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Abstract

Recently, problems of decision making process have been discussed in many
fields, and in particular, several mathematical approaches have been proposed for
economic problems.

Decision making for management contains many complex situations and has
theoretically unsolved problems. However, there are effective approaches for some
problems.

One approach is a sequential decision analysis by a decision tree. This ap-
proach is often used because the analysis is applicable even if the decision stages
are mutually dependent on each other or are subject to certain constraints.

On the other hand, it is known that a sequential analysis by the statistical
decision theory can be used for problems of decision making even under uncertain
information.

This paper investigates a truncated sequential game, an N-truncated se-
quential analysis.

1. Introduction

One kind of specialization of two-person games leads to a class of games
known as statistical games. In these statistical games, the two players will be
referred to as nature and the statistician. In statistical games, nature cannot be
considered as a conscious opponent who can take advantage of mistakes made
by the statistician. The statistician has at his disposal a class A of possible
actions which he can take in the face of the unknown state of nature w. If he
decides to take an action without experimentation, we assume that he incurs a
numerical loss L(w, @), a known function of the state w and the action ¢ which
he selects from A.
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The possibility of ‘“spying’’ on the opponent by performing experiments is a
distinguishing characteristic of all statistical games. The possibility of perform-
ing experiments and thus reducing the loss by gaining at least partial information
about w is open to the statistician. He must decide which experiments he is to
perform, in what sequence he is to perform them, when he is to terminate ex-
perimentation, and what action he is to take once experimentation is terminated.
What prevents the statistician from getting a full knowledge of w by unlimited
experimentation is the cost of the experiments.

At each stage he can choose one of two sampling methods as a subexperi-
ment. A different sampling method has a different sampling cost. The total num-
ber of possible subexperiments does not exceed a certain preassigned integer N.
The N-truncated sequential game described above can also be considered as an
N-truncated sequential sampling plan.

2. Formulation of N-Truncated Sequential Sampling Plan

An N-truncated sequential sampling plan is a procedure by which a decision
is made as to Whether a sampling is to be continued or not; and a terminal
decision is made when the sampling is truncated. Let us define the state space
= (wy, wg,++, w,) and the decision space A= (ay, as, -+, @,), Where w; is the index
of state ¢ and @; is a terminal action.

Next, the following loss function or opportunity loss is introduced ;

L(wi, a,) =max Wi, — W;j, i= L2, ..,m (1)
k
j=1, 2,0, 2

where w;; is the payoff if nature is in state i and the statistician’s decision is
j. An optimal solution is a solution which minimizes the total expectation of
losses. Let £ be the space of a priori probability distributions on £. Then Z
can be respresented as an (m—1) dimensional simplex with point,

§= (&, & -y &), &0 for all i and %FFL @)

It is assumed that two sampling methods can be used. One sampling method
is to observe {Y¥}, which has a probability distribution fw(Y), with a cost C,.
The other is to observe {Z}, which has a probability distribution fw(Z), with a
cost Cy. This paper treats only discrete probability distributions.

Assumptions

1. Sampling cost is C, or C, for each of the observations of {¥Y} or {Z},
respectively. Only one of two observations is permitted at each stage.
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2. Sampling is truncated within N stages.

3. When sampling is truncated before the N-th stage, a terminal action
should be made.

4. Probability distribution at each stage of the same sampling is mutually
independently and identically distributed

Let us define the observation vector x(N)=(x;, %, ---, ¥y), where x; re-
presents the ¢-th observation, that is

. _{yi, y: observation of {Y}
! 2. z: observation of {Z}

Now x(N) is considered to be a point in N-product space £,(N)=8,x--- X
2, where 2,=8, or 2,=8,, and 2, consists of all observation values of {Y} and
£, consists of those of {Z}.

Further, x(j) represents the observation vector whose first j elements assume
observation values, and the remaining (N —j) elements are arbitrary.

Terminal action a=A is written as terminal decision function d of j and x;

a=d(j, %), ©)]
where
d(j,x)=d(j, ) if and only if x, €8, and x;=x/ for i=1,2, ., j.

d({j, x) is an action, using the information %1, %3, ---, x;. Let D be a set of terminal
decision functions d.

Definition Let 3 be a class of partitions for an N-product space 2,. If Sy
&3, then Sy=(Sow, Six» =» Swn). When x, 2/E8, and x;,=x%, for i=1,2, .., 7,
then x=S;y if and only if 2’&S;y. That is, each S;y is a cylinder set.

An element (Sy,d) of 31xD determines a sequential sampling plan. The sets
S,y of Sy are sometimes referred to as ‘‘stopping regions’.

Let us introduce other elements of decision process:

Cj(x)=sum of costs for sampling x;, %z, -+, %3,

P,(x) =probability of x when nature is in state o,

o(w, Sy, d) =risk when nature is in state w and we use (Sy, d),

0@, Sy, )= 3 (Cs(®) +L(w, d(j, £)IP. (). @)

J=0xES;~y

If a priori probability distribution on £ is given by &, then

P(e. SNr d) =Zp(w7 SNv d)e(w)
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—EZ > (Cs(®) +L(w, d (4, %)) IPu(2)§(w). ®

o J=02=85;N

E;:(h) =conditional expectation of bounded function 2 on £x£,, when 1,
Xg, -+, X; are given.
For any x, the value of E; (k) at x is

3 SE@P.(Nhe, y)

O W 7 0) . Pi@)=3P.(0)é(w), O)

yEF (%)

if w has distribution ¢ and x has distribution P, for fixed w. F;(x) is a set of
points, the first j elements of which have the same elements as those of x.

Therefore,
Siv= U F;(x), Q)
x=Sx
and
- Pe@)y= 3 Pe(y), for x&Sy. ®
YEF (%)
By using these equalities,
»
G Swd)y=3 3 (C;(x)+E;(L(w, d(j, 2))1IP:(w). ()]
j=0xES;N5

Some definitions are introduced in the following :

7;(%, @) =E (L (o, a)]=§8;(w)L(w, a), 10)
r*(x) =minr;(x, @) =¢(§)), an
acA
where
Er=(&s(w1), §5(wp), -+, &3(wm)), 0 EL, 12)
P& Sw)=minp(, Sy, ) =3, 3 (C;(®) +7,4x)IP: (). as)
d J=02=S;~n

Now, an optimal Sy* of N-TSSP for a given a priori probability distribution
& is constructed.

At first, a posteriori probability distribution on £, under the condition that
the observation of x(j) is made, is derived by Bayes’ Theorem,

@) =E(olr() =G a4)

It is noted that
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_ fw(yi>» if in=ﬁgvi’ 15
9 (%) _{ g.(2y), if 2,t=8,  for each i. 5
Then, it is shown that
P.a(N=, 3 [a.Go=[la.c) 16)
Pe(x (1)) =S (@) P.(5(i)) = T6(0) [14. (5. an

Among the j elements of x(j), m elements are given by the observation of {Y}
and (j—m) are by {Z}, Therefore,

if Xi=Yjs

m Jom
SRS O L8 pye i)

51' (w) = E!—mm ((1)) = Py F-m = e
Se@ 100 T gutan FOIE"@

4. (%))

TS @€ (@) Emmm @) =Ty £41 (@), (8)
and if x;=2z;,
N p ompy— Bo(ZEm™(@) g0 (%) e
O =) = @ G @) ST e @ (@)
=ij"7.j$j—l(w)' (19)

In any case, & can be expressed by T4, i.e, by &, and x;. The a
posteriori probability distribution &; becomes the a priori distribution for the
next observation.

Remarks Let / be a real-valued and bounded function on Z; and for any
j and fixed &EF let

E(h(Txié)I=E(h (T80, (20)

and
E.(h (TIS)]EXJ;ZM}E (@Yh(T26)gu (%). 2y
Now, the conditional expected value of &;i;, given xy, x5, -++, £; is written as
Eih(Tx60) =ijH :ZEJ (@) B (T 20181 qu (%510 - (22)

This expression can be derived from the definition of symbol E; and the fact
that x;'s are independent of each other. Since the x;'s are also identically dis-
tributed, the above equation shows that, if §;=¢ and #x,.,=x, then



Bayes Procedures for Truncated Sequential Game Identifying
an Alternative of Different Sampling Plans

Esh (T 8))=E, (T3

The following notation is used below :

Ejh(T26)]= fj[h (T2£0].

3. Theorem and its Proof

119

23)

(24

Theorem There exists an optimal solution Sy*= (Sox*, Sia*, -+, Sva*) for

N-TSSP, given a priori probability distribution é&.
And the Bayes risk is given as follows:

px*(®) =min (¢ (©), Ci+Elow-*(Tw)], Cot Elon—1* (T2,
where
SjN*= {xIETEEEN_j for r<j; GJEEN—J} .

Sx* is a partition of N-product space £2,.
Proof Proof consists of two parts.
(1) Construction of Sy*.
Functions kg, by, -+, by on § are defined as follows:

by (&) =¢(§) =min3}¢ (0) L (e, a),
€A w

and by induction on j, j=1,2, ---, N,
hy(§)=min(¢(§), C, +§ (s (T48) 3, Cot-ECy-1(T:6)2D.
Let
Us§n=Cimy+Co(j—my) +¢ (&),

where
m;=the number of observations of {Y},
j—m;=the number of observations of {Z}.
And by induction backward

axn=Uxn,  ajy=minUy, E;(a1?, &), Ej(azat ») .
v z

Finally, the following notations are introduced

oy (Tyf—1) =an?

=a;x(§5) =
ajn ajN( J) { an (T;Ej—l) =ayn? for ]SN

It is noted that

any=ayy Ex) =Un(Ex) =Cimn+Co(N—my) +¢(&x)

(25)

(26)

@n

(28

(29)

(30)

@D
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_ [ Cimy—1+1) + Co(N—my-1—1) + by (T yn—1) =ann? (En-1)
Cimy_1+Co(N —my—1) +ho(T £y—1) =ann*En-1), (32)
ay—1, y=an-1, n Ex-1) =min[Un-, EyN—l (Ena?), EN—; ¢nn®))
=CiMy_1+Co(N—1—my_) +h1(En—1)
_ { Cimy—p+1) +Co(N =1 —mpyo—1) +h (Tybn-2) =an—1¥,
Cimy—s+Co(N—1—my—2) + 7y (T bn-2) =@n-1% s @33)
an_y n=0y_g n{En-g) =min(Uy_,, VEN—J' (@n—s+1% N)» ?N—j (en—4+1% &)

=Cimy_y+Co(N—j—mu_y) +hy(En-y)
B { Cimy—s1+1D) +Co(N—j—ty—yy—1) +hy(Tybn-y1) =an_s¥, 5

City—j1+Co(N —j—ty_s-1) +hy(T n—j1) =an-7 v (349
aon=Cio+Ca(—me) +hw (§0) =hn (%0). (5

i) Let us define
Si*= {glan<U, for r<j, aw=Uj. (36)

Then by (28) and h;(8)<¢(8),

Sin*= lan_y-r, »<U, for r<j, apw=U}
= {X|hy— () <& (&) for r<4, hy-j(§)=¢(¢Ep]}

= X|§,EEN_, for r<J, &EEN-J, 37

where

Ey= §h;(8) =4O}, (38)

Bp= Eh;(8) =C, +133 i (T8}, 39

Ej= {&lhi (%) =Cz+€Eh:‘—1 T.87. . (40)
If a,N<U,, then aTN=minEErEar+1y; N» Er[“r+1': ~JJ.

Therefore, Y ?
Q= '-Qv: if an =ErEar+1"x N
¥

L, 1=20,, if an=Elar? 5,

where

R,1=9, if and only if &EEy_., 4
L2,=0, if and only if &EExy_ ,.
ii) Sww*NS;w*=¢ for any ¢, j (0<i, j<N, i#y5)
Proof For any p, ¢ (p<q), §,&En-p for all £&S,y*. On the other hand, £,
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E&y-p for all x&Syn*.
Therefore,

Sev*MSpw*=9.

iii) Any point in £, belongs to only one of S;y*.

Proof If x does not belong to any S;»*(j<<IN), then x belongs to Syx*,
because ayy=Uy.

In consequence of i), ii) and iii), Sy* is a partition of £2,.

The meaning of each notation is as follows:

L;(¢;) =the risk of optimal terminal action after j observations,

a;y=the risk of j-th stage assuming that optimal actions are made after the
j-th stage.

Therefore, at each stage, if a;y=U;, then the optimal terminal action should
be made, and if a;3<U,;, then a sampling of {Y} or {Z] should be used, ac-
cording to ayv=a;n? Or a;y% respectively.

Ey_; represents the stopping region. That is, if at the (j+1)th stage a
priori probability distribution §;&&y_;, then the optimal terminal action should
be made.

En-y, y vepresents the region where {¥Y} should be observed.

Ey_; ., represents the region where {Z} should be observed.

(I1J It is shown in the following that Sy* is Bayes' optimal.

It is sufficient to show that

on*(§) =H§in P& Sx) =0 Sn™), Ay

where Sy is a partition of 2..
px*(® is given as follows:

ox*(§) =min(¢ (&), C +E; Con—* (T8, Co+ECoy—1* (TA) . “2

If & is fixed, then &§; depends on only %y, x5, -+, X;.
Therefore, the following expression can be introduced;

ajn=an () =a;n(x)  for any x& Sy,

where a;v(x) as well as U;(¢;) =U,;(x) mean that they are functions of only x;,
Xgy ***y Xj.
Let Sy= (Son, Sin, -+, Sv~) be an arbitrary partition of £,, and
Tr=S:nUSr41 xU USww for r=0,1, .-, N,

then
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g(r)=_72_;£25 ain () P (%) + 2 ey () Pe (%)

—Z > a]N(x)Pf(x)+ 2 oy (£) Pe (%),

F=0x&S;N Tre1
gN)=3 3 aw@Pi(x),
J=0xES;n
g0y = > aon (x) P¢ (%) =aon,
2&To

o (%) =aon (o) =aon= constaﬁt.
It can be shown that
o T @Pm= 3 E (a1, (%) IP: (1),
where
E.(ars1, N]=minE*§rEar+1y: N I?r[arﬂ’, ~JJ.

By (43), (47) and definition of a;y, the inequality

g(r+1)>2 Z am(x>Pe(x)+ E orw () Pe () =g (1)

]=' gl r+l

holds with equality if a.y=FE,(a.1, »), and does

pESH=5 = U;0P@>3 5 am@Pe@ =gN)
j=02ES;n J=0xES;N8

for any Sy.
If Sy=Sxy* then 2&S;y (j=0,1, ---,#) for x=T 4, and
ay (£)<Ur (%) .
Therefore
ary (%) =E;(ars1, v (%),
and

gr+)=g@®.
The inequality holds
P (5, SN) 2p (Er SN*) ’

because

pv* (&) =p (¢ Sy*) = Z E U@ Pe(x)=g(N)=g(0) =aon.

i=0sE

(43)

(44)
(45)

(46)

)

(48)

(49)

(50

Y

(2)

(3)

62y

(55)
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Therefore, Sy* is a Bayes solution with respect to & and the following holds:

PN*(5)=a0N=hN(E), for N=0’ 11 2’ tt (56)
Next, S;* for k2-TSSP is considered. Then,
¥ (&) =p (&, S =h(8). (57)

It is shown that S.* is a part of Sy*, in the following.

Let us consider (N—j,)-TSSP, where (N—j,) observations are permitted
after the j, observations.

A priori probability distribution is &;,. The total cost of j, observations is

Co=Cimy,+Coljo—m;,). (58)
Let
Uj-1/=U;5-C1=Cit;+Co(j—my) +$— {Cimyy+Co(o—my,)}
=Ci(m;—m;)) +Co(j—jo—mj+my) +¢
=Cimy—g/ +Co(j—Jo—Ms—s) +¢, (59)
where
Mg =15— My, (60)
and
an—jop N-5=Un-1,’
ay, n-3,=min(U/, E![“Hly’ ~-jods Eflaser®s n-s01)- (61)
Then
an-jop N-jo=Un-3/ =Un—Cs=ann—Cy, (62)
g N-10=n—Cjp  j=Jo Jo+1, -, N. (63)

In this case, an optimal solution for (N—j,)-TSSP can be constructed by

Swego¥=(So*, n=100 S1*) n=10» =**» SN=1.%s N=10)> (64)

where
S7¥, v-10= lar, N—3, U/ for r<[j, a@j, n—j,=U/} . (65)
2,7t is decided for r=0,1, -+, N—j,—1 similarly in N-TSSP according to
Qs N—J=mintlfr (@r41¥ N—5p) ?r (1% N-3o) I+ (66)
Then, Sy—;* can be considered as a partition of (N—j,)-product space

2, =2 1X 22X+ X R Ndo,
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By the following equalities,
ey Nejo=0rs N—jo (&) =Crsjp ¥ Ersse) —Cipr &' =Er1jr
1Yy N—10 (&) = ity N—3o (Tobe’) =rirtse%s v Eradp) = Cipr
aria?, N3 (&) = rrts n—5y (T i) = trpaas®s w(Erase) —Ciy
can be rewritten as
Orijor 8 (Erise) = min[€r+lo':ar+1+jovr NG s Ezr+!oEar+l+jo'; I (CITARDE

7=0,1, -, N—jo—1.

Furthermore,
apy (Ex) = min[kaEak+lv’ ~n(En zEkEak-H" ~(ED1),
k=jo, jo+1, -+, N—1.
If
oy, N—jozyErEar+ly: N—fo s
or

a,, N_,ozzE,[am’, Neiods for r=0,1, «:-, N—jo—1,
then equalities
akN=€kEak+lv: s
or
akN———lz':k[aHl’, Nl

hold respectively.
Therefore,

2,711= 0 1 for {r_—_(?, 1: o N=o=l
k=jo, jo+1, -, N—1,

and

X 02,2X eoe X RN Jo=0 ot X Q dot23 e X QN

67
(68)
(69)

70

7D

(72)

(73)

70

(75)

(76)

an

(N—jo)-dim vector x in (65) can be extended to N-dim by adding fixed (x,, --,

%;,) for the first j, elements. Denoting this,

S*, nego= Xlay, n—j; U, for v<j, ay, y—j;=U/}

= {&larsjop v —=Cse<Ursso—Ciy for r<jo, @10 v —Cro=Ujss,—Cy,}

= {&lartjp ¥<Urss, for r<g, agise v=Uj s}
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= {%lay, v<U, for r<j+jo, @jrsp v=U s
=SJ+fo*: Ny j=0’ 1, "':N*fo- (78)

Therefore,

SN—10*= (So*y N—jor Sl*: N—jgs =% SN-jo*y N—jo)

=(S1* x> Syptr*s ws -, Sww™®). (79)
This shows that S.* is a part of Sy*.
Hence
by & =es*@®  for j=0,1, -, N, (80)
and
px*(€) =min(¢(§), C1+yEEPN—1*(TvE)j: CotECow-1*(T:§) ). 1Y)

This completes the proof of [II].
Corollary 1. hy®)>=>hy1(®) and E;DE;, for fixed &.

Corollary 2. ox*(£) is a concave function with respect to &.

Conclusion

A special kind of statistical game, an N-truncated sequential game, has been
investigated where the statistician can choose one of two sampling methods as
a subexperiment at each stage.

The existence of an optimal strategy for the statistician, that is, an optimal
solution S,* for N-TSSP, is proved. Then, given an a priori probability distri-
bution & on £, Bayes risk py*(&) is derived in the Theorem.

Further, some properties of Bayes risk are shown in the Corollaries.
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