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Abstract

A method of analog simulation of problems of heat conduction using electric
resistive circuits and analog memories is proposed. The principle of this method
is to derive the difference equations corresponding to given problems and to
simulate these difference equations by using resistive circuits accompanied with
analog memories. Discussions of the practical set-up procedures for constructing
the resistive circuits are given according to the various problems of heat conduc-
tion. By using this method, the approximate solutions of typical problems of heat

conduction are easily obtained with considerable accuracy.

1. Introduction

Certain problems, such as ﬁnding the solution of a partial differential equation
under given initial and boundary conditions, are extremely difficult to deal with by
purely mathematical means, From a viewpoint of engineering, rather than an accu-
rate mathematical solution, an approximate but swift and easily comprehensible
solution is often preferred. Hence, the approximate solution applying the digital or
analog computers is useful. However, the digital computer method employs very
many memory devices and has the risk of divergence from the numerical solution?,
while the analog computer method requires many integrating amplifiers.

From this point of view, the authors have developed a particular computing
device suitable for the solution of various problems of heat conduction,

The aim of this paper is to explain the principle of this device and to discuss

several methods or procedures of its application.
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2. Approximation of the Fundamental Equation of Heat
Conduction by the Difference Equation

For an example, consider the following equation of one-dimensional heat conduc-

tion and discuss the method of approximation by the difference equation.

20 _, 0%

oE k*a;é ’ (0<x<LL),

80, 1) =6, (), 8(L, 1) =0:(0), [ M
8(x, 0)=f(x),

where 6(x, t) : temperature rise (°C)
t : time (sec.,)
x : displacement in the direction of thermal conduction
k : coefficient of thermal diffusion (m?/sec.)
L : length of thermal conductor (m)

f(x) : initial temperature distribution
@, 0z : boundary conditions.
Solution # is clearly a function of x and f. Setting the x-, y- and @(x, {)-axes

as shown in Fig. 1, solution 6(x, t) is represented by a curved surface as shown.

O (x,t)

Fig. 1. Solution surface of Eq. (1).

Now, supposing that the x-axis is divided from the origin into a number of
minute divisions of lengths dx;i (i>>1, 2,..., [,...) at the points x: (=;5xi), and
that the solution #(x;,¢) at the arbitrary point x; is written simply as #, then 6; is
a function of ¢ only (x being fixed at x;). Then 8: is represented by a curved line

2 2
as shown in Fig. 1. Let us write 99 and 9% as 061 and 9 '92',

0% |sms; 0x% |sas; ox 0x

respectively.

According to the three cases concerning the division intervals dx, we discuss
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the method of approximation of Eq. (1) by the difference equation.

2.1 Case of 3x;=dx=constant (equal division)

Assuming 0x is sufficiently small, at any particular time ¢ we can write

001 _ 01.1—6: or 01—01_,

ox ox ox @)

Differentiating partially with respect to x again, we get

%0 _ 1

0% _ 061 _ 001,
oxt  ox <ax ox > ®
C . 00 00, . . . .
Substituting A%’ into Eq. (3), using Eqs. (2), we derive
%0 _ 1 <0m-—0t _ 01—01, >
dx?  ox dx ox ,
. %; _ 1 _
i.e FraaNer (G131 —201+0:-1). Y
Substituting Eq. (4) into Eq. (1), we obtain
de, _ k _
W—W— (01-0-1 201+0l—1)- (5)
Similar to the case of x-axis, dividing the {-axis from the origin into a number
of equal minute divisions of length 6t at the points ¢, (j=1, 2,..., n,...), and
writing §(x1, Is) as 01,4, 0i,» represents one point on the curved surface shown in
. déy | . dbi,m
Fig. 1, and dt |, may be written as e
As before, we can write
dfi,» = 01,8 —01,n-1
dt at ©)
Substituting Eq. (6) into Eq. (5) we finally obtain
Oty — Oty =(—(%2—(0“1,,.—20,,,.+0,-,,,,). ™

2.2 Case of dx;dx;_; (unequal division)?

This case can be illustrated as shown in Fig. 2, where 6xs,,%dx;, H and K
are the mid-points of AB, and BC respectively. As before, considering dx7; and

dx: to be sufficiently small, we can write

00,8 _ B1,n—01-1,n l

ox ox1 @
|

6014.1,” — 0l+1.n—01,n

ox 5x1+1
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Fig. 2. Case of unequal division.

Now, un_ 4ng aoé*;”' can be considered to be the temperature gradients at

ox
mid-points H and K respectively, which are (6xi+0x:1) /2 apart from each other.

In accordance with the previous description,

001,1,n _ 01,5 Ote1,n—01n _O1,n—61-1,n

6 _  0ox  0x _  8xpa__ bxi <)
ox? %1+ 0%1, Ox1+6%1 '
2 2

Dividing the f-axis into equal divisions as before, and hence substituting Egs.

(6) and (9) into Eq. (1), we obtain the following difference equation:

_ _ 2kot I dxi _ 0x1
Orn—brn =gt ] X gy, <1+5xl+1>01,n+01-x,n]. 10

2.3 Case of dxi=a d3x:_1 (a:a suitable constant greater than 1)%

This is a special case of Section 2,2. Substituting dxi,;=a déx; into Eq. (10),

we obtain

_ 2kt 11 _ 1
01,11 0""_1—T5x_72”(‘71'?a) [aﬁhlﬂt <1+ a>01’"+01_1’”]' (11)

3. Simulation of the Difference Equation Using a Resistive
Circuit Accompanied with the Analog Memories

The fundamental procedures for deriving the difference equation have been dis-
cussed in the former chapter. The main idea of the simulation of the difference
equation using a resistive circuit accompanied with the analog memories is discussed

in this chapter.
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3.1 Case of dx=dx=constant

Consider the purely-resistive T-shaped circuit shown in Fig. 3. Using the

notations as shown in the figure and according to Kirchhoff’s law, we obtain

vl-—1. n Rx Vl.n Rx Vl+1.n
— MAM———MWN—
11 —t 4—12
I TO INPUT
Ro S l OF MEMORY DEVICE
FROM OUTPUT

K

Vl.n—1

Fig. 3. T-shaped resistive circuit (equal division).

Il+12=1"
e L (Vium=Vim) + 2 Viens=Vim) = 5 (Via=Vimo)
. . Rx -1 y R: +1) 3 Ro J ] k) - *

Arranging this equation, we have

Vl,n—Vlm-l=§'°’(Vl+lm—2vl,n+Vl-lm). (12)
x

Comparing Eq. (12) with Eq. (7), it is clear that if the values of Ry and R,

are chosen such that
Ao . ROL (13)

then the voltage V in Eq. (12) behaves exactly as the temperature rise ¢ in Eq. (7).

Obviously, if one-dimensional conductor of length L is divided into p divisions,
i.e. imaz=p and dx=L/p, the number of resistors R, and R, required are p and
(p—1) respectively. Now, Vy,» and Vp,a represent the boundary conditions (voltages
corresponding to the temperature rises at the ends of the conductor), and Vi,» (0<
1<(p) represents the voltage corresponding to the temperature rise 81, at the point
xi1=Ll/p and time {=ta.

With the application of this simulator to solve Eq. (1), the following procedures
are adopted. ‘

(1) The simulator, consisting of p R.-resistors and (p—1) R,-resistors, is set

up as shown in Fig. 4.
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Voun Vin Van Vi-1,n Vin Vit1.n VB—Ln Vp.n

Rx

Ro Re (X=L)

Vit V2t V-t Vot Vet Vet net
Fig. 4. Simulator circuit for equal division (finite length).

(2) To the two end-terminals of the simulator (corresponding to x=0 and

x=0L), the voltages V,a, Vp,» (corresponding to the boundary values) are applied,

while to the lower ends of the R,-resistors, the voltages V1,4, Va,0,..., Vo1, (corre-
sponding to the initial conditions of the points x,, xj,..., %s.1 respectively) are
applied.

(3) When operation (2) is completed, the upper ends of the R,-resistors indi-
cate the voltages Vi, (I=1, 2,..., p—1) which correspond to the temperature rises
01, at the time t=4¢ after the initial state (¢=0). These voltages are memorized by
the analog memory devices,

(4) The voltages Vi,; memorized in the operation (3) are applied to the lower
ends of the R,-resistors; and then the voltages V,; are caused at the upper ends,
which are memorized, and so on.

In order to perform the above operations, a memory device which reads out one
value while simultaneously memorizing the next value is required. This will be de-
scribed in Chapter 5.

3.2 Case of 3xi-:08x-1

Consider the resistive circuit shown in
Vi- 0 Ve Rart Vg

Fig. 5. Using the notations as shown in the o——AAN/ o AN °
figure (note that R;;* Rxi), we have

Vl,n—Vl,nq:%ilT *'R%‘:TVIH;H ROL
~(1+ Wt Vim0
Rxh-l
. . . Vl,n-1
Comparing Eq. (14) with Eq. (10), it
is clear that if Rsi, Ryt,; and R, are cho- Fig. 5. T-shaped resistive circuit
sen as (unequal division).
Ra _ oz
Rzl—n 0% 14y ’ (15)
Bol _ 2kot

Re ™ omiConi 4521
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then the voltage V in Eq. (14) behaves exactly as the temperature rise ¢4 in Eq.
(10). Note that Eqgs. (15) decide only the ratios between the resistances Rii, Ry
and Ry. Hence, choosing R:i, then others are decided from Egs. (15).

3.3 Case of dxi=a 3x;-

Substituting dx1,,=a éx1 into Egs. (15), we obtain

R” =_..]; l
Rxl+1 [44 ’
6
_RoL___ . 2kot J (1 )
Ru - (0x):(1+a) -~

Presuming to start from the origin, we first choose suitable values of @ and Rs,.

Then from Egs. (16), other resistances Rsz, R:i, ... are decided as follows:
sz=a Rxl; R;3=a R;z=a2 R:x, R:q-""da Rxl, e, (17)

Further, since 0x; and 6t are determined by the requirements of the problem,

Ry and Ry, are fixed according to Eqgs. (16) as follows:

Ro _ 2kot 1
Ry Grtta) (18)
Re okt . Ry 2kt 19

R o+’ % aRa” (adaw?(+a)
Dividing Eqs. (19) by Eq. (18), we have Ry,=R;/ a. Similarly, we can derive

the relations between R and Ry, (=1, 2, ...) as follows:
R
Roz= Iiol, Roa-—‘%glﬂ RM: a°3‘ y Tt (20)

4. Simulation of Several Problems of One-Dimensional Heat Conduction

The fundamental problem of heat conduction described by Eq. (1) may be
simulated by the method mentioned in the former chapter. However, we often come
upon various problems of heat conduction whose system equations are different from

Eq. (1). The methods of simulation of such problems are presented in this chapter.

4.1 Simulation of the Problem of Heat Conduction with Heat Radiation

We consider the problem of one-dimensional heat conduction with heat radiation:

2
%?=k o0 —n, (21)

where % is a proportional constant corresponding to the heat radiation,
Eq. (21) can be approximated by the diflerence equation:

kot

01,1:"0’,”-1: ’(*6W’<01+hﬁ_2011n+0l-1;ﬂ) ——h&tﬁt,n. (22)
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On the other hand, the resistive circuit

shown in Fig, 6 derives the circuit equation
which has the same form as Eq. (22). Hence,
if the resistances are chosen to satisfy the ;Rh
relations :
Vican VL.n VL+1.n
Ry kdt Ry 9
R, xRy MY Ry Ry
we can simulate the difference equation §R°
(22) by the circuit shown in Fig. 6.
4.2 Simulation of the Boundary Con- \)lb"_1

dition of Thermal Insulation

. Fig. 6. Simulator circuit for Eq. (22).
Consider the case where one end of the

conductor (x=0) is thermally insulated as shown in Fig, 7 (a). The condition of
thermal insulation means that there exists no temperature gradient at x=0, Hence,
supposing that #_;,s represents the temperature rise at an image point (x= —édx),
as shown in Fig, 7 (b), 0.1,s=01,» should be satisfied. Using this relation, we can

derive the difference equation at the point x=0 as follows:

001"—00:”—1:7(’;5%(201:”—200:")- ’ (24)

Sx Sx
THERMALLY INSULATED
emn ei.n
x=0
(a)
. . Vo.n V1.n
e oy A==
— : . Ry Ry
©1n 2R, Ro
x=-:5x x=0 x;éx
(b Vo,n-1 V1, n -1

(c)

Fig. 7. -Simulation of the boundary condition of thermal insulation.
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This equation can be simulated by the circuit shown in Fig. 7 (¢) if Ry/Rx=
k 8t/ (6x)% In other words, when we simulate the boundary condition of thermal
insulation, it is necessary to choose twice the value of resistance R, corresponding

to the end point which is thermally insulated.

4.3 Simulation of the Boundary Condition of Heat Flow

In the case of the boundary condition of heat flow as shown in Fig. 8 (a), the

fundamental equation is described as follows :

20__p3%0 0| __p 25)

ot ox®’ ox 1,.;0

Sx 3x

HEAT FLOW —o [
x:- 0

(a)

©4,n .,n Oin

(b)

Fig. 8. Simulation of the boundary condition of heat flow.

where F represents a quantity corresponding to the given heat flow. Considering the

image point (x= —¢x) as shown in Fig. 8 (b), we obtain from Eqgs. (25)

a0 _ 1 _ _
Aa7 sud —”2_6‘;'(017” 0—1:”)—' F- (26)
Subétituting Eq. (26) into the difference equation derived at the point x=0, we
have
ot kot
00:"—<0om-1+2kF“3?>=W(201;n—200;n). @7

Comparing Eq. (27) with (24), this problem may be simulated by the circuit
shown in Fig. 7 (c), only if the bias voltage corresponding to 2kFdt/dx is added

in each operation cycle of analog memory situated at the point x=0.
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4.4 Simulation of the Problem of Heat Conduction with Heat Generation

We consider the problem of one-dimensional heat conduction with heat genera-
tion :

0 __p 00 \ k4

ot ox? K7 (28
where A represents the heat generation per unit time, and K is the thermal con-
ductivity®,

Eq. (28) can be approximated by the difference equation :

01,8~ <01,n-1+—k?6t~ A> = %,—(0“1,,. —201,5+01-1.n). 29

Comparing Eq. (29) with Eq. (7), it is clear that the same resistive circuit

shown in Fig. 3 is available to simulate Eq, (29), only if the bias voltage correspond-

ing to kdt/K is added in each operation cycle of analog memories®.

5. Analog Memory Device

The principles of the simulator circuits for the various problems of heat conduc-
tion have been discussed in the above chapters. As mentioned before, these simula-
tor circuits should be combined with the analog memory devices which are described
in this chapter.

The set up of the memory device is shown in Fig. 9. It consists essentially of

two condensers C;, and C; which are controlled by the dual electronic switch SW 1,

MEMORY PROPER  READ-OUT AMPLIFIER  ADDER

INPUT O : '2\2'( e o
Lowl HIGH S
Tswi .
Ss
L I o
c
% 2
9y = =
o3
X
o HIGH
o cow ] [ 1 ,
INITIAL wer| W
CONDITION
LOW - ;
Eo—
~RESET -~ COMPUTE ~

Fig. 9. Analog memory device.
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Each condenser works in turn as the reading out and the memorizing condenser
according to the sequence shown in Fig, 9.

In the RESET condition, both SW 1 and SW 2 are energized (HIGH position),
and the voltage of the initial condition is given to C,, while this voltage is read out
at the output terminal. At the same time, the input voltage which should be memo-
rized is given to C,.

When the instruction COMPUTE is given to the device, SW 2 is de-energized
at once and the initial condition is taken off. After some interval, SW 1 is de-
energized and the voltage across C, is read out, while C; memorizes the next input
value,

Resistor r used with the read-out amplifier compensates the error voltage caused
by the leakage current of the condenser circuit. An adding device in Fig. 9 calcu-
lates the sum of the output voltage of the read-out amplifier and the bias voltage
given at E terminal. As mentioned in Sections 4.3 and 4.4. it is necessary to add

some bias voltage corresponding to the heat generation or forced heat flow,

6. Example of Application

In order to examine the accuracy of approximate solutions obtained by the
simulator, the authors set up the simulator circuit corresponding to the fundamental
problem described by Eq. (1), and compared the mathematical solutions with the
experimental results.

The specific example considered in this chapter is described as follows:

90 _pZ0, 0<x<), 1
80, H)=0(2, t)=0, (30)
0(x, 0)=10 sin% x. I

We adopted the coefficient of thermal diffusion % corresponding to the copper,
iLe k=111,

Referring to Sections 2,1 and 3,1, we divided the heat conductor into ten equal
divisions, Then we set 6x=0.2, and the initial temperature rises at the points
21 (=1, 2, ..., 9) are 8;,,=10 sin (0.1xl). It was necessary to prepare ten
R:-resistors and nine R;-resistors whose magnitudes, when &8¢ is set at 0,01, are
given by

Ry _ kit _ 111%001 _
R TG =y~ 028(rom Eq. (13)).

According to this relation, we chose as R:=100 %2 and R,=28 k%,

We set up the simulator circuit accompanied with nine analog memories as




12 Isamu Uxkita and Minoru ABe

shown in Fig, 4.

VinlV)
\

t

| L I
40%t 608t 80 st

Fig. 10, Solution curves of Eq. (30) (experimental).

1 !
0 205t i008 ¢

The examples of the experimental results are shown in Fig. 10, The curves
shown in Fig. 10 illustrate the solutions obtained by the simulator,
The theoretical solution of Eq, (30) is found to be* :

6(x, =10 exp(—% kt) sin%x. 31

Using this equation and %k=1,11, the mathematical solutions are calculated,

Comparing the experimental results with the mathematical solutions, the errors
are found to be sufficiently small (within 1% of full-scale voltage of the simulator
(10 volts)).

Note that the solutions shown in Fig, 10 are obtained under the unity scale
factor, i, e. 1 volt of the output of the simulator corresponds to 1°C of the tempera-
ture rise. We may adopt the arbitrary scale factor between the output voltage V of

the simulator and the temperature rise.

7. Simulation of the Problem of Two-Dimensional
and Three-Dimensional Heat Conduction

We may derive the difference equation for the problem of two-dimensional and
three-dimensional heat conduction by applying the same principles mentioned in
Chapter 2.

7.1 Simulation of the Fundamental Problem of Two-Dimensional
Heat Conduction

We consider the problem of two-dimensional heat conduction described by
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06 _ (8% , 3 0<x< L
=Mt o) (0S55k) (32)
and divide the x-, ¥- and t-axes from the origin into a number of minute divisions
of lengths dx, 6y and ¢ respectively. Then we obtain the following difference equa-
tion corresponding to Eq. (32).

01,m,n-1=% (Ores,mn—200,m,n+01-1,m,n)
+(—§%—2 (Ot mesyn—200,mn+ 01 m-1,n), (33)

where 01,m,» represents the temperature rise at the point corresponding to x=/ dx,
y=m 0y and ¢{>n oL,
Eq. (33) can be simulated by the resistive circuit shown in Fig, 11. Using the

notations as shown in the figure, we have

R vl..m+1.n
Vl,m,n-—Vl,m,n—1= R: ?
Visymn=2Vi,mn+ Vi, ma) §R
Ry Y
Ry Vi-tum.n Vi,mon Vi+t,mn
(Vl,m+x,n—2Vl,m,n+vl;m-1m).
Ry R
34 X
Comparing Eq. (34) with Eq. (33), it §R, R,
is clear that the resistive circuit shown in
Fig. 11 simulates the differential equation vi mb1 Vi,m, n—1
+M=1,Nn
(33) if the resistances Rs, Ry and Ry are Fig' 11, Simulator circuit for two-dimensi-
chosen as follows: onal problem (equal division).

R TG Ry T ot
Note that Eqs. (35) decide only the ratios among three resistances, i. e. choosing
one resistance, then others are decided.
The difference equation (33) is derived in the case of equal divisions of x- and
y-axes. It is necessary to modify the equation in the case of unequal divisions.
Supposing the division intervals 6x:%6x1,; and 8Ym*0Ym. as shown in Fig, 12
(a), we derive the following modified difference equation :

2kt [ ox1
0 r ed -—0 2’ £ - = T 2 ’
brmon =Tk m ot 0x1{0x1+0x1,1) L 0x141 Oriymm

_ fBL)
<1+ 7o 01,m;n+0l—l,m:n1
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2kot " 0ym O, messn
5ym(5ym+5ym+l) 0Ymy1 T
_ 5ym
Vl.,m4-1.n

Ym#1

Ym A= m,n Vl+1.rn.n

Ym-1

(a) VI.. m-1,n Vl..m. n-1

(b)

Fig. 12, Case of unequal division for two-dimensional problem.

This equation can be simulated by the resistive circuit shown in Fig, 12 (b) if

the following relations are satisfied :

R: _ ox: Ry _ Oym

R, bx1tm’ R, 0Vmu’
Ry _ 2kt
R:  0x1(6x1+0x1.1) '

Ry _ 2kot
Ry  0ym(0ym+0yme)

37

7.2 Simulation of the Problem of Three-Dimensional Heat Conduction

In order to simulate the problems of three-dimensional heat conduction, we may
apply the same principles mentioned in Section 7. 1.

However, in the case of three-dimensional problems, it is necessary to use a
great many analog memories.

For an example, we consider the case of ten equal divisions of x~, - and z-axes.
Then we have to prepare at least 9° analog memories.

Generally, the systems of three-dimensional heat conduction may be dealt with
by applying the cylindrical coordinates. Using this principle, we may observe the
temperature distribution of solids in the two-dimensional system. Hence, from the
practical point of view, it is favorable to reduce the dimensions of the given prob-

lems by using such techniques.
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8. Concluding Remarks

In this paper, the fundamental method of an approximate solution of the prob-
lems of heat conduction using resistive circuits and analog memories is discussed.

It is found that the simulator proposed is available for the various problems of
heat conduction, and that the errors of the solutions are sufficiently small,

This simulator is applicable to the more complicated problems of heat conduc-

tion, though the scale of the simulator circuit is limited by the number of analog
memory devices.

The results of the simulation of complicated problems will be reported in the
next paper,
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