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Abstract

Any power of an n X n matrix can be expanded by a matrix polynomial of the order
n—1, but the coefficients of expansion are not known in closed form. In this paper, it is
shown that the coefficients of expansion are given by the solution of a simultaneous equa-
tion of the 1st order, whose coefficients compose the Vandermonde matrix. Using the
properties of a generalized Vandermonde determinant, coefficients of an expansion of a
power of the matrix are obtained in closed form. As the coefficients thus obtained are
homogeneous polynomials of eigen-values, and as every term of the polynomial has the
same sign, the upper bounds of the absolute values of the coefficients can be obtained
casily, if all the eigen-values are located in a disk centered at the origin.

If all the eigen-values of a transition matrix of a dynamical system are located in
a disc with a radius less than 1 and centered at the origin, the dynamical system is ex-
ponentially stable. As the reachable subspace of a dynamical system is spanned by
input constraint vectors, multiplied by powers of the transition matrix from the left,
the results obtained make a bridge to connect the exponential stability property and
the structure of the practically reachable subspace of a dynamical system.

1. Introduction

To investigate the practically reachable subspace of a discrete-time linear
dynamical system, it is sometimes necessary to evaluate the higher power of a
matrix under the condition that all the eigen-values are located in a certain disc
centered at the origin?,

Whittle derived a formula to evaluate the power of a matrix, using a multiple
Laurent expansion method?. As his results were expressed by the elements of the
matrix and were very complex, the regions where the elements of the matrix are
located are given only in a limiting case.

If 4 is an nX n matrix, then the n+k th power of 4, A*™*, can be expanded
by the polynomial of I, 4, ---, A" ! either by the Silvester interpolation formula, or
by a successive application of the Caley-Hamilton theorem. However, by these
methods it is not easy to estimate the regions where the coeflicients of expansion

are located. By using the expression presented in this paper, the upper bounds
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of the absolute values of the coefficients can be calculated when all the eigen-
values are located in a disc centered at the origin.

2. Fundamental Formula

Suppose that eigen-values of an n X7 matrix are distinct. It is well known
that a power of 4 can be expressed by a polynomial of an order less than n—1 as
follows:

A" = (k) A" (k) A" ot @y (R) (1)
As the eigen-values of 4 are assumed distinct, 4 can be diagonalized by a similar
transformation. Any power of 4 is also diagonalized by the same transformation,
so there is no loss of generality where 4 is assumed diagonal to evaluate coefficients
of expansion in eq. (1).

If 4 is diagonal, the following equation is obtained by comparing the diagonal
elements of both sides of eq. (1).

[x,lt+k: hAAE) X:-‘.k] = [aa(k)’ "ty al(k)] 1: *ty 1

zl’ ’ ln ( 2 )
A.”._.;:.......l.”._.;
Therefore,
[an(k), PR (k)’ _1] L -, 1 = [O> ) 0]
x1) "t xn
il : (3)
ST

Now denote the Vandermonde matrix and the generalized Vandermonde matrix
as follows.

V(Z)é 1, ey 1 ’ Vk(t: l)é 1, 1, ttty 1

S TRLLI A P .
cese seessone (4_)
xn—l, A X:_l tn—ls l'l‘—l’ ety '{:_l
t"+k, A’lHk, o, l:+k
From eqs. (3) and (4), the following equation holds true.
1 0 0 YV (¢, H={( 1, ‘:
) : W
.., t.ﬂ"l ( 5 )
0 1 0 B F—

n—1 ;
an(k)3 R al(k), —1 OZ-‘II an—cr(k)ta‘_t”_k 0
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Taking the determinants of both sides of ¢q. (5), we have

n-1
(=" tuot ™ =N V)| = [Valt, D) (6)
From eq. (6) we can get the following lemma.

Lemma 1

The coeflicient of expansion a,_,(k) is equal to the coefficient of the 7 term
of | V,(¢, )|/ V(2)| multiplied by (—1)*"1

3. Expansion Formula of the Vandermonde and
Generalized Vandermonde Determinants

In the following sections, expansion formulae of the Vandermonde and gener-

alized Vandermonde determinants are used. These formulae are cited below.

Lemma 2 (expansion of the Vandermonde determinant)
V@)= (=1 T (1) (7)
>
This expansion formula is written in almost every book of matrix theory?.
The expansion formula of the generalized Vandermonde determinant is given by

the following lemma®.

Lemma 3
v v v —
Xpl, Xyl e, X, 1= |V(x) | ¢ Hvla Hvl—l’ Tty Hvl-n+1
v v v
X128y Xp'Zy sety Xy 2 Hvz, Hvz-n M) Hvz—nﬂ (8)
v v v
X%y Xpty reey Xy " ana Hv,—la ) Hv,,—n-n
where

Hm “_A‘ 2 xli1x2i2..-xnin (”‘2 1)
,'1+...+,'n=m (9)
Hy=1 H,=0 (m<—1)

4. Evaluation of the Coeffcients of Expansion
By lemma 3, V,(¢, 2) is expressed as
IVilt, DI =1Vt D] -Hy(s, 2) (10)
where
[V, 1L ]1, 1, 1
ty Ay ey A, an
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Hk(t’ l) = 2 tiozlil""zni'l (12)

gt tin=k

By lemma 2, |V (¢, 2)| is expanded into the polynomial of ¢ as

|V 2| e
el [C sl > [RE WA D W CR AL
p=v i< Sigop VR I TRen
= 3 (Pl o 1) P @18 )
where s,_u(2y, ++-, 4,) is the fundamental symmetric form of the order n—g, and is
given by
sn—lﬁ(ll) ) Z”) é g Xil...Ai”_“ (14)
<<y .

From Eqgs. (10} and (13),

1V ) =353 (= 1) spCis > A Hyarn D | V@) 7 (15)

50 p=max(0,9 -
Applying lemma 1 to eq. (15), the following relation is obtained.
a,-o(k) = (;1)”_1y=ma%a_k)(_l)ﬂsn—l'-('z)Hk—o'Hﬁ(’z) (16)
Letting n—o=j, #=0—v, then

(- 5O

&) = (— 17 2 (1) (D H ()

:{ (=) s Hy—s;eiHpq oo+ (= 1) s, Hy oy} (k=n—y)

. . 17
(_I)J_l{stk_sj+lHk—l+ "'+(“1)k5j+kHo} (k<n—j) ()

To evaluate the r.h.s. of eq. (17), the following lemma is used.

Lemma 4
The product of s, and H , is a homogeneous polynomial of the order p+g¢, and

is given by

Yyt e

SOH,M = 3 (/9 (”1’[;"’ ”»>>11v1...x,,vn (18)

where B(2,, ++, 2,) is the number of the non-zero elements of {v,, -+, v,}.
Proof:
Being a homogeneous polynomial of the order p+g,s,(2)H, () has a form

such as

SSOHR) = 23 Ky, e, vy 20, (19)

yHeF g =pe

As 5,(2) is the sum of the products of p distinct 4;s, all the non-zero elements of



570 Kazuaki ANDO and Bunji Konpo

the r.h.s. of eq. (19) have at least p non-zero v,’s.
Now take a term from the r.h.s. of eq. (19). Without any loss of generality,
one can assume that
Yy, +oe, vaE0
v } (20)
Vgyy ==re= VY, = 0
Let {j, -+, j,} be an arbitrary subset of {1, -+, #}. For every subset {jy, **,j,},
the single term 4,---1;, exists in 5,(2), and at the same time, the single term
A ThAy 0 26770, (e v = ptg)
where
{ 0 & {jy 505}
' 1 e {jls ""jp}
exists in H (1), and the product of these two terms gives 2,"12,"2+++ 1g"8.
As there are gC, ways of choosing {jj, +++,j,} from {1, -+, }, and no other

combination of s, and H  gives 2,"1:++ 25”8, therefore

oos — ﬂ(yl’ ) yn)
K(vy, ooy 0,) = ( 5 > (21)
Q.E.D.
As
By, oo, vy) <min. (n, j+£) (22)

by substituting eq. (18) into eq. (17), the coefficient of 2,*1::-1,** as the term of
the r.h.s. of eq. (17) becomes

()2 ) = () e

Therefore we get the following theorem.

Theorem 1
Coefficients of the expansion of A*** in form eq. (1) are given by
(ﬂ(l/], e, Vn)_.l)xlvl.“xnv,, (24)
S ICAL /9(1’1, *tty V”> —J

0V, <j+k

a () = (—1)i7

where B(v,, +++, v,) is the number of non-zero v,’s.
Remark: For g_,Cg_; to have a non-zero value, # must satisfy

JSALj+E (25)

In the above discussion, the eigen-values s are assumed distinct. When
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the eigen-values are not distinct, a slight change of 4 gives distinct eigen-values.
As coefficients of expansion vary continuously with the change of matrix 4,
Theorem 1 holds true when eigen-values are not distinct.

If the minimal polynomial of the matrix is not equal to the characteristic
polynomial of 4, theorem 1 gives a set of expansion coefficients, though the ex-
pansion is not unique. Let the minimal polynomail of 4 be ¢,(4), which is the
monic polynomial of order m. In this case, it is apparent that A*** can be expanded
by a polynomial of the order m—1. Also, the coeflicients are equal to those of the
expansion of the n+k th power of an m X m matrix, whose characteristic polynomial
is equal to @ 4(2).

5. Upper Bound of Absolute Value of the Coefficient

Suppose that all eigen-values ;s are located in a certain disc of radius p
centered at the origin, i.e.
4] <o (26)
By theorem 1, the absolute value of a;(k) is bounded by
@< 3 (AT @)
Vit un=ith /9(111, °tt Vn) —J
For a fixed value of # which satisfies eq. (25), the number of terms in the
r.h.s. of eq. (24) is calculated as follows.
There are ,Cg ways to take a set of g kinds of 2;s from {2, -++, 4,}. For every

set of @ kinds of 2;’s, there are gH,,, g kinds of monomials of the order j4-£.
Therefore,

TACTETL s B U CARE ()

B \p ' Jtk—pBINB—]
— pith <j +II:—1)“““§”’( ; )(ﬂ’i j) (28)

To evaluate the r.h.s. of eq. (28), the following lemma is used.

Lemma 5

20)02) =037 = @

5= wezn 0

Proof: Eq. (29) is widely known, and is given by the coeflicient of #?, in terms
of the following equation.
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(142" (142" = (14x)em (31)
When m+¢<n, by eq. (29)

200 =20 ) - G) @2

Q.ED.
Using lemma 5, the upper bound is calculated as follows.
1) Incase n>j+k
@1 <o (TN S () )
S G M O €
~ ,,,-+k<j+/1:—1><zi]lf ) (33)
ii) In case n<j-+k
s (7N B)GE)
— pj+k<j+llcc—1> 2:( : ><n_j_€_r>
= 'Ojﬂ(j—i—/]:—l)(Zi;) (34)

Both cases give the same results, from which we get the following theorem:.

Theorem 2

Suppose all the eigen-values ,’s of an nXxn matrix 4 are located in a disc

of radius p centered at the origin, i.e.,
ll;" <p (35)

Then the absolute value of the coefficient of expansion a;(k) of A"** by the form

given in eq. (1) is

|yt < o4 (714 1)(;1;“ ) (36)

Remarks: 1) Suppose a discrete-time linear dynamical system is given by
x#(t-+1) = Ax(r)+bu(r) (37)
If eq. (35) is satisfied, for any positive ¢, positive K exists such that

(D<K (o+e)"ll=(0)] (38)



Matrix Polynomial Expunsion of a Power of a Matrix 573

where x(r) is a zero-input response to an initial value x(0). Therefore, if p<<1,
the dynamical system is exponentially stable.

ii} As the reachable subspace of eq. (37) is spanned by vectors of the form
Aib (1=0, 1, -++), eq. (36) makes a bridge to connect the exponential stability
property, and the structure of the practically reachable subspace of a dynamical
system.

6. Conclusions

The coefficient of expansion of an nXxn matrix is evaluated by the form of
homogeneous polynomials of eigen-values. Using this expansion formula, the
upper bound of the absolute value of the coefficient is also obtained. As the coef-
ficient is expressed by a polynomial of the same sign, this bound is equal to the
coefficient of expansion in a case where the matrix is non-cyclic, and all eigen-
values are equal and real. Therefore, this bound gives the sharpest bound
knowing that all the eigen-values are located in a disc centered at the origin.

The results obtained make a bridge to connect the exponential stability prop-

erty and the structure of the practically reachable subspace of a dynamical system.
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