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Abstract

An attempt is made to find a generating function for the radial wave func-
tions in the quantum mechanical Kepler problem. It is shown that for the
Mellin-transformed Coulomb wave functions with a fixed angular momentum, a
generating function can be represented as a double integral form. The s-wave
case is studied in more detail. The generating function is simplified to a single
integral form, by which the orthogonality property of the original functions is
reduced to that of a new series of functions. The properties of these functions
are briefly discussed.

1. Introduction

Among various two-body bound state problems in quantum mechanics, the
hydrogen-like atom (Kepler problem) and the harmonic oscillator have distin-
guished features. They admit exact solutions and exhibit dynamical symmetries,
although these facts are closely connected with each other. The analytical as
well as group theoretical properties of the wave functions have been extensively
studied thus far.

The (three-dimensional isotropic) harmonic oscillator problem can be solved
both in the rectangular coordinates system and in the spherical polar coordinates
system. The wave functions are expressed in terms of the Hermite polynomials
and the Laguerre polynomials, respectively. Analogously, the hydrogen-like atom
can be treated in the spherical polar coordinates system and in the parabolic
coordinates system. In both cases, the wave functions are represented by the
Laguerre polynomials.

From the viewpoint of the special function theory, however, there exists a
significant difference between these two problems. In the harmonic oscillator
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case, the quantum numbers (principal, angular momentum, etc.) appear merely
as indices of the special functions. In the hydrogen-like case, the principal
quantum number appears in the argument of the special polynomials and their
weight functions as a scale factor as well as in the indices. This makes it difficult
in the latter case, in contrast to the former case, to find generating functions
for the series of the Coulomb wave functions with different principal quantum
numbers.

In this note, an attempt is made to find a generating function for the radial
Coulomb wave functions with a fixed angular momentum [ (the principal
quantum number # takes the values [+1, [+2, .- ). In the next section, the
Mellin transformation is applied to the Coulomb wave functions and the gener-
ating functions for these transformed functions are obtained in a closed form.
They are represented as a double integral form. The s-wave case is further
elaborated in Sec. 3. The generating function is expressed as a single integral
form, by which the orthonormality property of the original wave functions is
reduced to the orthogonality property of a new series of functions. The prop-
erties of these new special functions are briefly discussed. The final section
is devoted to a summary and discussions.

2. Mellin Transformation and Generating Functions

As is well known?, the radial part of the normalized Coulomb wave function
R,,, with the principal quantum number # and the angular momentum quantum
number /, is given by
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and the Laguerre polynomial L
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In order to elimate a trivial factor, we shall introduce
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so that R,, is expressed in terms of f., as
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Rus(r) =25 Lon—1 =1 n ) v 2 ) ps ). @

Since the scale-transformed variable r, appears in Eq. (3), it is convenient
to introduce the Mellin transformation to ‘‘diagonalize’’ the scale transformation :
‘The Mellin transform F.,; of f,, is defined by

Fnl(s)ES:fnL(r>7'_ld7’, s=a+ir. (5)

This is well defined for #, the real part of s, greater than -/. The isometric
character of the transformation implies

S:fnt (N *farr (r)ree—idr = %ﬂ_—gi Fo (o+ic)*F s (o+it)dr, (6)

so that the orthogonality relation of R, (#) with respect to the measure 72dr
is equivalent to that of F,,(3/2+ir) with respect to dr. The Mellin transform
F,, is calculated to be
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This can be rewritten, for —/<Re(s)<l+2, as
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which is readily verified via a binomial expansion of (1—2{)n—t-1,

Now, we shall derive the generating function for F,, with fixed [/ and #n=/

+1, 142, e . By noticing that?, for |z|<1,
ngf‘_l—z’zn_l_]: ra +12—s) S: ef:u urti-sdy,
we find, from Eq. (7), for |e|<{1 that
sy A= (e ) T G g weduJat
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In order to see the merit of the generating functions thus obtained, we

shall investigate the simplest case where /=0 in more detail in the next section,
although the integration with respect to { can be carried out explicitly for the
general value of /.
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3. S-wave Case

We have obtained in the previous section the generating function for the
Mellin-transformed Coulomb wave functions for general /. It takes a rather
complicated form given by Eq. (8). For the s-wave case, however, the integra-
tion with respect to { can be performed, by transforming it to a contour integral
in the complex f-plane, to yield a simple result

S;( lt—t >H en — ((llt—Zt)a = si:ns [( }J—ri:zz )Hﬁlj%‘

Therefore, the generating function for /=0 is given by
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Now, we shall try to derive some information from the above equality.

First of all, notice that the function

(u a)—i l—ea
&, a)=—, l14ema’

decreases monotonously from plus infinity to zero, for the fixed real a(—1<a<{1),
as # increases from zero to plus infinity. By putting s=3/24ir, we obtain from
Eq. (9), for —1<a, b<1, that
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In the above derivation we have used the well-known formula®

1 w2 :

TA/2=iyel (1/2+i0)? sinz(3/2+ic) sinx(3/2—i7)

_< 1 T 2_
“T\NI'Q/2—it)"A/244ir) cos m'r) -

Because of the equality
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the right hand side of Eq. (10) can be rewritten as

ol do v 25710 £ D))
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Consequently, from Egs. (4) and (6), we find that Eq. (10) reduces to

PN o}i Laﬂ—lbm‘lgaro(r)R,,,o(r)rzdr
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Unfortunately, the integration on the right hand side of this equation can-
not be performed analytically for the general values of @ and b. For the special
case where a=¥5, since the equation g(v, a)=g(u, a) is solved to give v=u, we

can carry out the integration;

G, a)= S:d“{g(“’ ) <|—aEé(7v(,v—¢’z)a/)avT>v=u— l]

oo —2 —eu —u
=S dy 2@ — e atue—a) =[log (1-—e—2ua2~2ue—"a)]
0

1—e2vq2—2ue—q o
=—log (1—a?).

Therefore, if it can be shown that G(a, b) is a function of a-b only, so that its
value at (g, b) is equal to that at (/ab, +/ab) ; G(a, b)=G(~+/ab, /ab) = —log(l—
ab), then Eq. (11) becomes

SR TP PR 1 _
P ISOR,.O(r)RmO(r)rzdr_ 5 log (1—ab). (12)

This is nothing but the orthonormality condition
(" Ruo(r) Ruo (r) 727 =100 (13)
0

We shall, at this point, invert the order of our induction by admitting the
orthonormality condition (13), and hence Eq. (12), and try to see the conse-
quences of Eq. (11). By means of the inverse function of g(u, a);
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=80 2 u=h(x,0), —1<a<1 (0<z, 4<eo),

Eq. (11) is transformed into

Ga,b)={ d(ogx) aul dv(v g a)g(v, by3(log g(u, @) +log x)

x &(log g (v, b) +log x) — v/ g(u, 0) g (v, 0) 6(log g (u, 0) +log x)
xd(log g(v, 0) +log x)}

_SO (;icx {S dué(logg(u,a)+logx)§ dv 3(log g (v, b) +log x)

S dud(log u——logx)g dv 6(logvﬁlogx)]

dz &(u, a)
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where use has been made of the equality

g(u, a)
[0g (u, @) /ou]

;15 “x2h(x,a).

u=h(zr a)

The equality G(a, b)=—log (1--ab), therefore, implies

S:dx{g—xh(x, a) ax —=——h(x, b) — }z —log (1—ab).

(14)

(15)

Obviously, for the fixed x in 0<{x< oo, the function dk(x, a)/dx is a real analyt-
ic function of @ in the region —1<{a<1. As a consequence, the power series

expansion is allowed as follows

a o
Wh (x, @) =kz_:oX,, (x)a*.

(16)

Thus, as is seen from Eq. (15), we have obtained a new series of orthogonal

functions X;(x) ;
S:Xf<x)Xk(x)dx:0 for j+k,
with the norm property
S:(Xx(x))2dx=% for k=1,2, -

The first few terms of X, are

Xo(®)=1, X;(x)=2(x—1)e>, X,(x)=2(4x2—6x+1)e2=,

an

18)
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In general, X, is shown to be of the form X,(x)=p,(x)-e =, where p; is a
polynomial of order k. Remembering that R,(#) is of the form (#-th order
polynomial of #) xe—/», we can regard X, to be “dual”’ to the original Coulomb
wave functions. The weight of X,(x), i.e. ¢e~*=, depends on % analogously as in
the case of R,;. We have, however, a good reason to believe that the new
series of special functions is more tractable than the original ones. For, if we
could find a generating function for the polynomial part p;;

P(x, a) =X Cebe(r)at,
then the generating function for X, would immediately follow :

P(x, e=a)= f}ockX (x)ak.
fo=

4. Summary and Discussion

We have found the generating functions for the Mellin-transformed Coulomb
wave functions. For the general value of the angular momenta, they are given
by Eq. (8), and for the s-wave case, by Eq. (9). Instead of proving the or-
thonormality property (13), we have reversed the direction of our induction.
From Eq. (12), it is shown that the new series of functions defined by Eq. (16)
satisfies the orthonormality relation (17) and (18). Thus, there naturally arises
the new series of orthogonal functions in association with the Coulomb wave
functions. Since the Coulomb wave functions have a definite group theoretical
meaning, it is hopeful to develop the group theoretical argument concerning the
property of these special functions in the sense of Vilenkin's textbook#. Also,
it is highly desirable to find another generating function which enables an ex-
plicit calculation of the general form of the series, although we have one
defined by an implicit function, Eq. (16).

Acknowledgement

The author is grateful to Dr. Toshihiro Yoshida (Fukushima University) for
his kind interest in this work and the critical reading of the manuscript.

References

1) L. I. Schiff; “Quantum Mechanics’, McGraw-Hill (1970).
2) I. S. Gradshteyn and I. M. Ryzhik; <Table of Integrals, Series, and Products’”,
Academic Press, p. 1075 (1965).



162 Noriaki SETO

3) ibid. p. 937.
4) N. Ya. Vilenkin; ¢Special Functions and the Theory of Group Representations’,
American Math. Soc., Providence (1968).



