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Abstract

A finite element formulation for the thermoelastic-plastic material is presented in the
incremental form with thermomechanical considerations. Emphasis is focused upon the
constitutive relation by using the generalized yield function. The governing equations
for finite deformation containing the increments of displacement and temperature as
unknowns are deduced for the material.

1. Introduction

This paper is concerned with the finite element formulation of coupled thermo-
elastic-plastic materials, which is a special case of the various kinds of coupled problems
in the field of natural science. The thermodynamic consideration in addition to the
kinetic treatment is required to formulate such problems in continuum mechanics.1),2)

Many attempts have been made to deal with the coupled problems of thermo-
elastic or thermoviscoelastic materials®)~%  and the fundamental equations have been
established.®~® 1In particular, Biot’s variational formulationl®) is one of the brilliant
investigations, where he deduced a variational principle similar to Hamilton’s principle
in dynamics.

Recently, the finite element method was introduced to analyze the coupled problems
for elastic, viscoelastic or general simple materials.1}~14)  On the other hand, the
finite element analyses for elastic-plastic materials were made, for the uncoupled
problems, such as isothermal deformations with infinitesimall®.16) or finite strainl®)~21)
and thermal stress problems.22)~24)

As for the coupled thermoelastic-plastic materials, however, a difficulty is raised
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about the treatment of the thermomechanical constitutive relations, especially, of the
internal dissipation function. The emphasis focused upon in the present paper is the
formulations of stress-strain relation in terms of yield function and the incremental
equations of motion and heat conduction for finite deformation with the internal dis-

sipation function.

2. Preliminaries

Consider the continuous body @ under the action of the general system of external
forces and heat condition. The body is under a natural unstrained state with a uniform
temperature 7 at the time #=0, and the body is referred to occupy the configuration
C().

In order to trace the motion of the body and the time variation of the temperature,
we select the other state in the configuration C;. The material coordinates xy(f=1,
2, 3), which coincide with the spatial rectangular cartesian coordinates X;(z=1, 2, 3)
in the reference configuration C,, are introduced.

The motion of the body can be defined by the equation of the form

X

Xe=Xi(x1, %2, 3, 2), “omy

'>0. (1)

Let the base vactor referred to X; be denoted i; and the base vectors referred to xy,
G; and G!. The material point 2, in the body @ in C, transforms to the point 2 in
C:. If the points 2, and 2 are identified by the position vectors #¢ and r, respectively,
the displacement vector is defined by

u=r—ro=(Xi—x)li=uis, (2)

where #; is the cartesian component of the displacement relative to Cp. It is easy to
show the relation between G; and 1i;:

Giin,mim=(81m+ui,m)im, ( 3 )
where the comma denotes the partial derivatives with respect to x;.
For later convenience we introduce the interpolating function (x) to approximate

the displacement and the temperature field in the finite element. The components
of the displacement vector can be described by making use of this function as

wi(x1, X2, 3, £) =Yn(K);V (), (4)

where the repeated nodal index &V is to be summed up from 1 to /V,, while /V, is the
total number of the nodes composing each element.
The components of the Green strain tensor and the strain rate tensor can be also

written as
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Tyj= %(‘/’N,J'”iN 3w g v, ipu, jum® um™), (5)
and
o= W gia g+ s, o - e i) (6)

where the superimposed dot denotes the time derivative.
The absolute temperature § at the point 2 of the body is the sum of the uniform
temperature 7, and the change in temperature 77, that is

9=To+T="To+dnTV. (7)
The temperature increment 48 is then given by

A0=AT =yATV. (8)

3. Thermomechanical Constitutive Relations

It has already been mentioned that, to investigate the coupled problems in the
continuum mechanics, the thermomechanical consideration should be introduced.
At the first step, the discussion of the constitutive relations for the thermoelastic-plastic
material is made in this section before the formulation of the coupled thermoelastic-
plastic problem. Here, we deduce the incremental stress-strain relation following
the constitutive relations proposed by Perzyna and Wojno.25,26)

The constitutive relations for the thermoelastic-plastic body are generally given
by

b=d(T4s%, TP, 0)
__ %
KT
0
o (9)
q=q(71°, T4?, 8, grad 6)

T2 =Any;

Kii=

where 7¢# and 74® denote the elastic and plastic components of the strain tensor 7y,
respectively. The functions ¢ and 7 are the specific Helmholtz free energy and the
specific entropy, K%/ the Kirchhoff stress tensor, ¢, the density in Co, q the heat flux
vector per unit area in C,, while grad § is the gradient of the temperature with respect
to x;. In the above relation, A is the constant which should be determined in terms
of the vield function and #;; is the second order symmetric tensor function.

Assume now the yield function in the form
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F:f(l(ij; T'l:jpl 0>_k(K; 9>:0 (10)

where £ is the function of the isotropic hardening parameter « and the absolute tempera-
ture 6.27)

The constant A in Eq.(9)s can be determined by the condition #=0 as
oF
A= G[aK”K +~» ] (11)
with the non-negative function
- oF -1
G—[_ TP nw] ' 42

Hence, the plastic strain rate 7;4? is deduced for each case as

5o 3F

. G(&K”‘” ](mn—}—*”9>mj; F=0 and SR Km + o 0>0

Tt (13)
0; #=0 and 31%1:”; Km”+~0<0 or F<0.

The internal dissipation function? which will be clarified in the next section is

expressed in the form,26)
(J':U(Tﬁe, T’Upi 0)
A( oF

=G (5o Kmn 2L 0) (k-0 —%~)nﬁ. (14)

0577
Of course, these quantities must be constrained by the general dissipation inequality
a+'¥1)'qgrad 6>0. (15)

Assumption is made on the specific Helmholtz free energy 6,28 which is given as
the summation of eleastic and plastic parts as

d=0T4;%, 0)+2(Ti/?), (16)

where ¢¢ is equal to the free energy adopted in thermoelastic problems and given by
Poqf»e“"'E”’”Twerkz"+Bi]7t1eT—|—**_ 7, 17

with the elastic constants
Eiikl = Fiikl— Fiilk— Fkli]  Bii— Bji

and the specific heat ¢. The plastic part of the free energy ¢? may have the form

Pod? :%@”leﬁkalp (18)
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where the tensor coefficients @¥7*! satisfy the same symmetry relations as EJEL

We now try to deduce the incremental stress-strain relation for the thermoelastic-
plastic body from the constitutive equation (9) under the assumptions already mentioned.
The free energy ¢* in the configuration Cps at 7=¢-+A¢ after an infinitesimal change
from Cy, is obtained by expanding it in the Taylor series at C; and neglecting the higher

order terms;
(T3 +-ATy¢, TyP+ATyP, 0-+46)
3 3 3
=d(74°, 7152, 0) +8?j}e 4 rije+‘§:jé§ Ary? —|——8%40. (19)

*
Hence, by making use of Egs.(9), (18) and (19), the stress tensor K% in Cyis is

*i]'; od*
K¥=p, E
=KW+ E- Ay — Ay )+ BY4T, (20)

where the condition 92¢/d7;;¢07;#=0 is used, which is deduced from Eq.(16) and
A7y is replaced by A7 —A753P.  We can have the stress increment 4 K% corresponding
to the change of the configuration Cyi4 from C by substituting Eq.(13) into Eq.(20),

AK = F A7y — g (08 ggmn O A7), puiar, (21
FE 20

The incremental stress-strain relation is now obtained by solving Eq.(21) on
4K4 ie.,

. e G oF
AR = ( Elikl -5 B8y EPIRL TR )ATM
G oF ’a
+ <Bz]_%Ei]kl”lemn a]{"’ﬁ‘v— S Ei]klnkl,%g,)AT
= AU AT+ DVAT, (22)
with
S=1 +@Eijklnkl,é%_ ) (23)

It is not difficult to show that in the case of an elastic deformation, the material constants

are reduced to
Alikl= Fiikl Dii=Ri] and S=1.

This means that A%% and D% have the same symmetry law as E£%¥ and BY,
respectively. Kawahara and Horii2® introduced a constitutive equation similar to Eq.
(22) under the condition that the yield function was not affected by the temperature.
In the isothermal deformation, the relation similar to Eq.(22) was also presented under
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different conditions.21),29)
The increment of the plastic strain 4742 is obtained by substituting Eq.(22) into
Eq.(13);

Arp= ég]%F Amnklm]mkﬁ(;( aji{?n" Dm —|— % )nijAT
=o* A7+ By A T, (24)
with
aft=aif®=azu® and By=PBsx.

For later convenience, we try to evaluate the explicit expressions of £y, ped7
and do. First of all, pyn can be expressed by substituting Eq.(16) into Eq.(9)

owi=—ro- 35 =—(BU7ye +5-6), (25)

where we have used Eq.(17).
A combination of Eqgs.(16) and (17) leads to the form as
Podn=(B¥lay;1— B4 ffj—f— (ﬁnB“——%o—)A 7
—I—B”ai]klAT]cl—f—Bij,B.ﬁAT
= SHAT 14+ SAT+-,.S5A47 454+ 7.54 7. (26)

Since the increment of the internal dissipation function do is expressed from
Eq.(14) as

__ 0o ) 30' do p 1 99
do=5 247y +( [ 178 T S ATy + 5547,

the explicit from of dg is given as follows:

_[ory® dg __ da A7,
A"_[ 3o +<armnp Tmn® )“"‘” ]AT‘?
oo do
Bnn groces — arese )+ 39 JA7
=,0%4 Tij~|~TaA 7, 27)
with
raifzroﬂ.

4. Governing Equations for a Finite Element

A typical finite element with the volume v, and the surface area 4, at the reference
configuration Cj is considered to discuss the energy balance of the continuum under
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the action of external forces and heat supply. As will be discussed at the end of this
chapter, it is easy to obtain the equations governing the entire system.
The law of conservation of energy for the finite element, considering only thermo-

mechanical behavior, is
K+U=0+0, (28)

where A and U are the kinetic energy and internal energy of the element, and £ and
Q are the mechanical power and heat supply, respectively. If all quantities are refered

to C,, these are expressed as follows,
K= / Couinidy
o
U= Poéa’v
Vo

(29)
Q= /v PoFitado+ /AoPizlidA

Qz/AogiymdA—l—/mPo/zdv.

In Eq.(29) £ and # are the internal energy and the heat supply per unit mass, respectively,

£ is the body force per unit mass, Z; and ¢; are the surface force and the heat flux

per unit area referred to x;, respectively; while vo; is the unit normal to A,.
Substitution of Eq.(29) into Eq.(28) gives the global form of energy balance for

the element as

/ Pt dvt- / Posdv
vo vo
- y y . 0
A boFitido-t /A Puird A+ /A quaid A+ /1 bokdy (30)

Bearing in mind the following expression for the surface force,
Pm=KijVOi(81m+um,j), (31)

and assuming that the principle of balance of linear momentum hold, we have the

local form of energy balance from Eq.(30) under the certain continuity requirement,
Poe == (K™ Xy )t m~+ 1,1+ Poh- (32)

The equation of motion for the element is obtained by substituting Eq.(32) into Eq.(30)
and using Eq.(4),

J, Pobwbudint=- || K™y rmdo

- /v pobyFidv+ /A dwPidA, (33)
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Since the increment of the surface force 4/7; can be denoted as

AP=A K ™8+ u, juivom+ K™y, jromdus
= Pyi(8s5+hu, jues™y+ Polifa, jd e, (34)

the incremental form of Eq.(33) is obtained by adopting the constitutive equation (22)
in the following

/ Pobmbydodit
vo

+[/voAmj”l/lM,k!/w,m(Bzr+l/'K,l%rK)(3ij+¢‘LJ’Z‘iL)dl'

| K mdoSie— [ Pob,d Adiy | A
+ [ D™y i Gu i ) oA T
= / Popyd Frdr+ / AP (Siy+ue yui)d A, (35)
Vo Ao

and is written briefly as

Mundu 4+ K yunridud +Ounid TH =41 y;. (36)

We now introduce the free energy ¢ and internal dissipation function o in order
to deduce the equation of heat conduction,

PE— 37)
UZKijfi]—Po(<£+né). (38)

The concrete expression for these functions has already been given in Sec. 3. Since

the relation
(K”Xm,j)%’m,i :0'—1‘100(5.'—‘{.)0)

is obtained from Eqs.(37) and (38), it can be shown that the following equation of

the local form of energy balance is rewritten as
ot =gi,1+ Lo/ +o. (39)

Upon multiplying both sides of Eq.(39) by 7" and making use of the Green-Gauss

theorem, we obtain the following general equation of heat conduction
/ P()To'r)a'v:/ Tqrvoid 4
Vo Ao
— / (g1 Ts—PoTHydv+ / oT'do. (40)
o Yo

The incremental form of Eq.(40) is obtained by operating 4 after substituting Egs.
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(4), (7) and (8) into Eq.(40) and simplifying it, i.e.,
/. eonmadb+bdnydo= [ ywdgiudA
o 0
— | Gwidgi—popndiydv+t | gudods. (41)
Vo ]
We now require the Fourier’s law of the heat conduction which can be denoted as

g1=—X"" i+ttt m) Syn+25,m) 7,5, (42)

where M7 is the thermal conductivity tensor in the configuration C;. By making use
of Eqgs.(25), (26) and (42), the incremental form of the general equation of heat con-
duction is obtained from Eq.(41),

/v 2SO wbae J( Lo TE) Sip b, urt) dodii™
+ /v + S Lo+ T) dod M
+{ [ b s Dot O3S0 -1 SU S+ o, )
——/mAmfl/JN,ix/JM,j[(Slm+ul,m)l/lx,15ir+(31m+%i,m)l/1K,r]TK‘{Z’
— ./1; ,o“l/lNl/'M,z(Sjr—{—x/lx,jur")a’ﬂ}durM
r N .
. { /. ¢N¢M(;Si,-rﬁ+fST)dv+ /v S Lot )

— /v . A i 1 (Bem —+2¢4,m) (Sn+145,n) dv

~/ Tal/le/JMdv}ATM
Vo
:/ ¢NAg¢y01dA+/ z/:NA/m’v, (43)
Ao Vo
or briefly
anurdiM +byyATY+ kyurdu +Iyud TH=AZ . (44)

Now we have the fundamental equations for the coupled thermoelastic-plastic
problems for an element in the form of Eqs.(36) and (44). The final equations of the
whole system are deduced by superposing these equations of an element over the
entire domain, and taking into account the mechanical and the thermal boundary

conditions of the system considered. They can be expressed in the matrix form as

MAiu+KAu+-64T=AI, (45)
adu+bAT+kAu+3AT=A4Z. (46)
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where 4u and AT are the nodal displacement increment and nodal temperature in-
crement vectors of the whole system, and the coefficient matrices in the above equations
are obtained by superposing the element coefficient matrices in Eqs.(36) and (44).
As the time derivatives of Au and AT in the equations such as du, A4 and AT
are expressed approximately by their current and preceding values,3? we can obtain
the incremental displacement du and temperature 4T by solving the linear simultaneous
equations. It is easy to calculate the strain increment 47y, the stress increment 4 K%
and also the current values of 7; and K% of the elements once 4du and AT are

determined.

6. Concluding Remarks

In order to formulate the coupled thermoelastic-plastic problem, the thermo-
mechanical constitutive equation for the thermoelastic-plastic material was deduced
with the assumption that the free energy of the material is given as the summation of
two parts, i.e.; elastic and plastic parts.

The finite element formulation for the equation of motion and that of heat con-
duction during finite deformation was presented in the incremental form with the
internal dissipation function proposed by Perzyna and Wojno.

The final governing equations containing nodal displacement increments and

nodal temperature increments as unknowns were deduced.
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