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Abstract 

A combined experimental and numerical investigation was conducted in a 

partially ionized boundary layer flow on a flat plate. The experiments were carried 

out in a low-density plasma wind tunnel, with argon as the test gas at the local 

freestream Mach number of 4. 4. A cylindrical Langmuir probe was used to 

measure the ion number density and the electron temperature in the boundary 

layer. 

The effect of flush probe size, bias and flow properties were examined. 

Numerical calculations were made by using the charged species conservation and 

electron energy equations in the quasineutral region of the boundary layer, except 

for a thin plasma sheath. 

Numerical profiles of the ion number density and the electron temperature 

agreed fairly well with the experimental results. Also, ambipolar diffusion fluxes 

theoretically predicted agreed very well with the flush probe ion saturation current 

measured by a flush probe. 

1. Introduction 

As is well known, the hypersonic re-entry of a space shuttle into the earth's 

atmosphere is the source of a great number of physical and thermo-chemical 

interacting phenomena. One of the important observables dealt with in this context 

is the charged particle number density. 

A number of diagnostic techniques and instruments have been employed to 
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researcher during April 1967-March 1969 and April 1975-March 1976.) 

** Department of Aeronautical Engineering. 
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measure the ion number density and density profiles. This ranges from microwave 

interferometry to optical spectrometry, and from radiation scattering techniques to 

electrostatic probes. Among others, the electrostatic probe, by virtue of its simplicity, 

became one of the most popular plasma diagnostic instruments. During the last few 

years, the flush-mounted electrostatic probe has been widely used to obtain informa

tion concerning the free stream charged particle properties. 

Tseng et al. 1
> performed the measurements in the boundary layer of a sharp 

flat plate located in the inviscid-core flow of a Mach 2. 2 argon flow in a low-density 

plasma tunnel. The ambipolar diffusion fluxes predicted theoretically agreed very well 

with the measured flush probe ion saturation current. The validity of employing such 

a flush-mounted electrostatic probe in determining the free stream charged particle 

density was then established. But, in order to obtain the charged particle number 

density, the measured electron temperature profile was used. Boyer21 performed the 

numerical and experimental studies to determine the current collection characteristics 

of flush-mounted electrostatic probes on a sharp flarp flat plate in an ionized hyper

sonic flow using a shock tunnel. 

Lederman et al, 3
> also performed the experimental investigation of flush-mounted 

probes in a pressure driven shock tube and a hypersonic pressure driven shock 

tunnel. In most of the work reported and known to the authors, the questions of 

what constitutes ion saturation, the effect of increasing bias, the effect of geometry 

and orientation of the probes and the effect of size on current collections have not 

been sufficiently explored. 

In this paper, the electron temperature and ion number density profiles in the 

flat plate boundary layer were measured by the cylindrical Langmuir probe, and 

compared with the theory developed for the collisionless sheath consideration. 

Detailed information was obtained about the flush probe size effects and the predic

tion of the ion number densities at the outer edge of the boundary layer. 

2. Notations 

A area 

c mass fraction of electron-ion pairs, (pr+p111)/p 

Da ambipolar diffusion coe ffcient 

E energy given to electron gas per recombination 

e electronic charge 

f dimensionless stream function 

h static enthalpy 

J ion current density 

k Boltzmann constant 
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Subscripts 

A 

E 

e 

energy transfer rate due to inelastic collision 

Chapman -Rubesin number, pµ/ p.µ. 

sheath thickness 

Mach number 

mass 

number density 

Prandtl number, µcp/A 

cross section of collision between i- and j- species 

energy transfer rate due to elastic collision 

Reynolds number, pux/ µ 

probe radius 

ambipolar Schmidt number, µ/ pDa 

temperature 

diffusion velocity 

mean electron velocity 

mean ion velocity at sheath edge 

probe potential 

x-component of flow velocity 

y-component of flow velocity 

mass production rate of electron-ion pairs 

dimensionless mass fraction of electron-ion pairs 

recombination coe ffcient 

(mB!mA)l/2 

transformed co-ordinate 

dimensionless electron temperature 

dimensionless heavy particle temperature 

thermal conductivity 

viscosity 

transformed co-ordinate 

mass density 

TBe/TAe 

electric potential 

hypersonic viscous interaction parameter 

stream function 

atom 

electron 

boundary layer edge 
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I 10n 

sh sheath edge 

w wall 

oo free stream 

3. Theoretical Consideration 

3.1 Basic Equations 

19 

We consider the nonequilibrium laminar boundary layer on a flat plate in a 

partially ionized gas which is easily realized in a low density plasma. Therefore, we 

make the following assumptions : 

(1) The gas is composed of argon atoms, ions and electrons. 

(2) The degree of ionization {1. 

(3) There are no external magnetic and electric fields in the flow. 

(4) The ions are in thermal equilibrium with the atoms everywhere, TA=Tr. 

(5) U.J.=U1=U11=U. 

(6) Steady flow, o/ot=O. 
(7) Collisionless sheath. 

(8) Ambipolar diffusion. 

Under the assumption (2), the over-all conservation equations are not coupled 

with the basic equations for the charged species, so that the basic equations to be 

solved here are the electron-ion conservation and electron energy equations. When 

we use the co-ordinate system as shown in Fig. 1, the basic equations are written as 

follows: 

Conservation of electron-ion pairs: 

y 

Fig. 1. Co-ordinate System. 

ac ac a ( ac ) . 
puax+pvay=-ay pDa aj,- +W. 

Conservation of electron energy: 

_j_(-~n11ku T 11) +-0--(l-n11kv T 11) = - 0-(J.11 o]'_11__ - pC11 V d11h11) ax 2 ay 2 ay ay 

-n11k T 11(-~u___+_EtJ_) + R +L. ax oy (2) 
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When the electron-electron and electron-ion collisions predominate over the electron

atom collisions, R and .?-:111 are, respectively, of the form :41 

since QI!II=Q1uo when TJ1J/mJ1J} Tr/mr, QJIJJIJ is expressed as 

Q _ ire41ogA 
J1JJ1J-2(kTJ1J) 2 ' 

(3) 

(4) 

(5) 

Now, W in Eq. (1) is the mass production rate of the electron-ion pairs. Under the 

condition considered here, further ionization in the boundary layer is negligible 

compared with the recombination of a pre-ionized gas, so that W is expressed as 

(6) 

Using Chen's results61
, we make an approximate expression for the recombination 

coe ffcient of argon over the range 1000K 5:,,T:,i5:,, 4000K and 1011 cm-35:,,nJIJ5:,,lOucm-3• 

It can be expressed by the double series: 

3 2 
( nJIJ );(1000)// 2

• 
log io/3 = ~o ~o A1j log io 1011 T JIJ (7) 

This procedure is the same as done by Talbot et al. 71 for hydrogen. Solving the 

resulting matrix equation, we have 

Aoo =-12. 88 , 

A, 0 = -2. 874 , 

A2 0 = -1. 160 , 

Aao = -0. 1536 , 

L is expressed as 

L= f,n'i,E. 

Ao,= 2,074 , 

Au= 9. 133 , 

A21 =-2. 681 , 

A31 = 0. 3513 , 

Ao2 =-1. 337 , 

A12 =-5. 259 , 

A22 = 1. 521 , 

Aa2 =-0. 1977 . 

(8) 

For an optically thin argon plasma, Chen81 calculated E. According to his result, E 
can be expressed approximately as 

(9) 

3. 2 Boundary Conditions 
The boundary conditions at the wall for the electron temperature and the mass 

fraction of the electron-ion pairs are determined as follows :91 

For the present problem, where the wall is at a floating potential, the net current 
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density normal to the wall is zero. Hence, we have 

n»sheil:"~exp { - e(<ps11_~p_w_)_} -nrsheV r= 0. 
4 kT Jl1sh 

(10) 

Next, a relation is obtained from the continuity of the mass flow of the ions at the 

edge of the sheath and therefore 

(pDa{; )sh =pshCshVr. (11) 

A third relation is obtained from the continuity of electron energy flux through the 

outer edge of the sheath and therefore 

( J.:aai8- ).h -(pc:aVd»h»)sh={2kT1m+e(</Jsh-<pw)} 

X 1l_JJ1s_}l_<V »>exp [- e(</J,h-</Jw )} ' 
4 kTBsh 

(12) 

where <V »>= (8kT»sh!rrm»)u 2 and Vr= (kT»sh!mr) 1
/

2
• Since the sheath is very thin 

compared with the boundary layer thickness, these boundary conditions may be taken 

to be the boundary conditions at the wall. 

The boundary conditions at the boundary layer edge are 

c(oo)=Ce, T»(oo)=T»e. (13) 

It is well known that the development of a viscous boundary layer near the 

surface of the plate serves to generate a shock wave in the flow field. Over the 

length of the inserts, the value of a hypersonic viscous interaction parameter, X = M 3 ~ 

/✓Re~, ranged from 2 to 3. Therefore, it is an intermediate interaction region. 

The flow properties at the outer edge of the boundary layer can be obtained using 

the weak and strong interaction theory. 

3. 3 Co-ordinate Transformation 
In order to obtain a similar solution, the following transformation of co-ordinate 

is introduced : 

~(x)=x, TJ(X, y)=( _u.__)u 2
('pdy. 

p,µ.~ ) 0 
(14) 

The over-all continuity equation is identically satisfied if we define a stream function 

<J., such tion acp;ay=pu can acp;ax= -pv. By definig the dimensionless stream func

tion f =<J.,/(p,µ,u,~) 1
/

2
, affaTJ=u/u, can be easily obtained. The following dimensionles 

quantities are introduced : 

0=-T .t_ z=_E_, 0= T_:a. 
T .te' Ce T,.,, 

(15) 

Assuming a local similarity, the conservation equations (1) and (2) are rewritten as 

follows: 
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Conservation of electron-ion pairs: 

(- l_ z')' +-~f z' = - ~ nJ!Je /3,(f' -~~ .l). 
Sea 2 Ue 8 {3e 

(16) 

servation of electron energy : 

+b~z2(°---r-1)+b~(1-l) /3_ z-=0. 
f:,4 r: r: /3• 8 

(17) 

here ~ is treated as a parameter, ( ) ' denotes the derivative with respect to YJ. 

The constants a and b are given by 

a= 30 +/ 2l.Pre,-:/7T g::~, (18) 

b=25_6_(2+v22 µ_e__(r;QJ!Jllen»e)2, 
25,r peUe 

(19) 

where Sea is the ambipolar Schmidt num her expressed as10
> 

Sea= _1-5__1_ __ _ TA+ _!_l.5_1'a_1__"__2_ 
l+T»/TA T,1.+142 

(20) 

In Eq. (17) the diffusive heat flux is neglected since it is very small compared with 

the conductive heat flux. 

The boundary conditions for z and FJ are rewritten as 

z'(0)=Sea(0)Re,1/ 2 Vr ---1 --z(0) 
Ue oo, 816 • 

A' (0) =-64 (1 +v 2 ) {-1- _J log,(2,r> -loges} 
7511: 2 2 1 

( 
µ )l/2 l/2 z(0) 

X p~~. cn»eQJ!Jlle ~ tT(O)' 

z(oo)=l, f)(oo)=l, 

where a relation µocT 0
•

816 for argon has been used. 

4. Numerical Calculations 

(21) 

(22) 

(23) 

In order to compare the measured profiles with the theoretical ones, the profiles 

of the electron temperature and the ion number density have been numerically cal

culated. For the purpose of simplicity, Pr=2/3 and l=l have been taken. Since 

both Eqs. (16) and (17) are coupled and nonlinear, iteration procedures are necessa

ry to solve them. First, we can obtain the solutions off and 8 by solving the over

all basic equations These solutions are used in Eqs. (16) and (17). In the second 

stage, by taking Sea=l and neglecting the mass production term in Eq. (16), an 
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analytical solution of z can be easily obtained, which corresponds to a chemically 

frozen solution. Using this solution in Eq. (17), an approximate solution of fJ can be 

determined. Using the solutions of (-) in Eq. (17), the new approximate solutions of 

z can be obtained. Thus, the iterations are carried out. All computations using the 

Runge-Kutta-Gill method have been performed on the digital computer FACOM 

230-75 at the Computer Center of Kyoto University. 

5. Experimental Apparatus and Work 

Experiments have been performed in a low-density plasma wind tunnel as shown 

m Fig. 2. A detailed description of this test facility and its associated instrumenta

tion have been already reported. 11
> The argon test gas is expanded through a 

hypersonic nozzle into a test section. The diameters of a nozzle throat and exit are 

13. 6 mm and 50 mm, respectively. The flat plate model is shown in Fig. 3, which 

is made of brass with a sharp leading edge of an angle 22°. It has a span of 120 

mm, a length of 200 mm and a thickness of 20 mm, and is electrically insulated 

from the wall of the wind tunnel. The flat plate was water-cooled, and a thermo

couple installed in the flat plate supervised the constancy of the surface temperature 

of the flat plate. Seven sets of inserts were employed to investigate the effect of 

probe size on the flush probe current collection. These seven inserts with different 

sizes of flush-mounted probes could be fitted into the groove with a 30 mm width 

on the master plate. Each insert is composed of six circular flush-mounted electro

static probes with the same size, and these probes were arranged at 20 mm interval 

along the centerline. 

The flush probes were made of a copper rod and insulated from the insert plate 

body by using heat-resisting bakelite. The dimensions of these flush probes are 

~-C~o-n"'r,_o_l V-a~lv_e __ -< Ar 

---<Bi] 
Flow Meter 

Test Section 

Vacuum Tank 

Fig. 2. Schematic of a Plasma Wind Tunnel. 
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Fig. 3. Flat Plate Model. 

listed in Table 1. The insert plates could be exchanged by loosening the split-lock 

mechanism. When the insert plates were installed in the master plate, they were 

flush with the flat plate surface and placed on the nozzle centerline. The flush probe 

and cylindrical probe measurements in argon were performed at six stations behind 

the leading edge. Figure 4 shows the configuration of the experimental apparatus. 

Table 1 Sizes of Flush-Mounted 
Electrostatic Probes. 

--------------1 
Nominal ; Measured 

Diameter (cm) ! Radius (cm) 

1. 5 0.748 j __ --1 

I~-
1.0 

I 
0.502 I 

I o. 5 
I 

0.253 I I ,---· -1----
0.3 I 0. 147 

-·---1------
0.2 0.098 

0. 1 0.052 
-------~----! 

0.05 0.024 
I_ ______ 

Cylindrical Probe 

10 

N~ I 
~1 Flush robe Water 

Monitor Probe 

Fig. 4. Configuratisn of Experimental Apparatus. 

Throughout the experiments, a single constant-voltage thin-wire probe was posi

tioned at the nozzle exit to monitor a steady plasma flow. The typical flow conditions 

in the test section are summarized in Table 2. The electron temperature and ion 

number density profile measurements m the boundary layer were made by means of 

a cylindrical probe with a 0. 30 mm diameter and a 12. 4 mm length. The voltage 

applied to the flush probes was swept from -10. 0 to 2 volts. 
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Table 2 Experimental Conditions 

Argon Mass Flow Rate (gr/sec) 0.10 

Stagnation Pressure (mmHg) 7.6 

Pressure in Test Section (mmHg) o. 12 
~--

Mach Number, Moo 4.4 

Degree of Ionization 0.91X 10-s 

n..too (cm- 3) 1. 2X 1015 Re .. (1. cm) 45 

nroo ( cm-3) 1. 1 X 1012 u .. (cm/sec) 1. 7X 105 

T..t .. (K) 420 T..tw (K) 320 

TK .. (K) 2500 

6. Experimental Results and Discussion 

The probe measurements in the boundary layer were made from the freestream 

to about 1 mm above the flat plate surface. Measured electron temperature profiles 

at 80 mm and 180 mm from the leading edge of the flat plate are shown in Figs. 5 

and 6, on which the results of the flush probe measurements are also represented. 

00 00 

Ma, =4.4 Ma, =4.4 

20>-
)( =B0mm co 20! 

X =IB0mm 0 0 

o Cylindrical Probe 0 Cylindrical Probe ~, 
A Flush Probe 00 E ! A Flush Probe 0 0 

e -Theory 5 -Theory E >, - C 0 0 0 

>, 

Q 0 Q 0 

00 0 

10 0 Q 10 0 

) Q 0 0 

)O Q 0 

ioo 
00 Oo 1000 fooo TE(K) 3000 1000 2000 TE(K) 3000 

Fig. 5. Electron Temperature Profile. Fig. 6. Electron Temperature profile. 
at x=80mm at x=180mm 
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The experimental results are in good agreement with the calculated ones. The 

measured profiles display a decrease in T-. of about 15% of the free stream value 

towards the flat plate surface. Boundary layer ion number density profiles obtained 

by means of the cylindrical probe are shown in Figs. 7 and 8. It is of interest to 

note that the ion number density at the flat plate surface is not negligibly small. 

Hence, it is suggested that the wall catalytic reaction rate constant is a finite rate. 

The measured ion number densities in the boundary layer are considerably larger 

than the calculated ones for a recombining flow. However, the calculated and meas

ured ion number density profiles are qualitatively in good agreement. Previous to 

20 

10 

MCI) =4.4 
x =80mm 
° Cylindrical Probe 
r, Flush Probe 

-Theory 

00 

oo 

0 

00 

00 

00 

00 

00 

00 

00 

Fig. 7. Ion Number Density Profile at x=80mm 

1·---

30~ MCl)=4.4 

20 

x =180mm 
o Cylindrical 
A Flush Probe 

-Theory 

Probe 00 

oo 

00 

oO 

Fig. 8. Ion Number Density Profile at x= 180mm 
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the experiments, the effect of the arrangement of the flush probe on the ion current 

collection had been investigated. 

Figure 9 shows the constancy of the saturation 10n current collection with re

spect to the bias potential for 15 mm and 0. 5 mm diameter flush probes. For the 

large-sized flush probes (i. e. 15 mm diameter), it has been seen that the saturation 

ion current traces are essentially constant with respect to the biased potential. For 

the small-sized flush probes, the ion current is a very strong function of the biased 

potential since the effective collection area of small flush probes increases drastically 

with potential. The effects of the sheath fringing field on the ion current collection 

to smaller-sized flush probes are shown in Figs. 10 and 11, where the normalized 

current J If ref is plotted against the rp/l, ratio. All ion current densities were 

taken at -2 volts and were normalized by the reference diffusion flux to the flush 

probe (rp=7.5mm). It is seen that the current density can increase by a factor of 

10 or more if ls/r, is rather large. The sheath thickness l, is determined as follows :121 

-10 Vpr(Volt) 

CD rp =0.25mm 
®rp =75mm 

-5 

5 
7 

j 

Fig. 9. Size Effect on Flush Prrobe Characteristics for rp=O. 25mm 
and rp=7. 5mm at x=80mm. 

(24) 

If all the ions crossing this segment of a sphere are eventually collected by the 

probe, then the ratio of the effective collection area to the actual flush probe area, 

A.11/Ap, becomes: 

(25) 

Eq. (25) can be easily obtained from an integration of the segment of a sphere. It 

is of interest to note that the above equation is realized in the stationary plasma. 
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Calculated results using Eq. (25) are also shown in Figs. 10 and 11, and appear to 

agree well with experimental data. 

Figure 12 shows the size effect on the flush probe ion current collection. The 

current density increases as the probe size decreases in agreement with the observa

tions of Tseng et aJ.,1> and Boyer et aJ.2
> The studies of Tseng et al. as well as 

the present studies have been performed under collisionless conditions and the 

results are interpreted in terms of a free-fall sheath thickness l,=IV,1 3/ 4• For the 

collisional thick sheath, the calculations of Boyer et al. indic-ate ls= IV p I u 2
• 

Figure 13 shows the comparison of the experimental and theoretical ion current 

15 .... I ~ 
~ 

7o 
I 

t 
5~ 

I-
L 

M'° =4.4, x=80mm 
Jref,rp =7.5mm at Vp.,a-2Volts 

0 rp =7.5mm 
c-. rp =5.0mm 
□ rp =25mm 
v rp = 1.5mm 
• rp = 1.0mm 
~ rp =0.5mm 

• rp = 0.25mm 

• 

0.1 

Fig. 10. Size Effect on Flush Probe Ion Current Collection at x=80mm. 

15 
J ls 2 
-•I+(-) 
Jref rp 

10 

5 

0.1 

Mm =4.4, x = 180mm 
Jref,rp=7.5mm at Vpr=-2Volts 

... 

o rp = 7.5mm 
c-. rp = 5.0mm 
□ rp = 2.5mm 

" rp= 1.5mm 
• rp= 1.0mm 

• rp= 0.5mm 

• rp= 0.25mm 

Fig. 11. Size Effect on Flush Probe Ion Current Collection at x= 180mm. 
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15 

5 

0
0.01 0.1 

o Ref. I 
t:. Ref.2 
• Present 

Fig. 12. Size Effect on Flush Probe Ion Current Collection. 
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density collections. Here the ion current density as a function of the 10n number 

density at the outer edge of the boundary layer is calculated using Chung's relation :131 

-!5 

~•'4.4 
0 rp=25rrm,Ypr·2Volts o 

--Theory 
0 

0 

0 

0 

10 L,=o---''----L----'~,~---'--~~~ 
10 10

1 
n18(1/cm3 ) 1o'

2 

Fig. 13. Comparison of Experim ental and Theoretical 
Current Density Collection. 

(26) 

The actual ion current densities measured by means of the flush probes are then 

plotted as a function of the ion number density at the outer edge of the boundary 

layer. The data obtained with -2 volts biases seem to agree with the ion number 

densities calculated by using Chung's relation. 

Figure14 shows the dimensionless probe area for V p= -2 volts and V p= -8 volts with 

the constant probe radius, rp=O. 25 mm. It is seen that the collected ion current density 
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decreases with an increase in the collecting probe area, and it approaches the constant 

value. It can be easily explained by considering the effect of sheath fringing field. 

1.0 Ma, =4.4 
Reference Probe • = 0 25 mm 

'P . V, - 2" It o pr-- vO S 

t,. Vpr=-8Volts 

500 A/A ref 1000 

Fig. 14. Area Effect on Collected Current Density. 

7. Conclusions 

The appication of cylindrical probes and flush probes to the study of charged 

particle properties in the flat plate boundary layer of a partially ionized argon has 

been considered. Numerical results for the charged particle profiles in the quasi

neutral region of a flat plate boundary layer were also presented. On the basis of 

these experimental and numerical results, the following conclusions have been 

reached: 

(1) The measured electron temperature and ion number density profiles in the flat 

plate boundary layer ared in good agreement with the calculated ones. 

(2) The saturation ion current traces for rhe large-sized flush probes are essentially 

constant with respec to the biased potential. However, for the small-sized flush 

probes, the ion current is a very strong function of the biased potentia:. 

(3) The measured ion current density appears to agree with JIJ,.,=l+(l,/rp) 2
, 

which is obtained from the free fall sheath consideration. 

(4) The ion saturation current measured by means of flush probe can be used to 

predict nre with good accuracy by using the boundary layer theory. 

(5) The collected ion current density decreases with an increase in the collecdng 

probe area. 
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