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Data Fitting by a Spline
By
Kozo IcHIDA* Fujiichi YOosHIMOTO** and Takeshi Kivono*
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Abstract

This paper presents an algorithm for the computation of data-fitting by a cubic spline.
The normal equation derived from the algorithm is not ill-conditioned. If it is assumed
that the data are subjected to some independently distributed error about their trend, the
regression theory provides the desired estimate of variance, like the expression that is known
when we use the orthogonal polynomials.

1. Introduction

Approximating a function, whose values at a sequence of points are generally
known only empirically and are subject to inherent errors, is a problem that has been
studied. The standard polynomials in least squares data-fitting have a difficulty in
solving the normal equation, because it becomes quite ill-conditioned as the degree
of polynomial increases. Orthogonal polynomials avoid this difficulty, but there is a
case in which they are not satisfactory.

Recently, data-fitting using spline functions has been studied. Sometimes the
spline functions seem more adequate than orthogonal polynomials. In [3], the spline
function is represented as

J
Spmx)=ao-+a1x+ +anpx™ +1I§i ci(x—&)+™, (1)

where #;’s are a set of joints. But eq.(1) is ill-conditioned and cumbersome to evaluate
for the large m and J.
Here, a new algorithm is given in which the normal equation is not ill-conditioned.
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2. Representation of a Spline Function

Let S(x) be a cubic spline function having the equidistant knots x®(z=0, 1,...,

n) and satisfying the equation
Sx®)y=y® (z=0,1, ..., n).

In the interval [x¢-D <p<a@)

N (a®—x)p  x®—x } {,(@j??‘iff))i a—x@=D }
S =My B _ESSE gy g EEEE
x® —y x—x@-b
+5 Ty Ty, (2)

where A=x®—x@-1)[1]. From the continuity of .S'(x) at @, we get the following

equation
S o _ _
2 2 0 M a1
0
1 1
772’ ., 2 ~§7\ M2 dz
L= (3)
1 1
5 2 g || Mn-e dn—2
0 1
i 0 9 2| M | @1
where
dr=3(y 440 2y 0y V) 2, (4)
and we set Mo=M,=0.
Let Dy, be the following determinant
1
2 5 0 0
1,1
2 N N 2 .
1,1
0 2 22
1
0 o 2
From eq. (5) we get
. \/3)7L+1 ( 43)"-{-1} / S
D,,u{(lJr 5) —\1—% / V3. (6)

Writing eq. (3) as
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AM=d, (7)

the element of 4-! (inverse matrix of A) is:

(=) D4y Dy

s l= SIS —
Al;f zj_an—]_ (1_2_]_” 1)’ (8)
4 (=)D Dy o '
Ayt = 2“Uj)n-1 - (1=2j2i=n—1),
and |4|=Dy-1.
From eqs. (7) and (8), we have
n-1 n-1 J+1) 2 (f)+ (J-1) n
M= A, di=S A4, 17 2l v Al ) 9
1 j=2|1 1,j ~4j 7=21 ] /l2/3 jzzoaidy ’ ( )
where
a1,y =3(di,j117 =245 +-Ai 17D 42, } (0)
A1 =A== Aipn I =Ayn171=0.
Substitution of M; of eq. (9) into eq. (2) gives
n P
S(x):EO(bi(x)a1—1,j+Bt(x)ai,j)y‘”
@ _ —x-1)
Iy 9;;*"7“’, (11)
where
a®—x)3 )y
hoy=" S, y
(x—al-DYB gyl 12
Bi(x)= 64 - 6

3. Data-fitting by the Spline

Let xp(£=1, 2,..., V) be given values of an independent real variable x. Suppose
that corresponding to each value x; we have observed value f; which generally will

f-1 (n)

p Xoox2 % | XN XN [

N3 M) (D )

Fig. 1. Representation of data fitting by a spline function.
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be in error (Fig. 1). We use a spline function (11) for the least squares approximation.

The length of each interval xz—ax 1 may be different. We suppose V>#-41, and

xO=Zxp<x™ (=1, 2,..., V). Let minimum and maximum xj for a1 <xp<x®

be xp; and xq; respectively. Then the sum of the squares of the residual becomes

noogs
F(_‘}/(O),y(l), '_.’y(n)) :121 kzzp{S(xk\ _fk} 2,

Differentiating #(y©®, M, .. yM) with y@ (=0, 1, ..., ) and setting to zero,

oOF (0)’ (1)’._‘,3;(”) .
(y g;,(i) A (=0, 1, ..., n),

we get the normal equation

f0,0 f01 2o [ Y7 go
21,0 f11 1,m

In0 Ina 1n,nj y™ gnj

The matrix {#m,r} is symmetric and its element #,,, is expressed as follows.

Imm= Vm,m+ Wm,m+Cm,m+ Um,m+Zm,m+Em+Rm;
tm1,m=Vmt1,m+Wmntt,m+Cmtr,m+ Untr,m+ Zmt1,m 4 Bmii,m,
tm-1,m= Vm-1,m+Wmn-1,m+Cn-1,m+ Un-1,m+Zm-1,m+/m-1,m,
trm=Vem+Wrm+Crm~+ Upm~+ Zrm
(rzm4-2 or mz=Zr4-2),
where

Vem= % g {bi(xr)ai-1,m+Bilxr)as,m) {0(xk)a—1,r+Bilxr)ar s},

Wrm= ‘1:2+ {(x(m+l)—xk)//l} {bm+1(xlc)am,r+/3m+1(xk)ﬂm+1,r},

k=ppsy

Urm= zp 1ok —2mD) |} (b amet,r--Brm@R)am}

Zrm= ,EE ((ek—ac D) A} (b (oK) ar—1,m~+Br(xk)ar.m}

E= S (D —ap) )2,

k=p, 4y

erk:z; {(ax—x-D)/ 12,

r

(13)

(14)

(15)

(16)
a7
(18
(19)

(20)

21)

(22)

(23)

(29)

(25)

(26)
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Brn= 3 (@00l (Gex—am)] ), (27)
/mzz; (6™ — )] Y (oo —a ™)/}, (28)
Wr,n:Cn,m: Ur,O:ZO,m:();

R(]:En:()

0=r, m=n).

Moreover if we set

(a i
Gr=2 & felbenars,+Bianan (29)
Hy= "5\ felltD—x|h), Ha=0, (30)
0=, 2 fellwx—aD)A), Qo=0, (3D

then we have

er=0Gr+Hy+Qr. (32)

The matrix {#r,,} has an element that becomes smaller in absolute as it is apart from
the diagonal, and is not ill-conditioned.

4. Unbiased Estimator of Variance of Error

Suppose the fi in eq.(13) is expressed for [xC-D=Zxp<x®) (7=1,2,...,%n) as

Je=S(xkK) +5k:§6 {bi(x)ai-1,5+Bexk) ai,z} yP

@ _ —a@1)
&% h x’iy(z—n_l_ﬂ%/y(i)—{-ek, (33)

¢x 1s an error that has an expectation and variance

Elex]=0, }

34
Vieg]=0a2. 34

The estimators of the regression coefficients y©, yM _  y® are written as $©® 50,
..., ™. With these estimators, the sum of the squares of the residual is

n 43 n .
$=33 3 | i {3 tuemanri+Bieian) 39

i=1 %
2®

—xk ap—xt-D 172
y £ pan4 E > ya)}] ) (35)

Determining 5O 5@ .. 5 to minimize S, we get
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200 Zpa ton[ 797 T go
10 71,0 L1, || IOV &1
b 3 A el IR (36)
l/n,o Ing 1n,n‘\ }A’(n)J Lgn }
The solution $® (=0, 1, ..., ») of eq. (36) gives the estimator of the regression

coefficients y. We define column vectors ¥ and y of which $® and y® (/=0,1,...,

#) are respective elements. Then eq. (36) is written as
7y=g, 37)

where 7= {#;,;;}. From eq. (34) the expectation of f; for [x¢-D=yx,=<a®] is

E[f 1) =3 (bi(xr)ar-1,5+Biloar)as} yD

7=0
+,9€f“/l PSINE xk:ﬂym_ (38)
We now have the following lemma.
Lemma 1
gl = S trmy™ (05750, (39)
Proof.

From egs. (29)~(32),

[

Elgo) =3 2 (wiarotBlanae B A1+ 3 02k B )

=1 £=3;

[y

I
||[_\ﬂ§

VO my(m)+ 2 Wy, my(m)+ 2 Uy, my(’”>+ 2 Co,myt™ - Egy©®
n
+/01y V=3 to,my'™.
m=0
For 1=+v=<n—1
n qi
Elgr] :f;'l =Z {bi(xr)ai-1,r1-Belxw) @i o} £7 fx]

gr+1 x(r+1)__rk

T V.

E=br+1 4

n-1 n n
Ve,mp ™+ 3 Wrmy ™4 35 Upmy ™+ 35 Crymyt™
m=0 m=1 =0

§M§

0

n
+Ey O+ pi1 @D +mZ_,OZr,m}’ M B p1y T D4 Ryy®

z (m)
o r.m)y

§MS
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n 45 an xk‘ x(
Elgn)= ;:1 kZp {bi(xer)ar—1,n+Bi(xr)as,n} £] fi] - Z ,77,,E[ JSx)

i

)

n n—-1 n n
=3 Vn,m}’(m)+ > Wn,m)’(m)+ Py Un,m)’(m)‘l‘ > Zn,m}’(m)
m=0 m=0 m=1 m=90

+Bun1y" D+ Ry y™

n
— 2 tn’my(m)_
m=0

Writing eq. (39) as

Ty=£(g],

we have
y=7T"1E[g].
From eq. (37), we get

y=7-1g.

The expectation of eq. (42) become

E[y|=E[T1g]=T-1E[g]=y,

ie.

E[HM =y (r=

Lemma 2

0,1,..,

n).

COV[gf: gm]:ir,mdz (0§7’, mén).

Proof.
For 1=+, m=n—1

Covlgr, gm)=E {{gr—Elgr]} {gm—E[gm]} ]

[{2 2 (bilr)ai- 1,r+ﬁi(xk)di,r)fk+ Py

+ 5 sl

k=2,

qr+1

k=pysy

i pr+l)__yx
T’efk

r+a

Se— Z 2 (bs(xp)ai-1,r+Bilxr)ary) (fr—ek)

("+1)—ka (fk“elc)— q' x);fx(’—l) (fk—Ek)}
Y

Vs

{ % ﬁ (bi(xr)21-1,m+Bi(xK)a,m) fr+ B2l W‘L}Z—xk i
=1 k=p; k=

+ 5 s

E=Dm

k=bmy

y/

TPm+1
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(40)

(41)

(42)

(43)

(44)

(45)

fk—— 2 2 (bi(or)at-1,m~+-Bilxr)at,m) (fe—ex)

Im+1 o (M+1) — XK

- ¥(fk_5k)_k:2: xk%(m—l)(fk_%) }]
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n 'n gr+1 (r+1) —
=E {5 5 Gl tlonaeat 8 S

qr

+ .= xk’—/lﬁ'jl%}{ :21 kizl (bi(xr)ar—1,m~+Be(xr)as,m)ek

k=2,

Im+t o (Mtl) — o im g x(m-1) :
§ Ay S s ]
k=pm+t k=py

1) rxm, r¥m+1, rxm—1

Corlgr, gml=E 3, 3 (wn)ars,r+Biwans) ((or)as-sm

Houewamed] + B S FTT5 G agm

=Pyt

ar —p(r-1)
e arnmet | + £ 5 D G arm

Im+1 x(m+1) _
T (b (k) am,r

—f‘lgr(xk)dr,m)ekﬂ -+ E[

PRy, Y/

A am — 4(m—1)
+omesenam-r)ed | + B 5 BT G wany s

+Bm(eam et
:( Vr,m+ Wr,m+ Ur,m+Zr,m+cr,m)02=fr,m02-
i) r=m
COV[gm, gm] Z( Vm,m+ Wm,m+ Um,m+Zm,m‘|‘Cm,m+Em+Rm)02
:lm,ma’z.
iil) r=m-1
Covlgm+1, gml=Vmt1,m+Wm+1,m+ Um+1,m+ Zm+1,m+ Cm+1,m
+ Bm+1,m)0%=tm+1,m02.
iv) r=m—1
Covlgm-1, gml=Vm-1,m+ Wm-1,m+ Un-1,m+ Zm-1,m~+ Cm-1,m
+/m—1,m)0%=tm—1,mo2.

For »=0, 1=m=<n—1

Covl[go, gm] ZE[{ él 1:2; (bi(xr)as—1,0PBilxx)as0)er

g1

+ 3 Mek}{{é k%_(bi(xk)di—l,m‘{“Bi(xk)“i’m)sk

k=, A

2

dm+1 (m+1) am (m—1)
X X X X

z £e £ Y Ek}:\
LI PP ) k=bm
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1) m=xl

Covlgo, gm)l=Vo,m+Wom~+ Ubm+Com)e?=29,mo2.
iy m=1

Covlgo, g11=(Voa1+Wo,1+ Upa1+Co,1+/o,1)02=70,102.

For r=m=0

Covigo, gol ZEI:{ zn% ki_(&t(xlc)di—l,o+ﬂi(xk)ai,0)5k

@ (1) — 2
+ 3 E U (Voo oot Coort Bon)o?

k=py A

=l‘0,00'2.

For =0, m=n

Cov[go, gn] ZE[{ él k:Z; (bi(xx)aio+Bilxr)ai-1,0)ek

g1

+ = M%}{ in?l k%} (bilxr)ai—1,0+Bi(xr)at,n)ek

k=py Y
an — (1)
+ 8 B0 Vot Cont Uono®
:fo,nﬂz.
For m=0, 1=7=<n—1 and m=0, »=» we have the result in eq. (45) similarly.
From lemma 1 and 2, we have the following theorem.

Theorem: Let Sy be the minimum of the sum of the squares of the residual. Then

Sm ‘
Se="F_p—1 (46)

is an unbiased estimator of o2.
Proof:

From eqs. (42) (44) and lemma 2, the covariance matrix becomes

{Cov[ T, 5™} = {[(F ) —y ) (™ —y )]}
=[(y—9) (39"
=E[T-Yg—E[g) (§—E[g)' T
=T1E[(g—E[g)) (§—E£[gDNT1
— TN T T = {dy m} 0%,
where {dy,p} =D=7""1.

The minimum of the sum of the squares of the residual becomes
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Sm= 2 “ [ fk——{ 2 (Gilxer) ai-1,i+Bilxr)aig) 79

x() X xp— x\t 1) 2
e P J"“H

n—1 n
N A2—2 2 Gy —2 3 Hiph—2 p)
=Mfrc PNy j=20 (7] 1=21 Q1

The expectation of the first term of the righthand side in eq. (47) is

> szj iﬁz‘;”:"z;‘[r/[ka(E[kaﬂ]

i=1k=2;

n n
=N+ 3R Vg0 3 Wipgeg 0D

r=0j=0 r=0j=1
n n n n
+24 zzl UrayMy® 4 2 2 Ci1,5y Dy
o W =110

n o n n n
+2 3 Zi,jy“’y(”-h_zl Epq(ytD) +z-21 Ri(y®)2

=N+ 3} 5 frmy Oy,
The expectation of the second term is

n A ~ ~

| 350 | =13 g1~ B T)

n n n
=B 5 2 50%mpm = 5 S b mE[5050]
r=0 m=0

(47)
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non
=3 Y lrm {Cov[_}?(’),j}(m)] +J/(”J/(m)}
r=0 m=0

Therefore we have

_ n qi 9 n ® —I
ELSml=E| 33 5 /i | 37|
=No?—(n+1)o2=(N—n—1)c2,

which complete the proof.

Se |0

10°r

10 | i 4
0 5 15 25

Number of knots n

Fig. 2. Graph of Se of example 1.
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In practice, since we do not yet know the appropriate », we would solve the normal
equation (37) for »=1, 2,..., and compute .Se, to continue as long as .S, decreases
significantly with an increasing #. As soon as a value of # is reached after which
no significant decrease occurs in .S,, then we use this # for the desired least squares

approximation.

5. Numerical Examples

Example 1 The data used for this example are values of sin x rounded to 4 decimal
places, for x5z=0°(1°)40°. In Fig. 2 we plot S, against #(x©®=0° x(®=40°), and for
n=14 S(x) is drawn in Fig. 3.
Example 2 This example is due to Powell [2]. The data is given by
1
=501 F(ap—0.3) Tck

for xx=0.005(0.01)0.995. The ¢ is an error which is independent for each xy. Its
expectation and variance are 0 and 4 respectively. The figure of Se¢ is plotted in
Fig. 4 (x®=0, xM=1.0) and S(x) is drawn for »=11 in Fig. 5.

These numerical examples were done with FACOM 230-60 of Data Processing
Center of Kyoto University.

«*
fi = sin x,, 0° (1°) 40° g
rounded to 4 decimal places xﬂ/{l
. no n_ °
05" X O, x 40 //
x
i e
S //
L /0/
i P i
XQ
A -
X/p/
of «
o 10" 20 30 40°

— X

Fig. 3. Computed result of example 1.
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Se

AV

L L 1
| =5 I5 25
Number of knots n
Fig. 4. Graph of Se of example 2.

X X
Stxy i «
|
|
X/x
50t L b
f=Gor (x03F * &
Efek] =0
V(Ey) = 4
LI B
o XX
1 — ! XI
0 05 1.0

——— X

Fig. 5. Computed result of example 2.
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