3-harmonic oscillation by the asymptotic method. The
fundamental equation and the parameters refer to Reference (1). In the case of

the nearly 1/3- harmonic oscillation, we can put the first approximate solution as
%" (a,%,9,¢) = apre? +agi e + (x + jy) Xue + (x —jp) Xge ™| 4y
¢ = T j=¢q (k=1)2y314)

where variables @, x and y are real, and ¢ is also real whose time derivative
represents the angular frequency (hereafter, called frequency for short). In the steady
state the variable x; which represents the zero phase fluxinterlinkage can be

put approximately as
x5 = %" (a,%,9,7)
z s n
= f-V"I (Zwir + 2} Ze i) (2>

where Z;(l=1,-+-,L) is complex function of the real variables ¢, «x, and » and is

written as

Z1 = Zi1(a,x,9)
= Pi(a,x,5) + jQi(a,x,3) (3)

Functions k(x;, x;, ) and A(x,, x;) can also approximately be written as
kB o(xy,25,1) = k(2" 2, 7)

= k(a,x971)

N .
5} (Kn it + K3 i) (4)

n=1

B (xy, 2257) = A (2%, 2, 7)

Il

ha x9,1)

1

M
Hy+ 3 (Hmewom + Hj eiom) (5)

where Ku, Hm are complex functions of the variables 4, x and y written as

K” = K" (a’xyy)
= un (@, %,9) +jvaa, 2,9 n=12- N (6)
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m=12 - M
(8)

18
Hmw = Hm(a,x,)
= pm (a,%,9) + jgm (a, x,5)
and H, is real function written as
Hy = H,(q,%,9)
Frequencies 2x, wm are written as
Q9 = (2n—-1)/3
om = 2m/3 (9
In the first approximation, we obtain
N=5 M=2
and the variable x;' can be considered to include approximately the same frequency
components as those of £(x,'", x,'", 7). Thus we can approximately put
| w

follows

L =N
2 = @l-1)/3
Let’s define the two 2L real column vectors # and Z and 2L X2L real matrix ¥ a
u _i_ ¢ (uls vl) ey UL, 1)[)
Z é 4 (Pl) Ql’ " Pl, QL)
where the superscript ‘t’ indicates the transposition and the components are as
w, = — 12¢ [% 2y (x2—3%) cos (360)) + poxy sin (36) + (x2—%) a cos (36,)

+ 2axy sin (36:) + @ {x cos (30,) + ¥ sin (30.,)}]
vy = =128 [ b0 (42 =3") sin (300) = poxy cos (300) — (x*—3")  sin (300)

+ 2axy cos (36,) + a* {x sin (36,) — ¥ cos (300)}]
— 4L (30 a{x cos(36,) + y sin (30,)} + (x*—3y*) x cos (36,)

Uy
+ (Bxt—3%) y sin (30,) + a® cos (36,))

v, = — 4L (— 3p) a{y cos (30,) — x sin (30)} — (¥ —3x%) y cos (30,)
— (x2=3p%) x sin (30,) + a® sin (36,)) -
= 3¢ pe{(2a® + pyx) cos (360) + poy sin (30:)}

Uy =

vy = — 3 Py {(2a® + pox) sin (30,) — poy cos (36,)}

— 3¢ pt a cos (36y)

Uy
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v, = — 3L p} a sin (36,)
us = — 4L p} cos (30,)
vs = — +{ 0} sin (36)

2L X 2L matrix ¥ is also defined as
1

¥ L (Hytp 41‘@ bhtp: qta: P q 0 0 0 0
Pl'*‘% Hy=py ;-9 bi—b —q bs 0 0 0 0
Pt 2—q H, -1 b q: b2 /P 0 0
Hh+q: bbb 1 H, —-¢, b —q: D 0 0
b —4q; h —4a H, _% D q1 b2 qs
q2 b2 q 2 % H, -4 b —q:  D:
0 0 b —q> n - Hy - ’g by 4
0 0 q: b2 q, h % H, —q1
0 0 0 0 b —9 H —@ Hy -3
0 0 0 0 q; D 4 b 3 H,
where
Hy = 60{p} +4 («* + a* +yD}
P = 120 (o + 2x) a
P = 120 py x
¢ =24l ay
q: = 120 py ¥

By the method of harmonic balance for the equation’ which represents the zero

phase component x;, we have a linear equation

vVZ=u " amn
If the matrix ¥ is nonsingular,

Z=V"'u (12)

This equation gives the components for the frequencies 2; (=1, 2,--,L) of the
approximate zero phase componentbxém,

We shall obtain the approximate solution of the fundamental equation by the
asymptotic expansion,

2 (3, 2,9, ¢) = %" (@, %,9,¢) + exiV (a,%,9,¢) + & 22 (a,%,9,¢) + -
E=1234 13)
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where the parameter ¢ is small and the functions x) x,ﬁf’ ------ are all periodic with
respect to both ¢ and 2¢. The real variables 4, x+ and y which characterise the
amplitudes of the nearly 1/3- harmonic oscillation are assumed to be determined by

the following set of autonomous differential equations

"ZZ’ = Ay (a,x,9) + A4, (a,x,9) + -+ k
Z: = ¢B, (2,%,9) + ¢B, (a,%,9) + - (19
—g% = ¢C, (a,%,9) + 2C; (g, x,9) + - J .

The real value ¢ whose time derivative gives the frequency of the oscillation, is
also assumed to be determined by the function of the real variables ¢, x and y and

to be the solution of the equation

A = 014Dy (@,%,9) + €Dy (0,5,9) + - (15)

The necessary and sufficient conditions that x4’ (k=1, 2, 3, 4) is periodic with ¢ and

2¢ respectively determine the following set of equations in complex forms
4 2z N
eA, (@,%,9) +ja D, (@, %,5) = 5 | B el Xa (7, 2", 20, 2) €75 dy)
=) L
4 —x ‘
[k (16)
{eB:(a,%,5) — 2 eD (a,%,0} +7{Cy (a,2,5) + 2x Dy (g, x,3)}
1 4 2 4 ’
= - 7 * (0) L (0) (0 -2 7 %
= {k’z:x,,jjxk {7, 20, 20, 7) & dg}/ S TE s
where complex functions g¥, X} are the complex conjugate functions correspon-

ing to the adjoint system of the unpurturbed system. By equating the real and
imaginary part of Eq.(16), we have the following :

dr = ¢A(a,x,5)
= —ay a—&{aat a2 +y)Ya—p{€ar; x—nbiy y}+R.U)
9% — eBi(a,x,5)
T
= —amx—(bm+2b“)y—2,00(6a12y-l-;yb,zx)y
—{as3x + 79 (bos +2b, )y} (2% +3%) —{£ (@204 +a24%) +7(boy+2b13) y}a?

+R(V)+2y Im(U)/a ‘ an
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dy

d?.' = eCl(a; x, y)

= —ayy+(by +2b11)x+2,00(Ea12y+7)b,2x)x

~{8a335 — 9 (bas +2b1) %} (%2 +3%) — {6 (@24 — b2200) —9(by+2b15) x }a?
+In(V)—2x [m(U)}/a

—Zif— = w,+eD;(a,x,5)
=w—by —yb,aaz “ﬂblt(xz +y) —py (Ealzy‘l'ﬂblzx) +ImU)/a (18)

where the coefficients a,,, a3, ***, by, by, -+ are all real constants and the funcions
Re(), Im() represent the real and imaginary parts of the complex functions U(a, x, y)
and V (a, x,») respectively. These are the modified terms resulting from the existence

of the zero phase component x; and are expressible by components of vector Z as

Ua,2,) = —(&+j3p) (ZSo+Z¥Si+ZF S, +2Z¥ S:+Z¥ESy)
Ve, 2,y) = —(6—j3p) (Z:S:+Z:So+Z¥ S2+ 2% Si+Z%S,) 19
Ss = 2(x2—y")cos(36,y) +4xy sin(36,) +j{2(xz~y2)sin<300)

—4xy cos(36,)}
Sy = da{x cos(36,) +y sin(30,)}+jda{x sin(36,) —y cos(36,)}

S, = 2a%o0s(30,) +20,{x cos(36,) +y sin(36y)}
+7(2a%sin(360,) +20,{x sin(36,) —y cos(36y)}

S = 2p.a cos(36,) +72p.a sin(36,)

Sy = +pi{cos(30,) +Jj sin(36,)}

We can consider the two types of the steady state in the autonomous system of Eq.(17).
One corresponds to the singular points and the other to the limit cycles. In our
case, only the former case is considered, not the latter. If the real roots (ay, x4, ¥o)

of the simultaneous algebraic equations
€A1 (a:x:y) = 0

sBl (arx,y) = 0 (20)
¢C (g,%,5) =0

are obtained, then the phase angle ¢ is determined by the integration of Eq.(18) as

¢ = {(@+dde+g,
4y = eDy(ay, %0, 0)

@n

where ¢, is an arbitrary constant.

Eq. (21) gives the modification of the frequency w, in the steady state.
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We are now in a position to investigate the stability condition in order to confirm
the actual existence of the oscillations corresponding to the singular points. Here,

the investigation is limited. See Appendix.

4. Representation of the nearly 1/3-harmonic oscillation in the original
circuit.

If the singular points are obtained by the above procedures, the first approximate

solution becomes

%0 = 2aycos(P+a,) +2x,c05 2P+ az) —29,8in (20 +ay)
2" = —2asin(p+ar) —2x,5in (2 +as) — 2y4c0s (20 +az)
X = — ‘%“"’Si" (p+a)— %xosin Co+ay) —%yocos Cg+as) ©22)
x® = —%agcos‘(gb +ay) —%xocos Q@ptas) + %—yosm @¢+az)
2 = 2 il:{Plcos (Qir) —Qisin(Qic)}
&=

where values a, and a, are the phase angles ofthq[,gigen functions of the unpurturbed
system.
0-, d-, g- components of the flux interlinkages and condenser voltages are
written as
Wa = pycos(8,) +2a4c0s (& —6,+ay) +2xocos(2¢;%00 +ay) —29,5in Qg — 0+ as)
Uy = pusin(0s) —2ay8in(Pp—0y+ay) —2%,8in (2p — Oy +as) — 29405 2 — o+ az)

v, = 2:21{P,cos Q) —Qusin( i)} (23)

va = npisin(6y) —%aosin (p—0i+ay) ——%xosin @g—6i+ay) \

_%‘yoms (2¢’ —8yt+az)
5 9 24)
v = —nppicos(By) — §aocos (o—6o+ay) — —3—xocos QCo—6y+tayz)

+%yosin (g —0s+az)

The a-, - components of the flux interlinkages and the terminal voltages of the

series condensers can be written as

V. = pyeos(t+6) +2a.c0s(p—1r—0y+a,) +2x4c0s (2f— 1z~ 0, +ay)
—~2y5in(2p—1r — 0y +a;)

Us = pysin(c+0,) —2aesin(p—1lr—0,+a,) —2x,5in(2p— 1t — 0y +asz)
— 29,0052 —1r— Oy +az)

(25)
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0 = ppisin(e+0) = Zagsin(p—lr—bu+a) = 2 xisin(g—Te—by+ar)

— gyucos @Cg—1r—by+as)

3
vy = —ypicos (t+8,) — ?3 agcos(p—1r—0y+a,) — %xocos @Cp—1r—0,+az)
+ %yosin @p—Tr— By +as) (26)

Note that the zero phase component ¢, is the same for the transformation from
0-, d-, g- coordinates to o-, a-, - coordinates. Thus, the three phase components

of the above values can be written as
w'a = PoCOS(T‘I'ao)+w.1C08(012'+00+0’1)+yf23 n(OZT—ﬂo‘I‘az‘*‘ﬁo)
5
+ ’Zl:rxcos (Qir+01)
Uy = pocos(r+0o—%1r)+W,cos(01z-+00+a1—%7r)
5
+w2sin(ozr—oo+az+ﬁo+%n)+ Sricos(Qrr+81)
I=1
_ 2 B 2
v, = pocos(r+00+§7r)+¢"cos(01':+00+a1+~3—7r)
. 5 27
+¥,sin (Oyr—6y+a; + B¢ —%rc) +Zl:rzcos e +61) @n
l-
ve = Visin(c+6,) +V,s5in(O;r+60y+a) _V3003(02T+00+0‘2+‘@0)

vy = Vysin(z+6, +%7r) +V,sin(Oc+60,+ay —g )

—V 308 (Ot +60y+az+ Bo +%rc)

ve = V,sin (r+0o—%7r)+stin(017+00+ax+% )

—Vscos (O +0y+az+ By —%n)

where
¥, = 2a, ¥,= N2ty ri= 2Pi+tQ}
_ 2

Vi= g0 V, —gao, Vs =%\/x§+y3, By = t‘m_l<%>+¢o
1

o 3

-

- 1
= tan 1(%), O! = Ao, 02 = —3‘+2A0
Eq. (27) shows that when the nearly 1/3- harmonic oscillation occurs in the three
phase circuit, the flux interlinkages of the transformer mainly consist of two

frequency components ¥y and ¥; and zero phase components #;, but the terminal
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‘ |

(€N

arg{(x,

’ Stability

M°de‘ T ‘ ok Cro+ivodta Conl S0l Z Prti i

xy — 0.2580¢ (—0.1017 +70.1199) y | 0.1573 | —0.867 A — 0.0102 + ;0. 0364 0. 0756
X5 —70.2580¢p | (— 0.1199 — j0,1017) x 0.1573 0.703 Z, 0.0020 — 70. 0074 0. 0153

4, | 70.0860¢ (0.0400 +j0.0339)x | 0.0524 | 0.703 |, @ | z, | —00070—70.0009 | 0.014f | stable
% | — 0.0860¢p | (—0.0339+;0,0400)x | 0.0524 | —0.867 Z, 0.003 + j0.0012 | 0.0081
Ao 0, 0121 Zs — 0.0004 + j0. 0000 0. 0008

) |

% 0.2237¢ (~0.1302 + 70.1308) x | 0.1846 | —0.788 Z, 0. 0188 + 70.0018 0.0378
Xy 70.2237 ¢ (—0.1308 — j0.1302) x | 0.1846 i 0.783 Z, 0. 0000 + 70.0179 0. 0358

A, 1 = J0.0746¢ (0.0436 + j0.0434) x | 0.0615 0.783 |, | Z, — 0.0061 — j0,0004 0.0122 stable
%, | — 0.0746p | (~ 0.0434 + jO.0436)y | 0.0615 | —0.788 z, —0.0080 — j0.0013 | 0.0065
Ao 0. 0062 Zg - 0.0005 + 70.0001 0. 0010
x — 0.1544¢ (0.0615 + j0.1399) x | 0.1528 1.157 A — 0.0053 + 50. OlOi 0. 0228
E?) — j0.1544¢ (—0.1399 + j0.0615) y | 0.1528 —0.414 Z, 0.0098 — 50, 0069 0. 0240

A, X3 —j70.0515¢ (0.0466 — 70.0205) x | 0.0509 | —0.414 2510 Zs — 0.0058 + j0.0006 0.0117 unstable
x4 0.0515¢ (0.0205 + j0,0466) x | 0.0509 1.157 Z, 0.0023 + j0. 0011 0. 0051
JANY —0.0079 Zs — 0.0005 — 70. 0002 0. 0010
Table 1. Stationary solutions for parameters E=0.30, £=0.15, y=0.20, {=0. 15.
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5. Stability of singular points

For parameters £=0.20, =0.15, {=0.15, £ =0.30, three types of singular points can
be found. Two of them are stable and the other unstable. They are listed in Table
1. The singular points A, and A, are stable and A; unstable, which predicts the
physical existence of two types of the pearly 1/3- harmonic oscillations in the origi-
nal circuit. Let’s examine the zero phase components x;". Values 7,, 7, r; are greater
than values 7,, ;. Value r; which represents the amplitude of the third harmonics
of the souce frequency is very small. Consequently, this shows that if there occurs
the nearly 1/3-harmonic oscillation in the original circuit, then the zero phase
components of the flux interlinkages ot the transformer consist of mainly both one-

third multiples of the source frequency and the same.

6. Conclusion

By making use of an analog computer, we ghow the building up of the nearly
1/3- harmonic oscillation and obtain the region where it is sustained on E-7 plane
for the parameters & and {. Furthermore, the extended asymptotic method for the
system with many degrees of freedom is applied to obtain the stationary solutions
corresponding to the nearly 1/3-harmonic oscillations. From the results of the
analysis we can see that there exist two types of the nearly 1/3- harmonif: oscillation

for some parameters.
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Appendix

Here, we describe the method of the stability investigation of the singular points
(ay, %4, ¥o) based on the Routh-Hurwitz’s theorem. Let’s consider the variational
equation for Eq. (17), which can be written by vector notation as

A ACT I K (D
T
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where vector dx is the variational vector from the singular point (aq, %4, ¥,,) and

J (ay, xq, ¥i,) is the Jacobi matrix whose elements [y (p, g=1, 2, 3) are

Ju = —ﬂu—5{3013034‘”14(955“'3’%)}— (falzxo—ﬂblzyo)!’o'i'Rs( aag )0
Ji = —5(2014xo+ﬂ12Po)ao+Re( %Z )
Jis = —Qtayy —9b120 )00+Re<ﬂ)

1 14Y0 o 3 /o
Ja = —2{&(auxi+axnm) +ﬁ(bz4 +2b13)yo}ﬂo+Re(faa’Iai> 2yo{ Im (W),

0 a,
—In(2 ) }/ay

Jao = —a—2nbi,009— Ears (xE+38) —2{&azsxg+ 9 (b3 +2b,0) ¥} o — Eaz4ab

+Re(V)o+29 1,,,< ) Jay

Jas = —(by+28,,) —48a130030 _27111312.”09‘0 —9(by3+2b.4) (x§+3%)

—2{asx, +7<b23+2bu)yo}J’o—77(bz4+2b13)a§+Re< 865 )o

+2{In@)o+s I,,,< ) /2,

Ja = —2{50243’0-771722!’0—7](b24+2bsa)xo}ao+2xo[Im(U)o/ao_‘Im<%(a]—)o}/ao
oU
+I'"( da )

Jsz = by +2by +20,(8a1,30+2nb1ax0) +5(bys+20:4) (3 +55)

—2{6assp, "'ﬂ(bza +2b1) %} %0 +77(b23 +2by3)at
+Ha( 50), ~2{Tn@ 430 () J /o

0x ox
Jss = —au+28a1,00%, — Eazs (a3 +y8) —2{Ea2390 — 9 (bas+2b1) %0} ¥
Ea“a0+Im( aaV ) —2x, Im<% ) /a,
where
% - - (afJr;&y)(_f?’--z-lso+Zl aaso + "’azlsl+z* 95, 4 aaiz +23 5
3323 Sitz3-8s 4 ig, 71 80
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v o_ OZs5 17,951 1 023 8Sy |, 0Z¥ | 7405
B =~ (25,42, B 4 005, 4 7, D0 4 827, 73 B
028 95, 028 as4
o SIS s )

U v U v are obtained in like manner,

ox’ ox’ ady’ oy
0Z: 0Z; 0Z;

R . must be obtained numerically since they are not explicitly expres-
o2 ' 9x ' oy y y §8) y p

sible as the functions of real variables g, x and y. Partial differentiation of Eq.

(12) by variables a4, gives

8Z _ —sf 0¥ gy ., _ OUu

da w(aaw * aa) (I)
9z and a£ are obtained in like manner.
ox ay

By the above procedures, the Jacobi matrix J. (g, %o, 3) is numerically obtained

and the characteristic equation becomes

det{21—J(a,, x4, ¥0)}=0 (1 : unit matrix) (1)
Eq. (I[) is the third order algebraic equation

Btedttedt+e=0 ’ (V)
The real coefficients ¢;, ¢; and ¢; can be obtained by the Frame method and if

¢i(i=1,2,3)>0
cc,—ci>0

V)

then the real parts of the roots for Eq. (IV) are all negative, meaning the singular
point (ay, xg, ¥o) is asymptotically stable. The singular points for Eq. (17) are
obtained by Newton’s method which is often effective for the solution of the nonlinear

algebraic equations.



