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Abstract

Spanning vectors of the practically reachable subspace of a single input discrete-time
system are studied. Reachable subspace is the space spanned by the vectors of the form
b, Ab, A2, ... If A% lies on the subspace S; spanned by the vectors &, A5, A2, ---,
Ak=1, then A¥+! } also lies on the same subspace S for any />0, and so, .S is the reachable
subspace. On checking, if 445 lies on .S by numerical calculation, we usually assume that
A*kb lies on Sy in practice, if the distance § of 4%5 from S is small. As the distance of
A**1p from Sy is not guaranteed to be small in this case, it must be examined if 4%+/4
can be assumed to lie on S}, in practice or not.

Concerning the distance of 4%/ from S}, the following results are obtained. i)
When £2<2z—1, where n is the dimension of the state, 4*¥+/5 can have an arbitrary value
for m-A1>7/>1. ii) If the maximal number of practically independent vectors are taken
from the set of vectors 4, 44, ---, A%~15, and if the absolute values of the eigenvalues are
less than unity, then the distance between 4%+/5 and the subspace .S spanned by these
practically independent vectors does not become larger than a certain value M3 for any /.
The condition that ' becomes practically reachable subspace is also studied.

1. Introduction

Consider a discrete-time system given by

x(r+1)=Ax(r)+bu(r) €y

where x and & are n-vectors, « is a scalar and 4 is a non-singular # X » matrix. Asis
well known, the reachable subspace is spanned by the vectors 8, 45, 425, ---. If A*
is expressed by a linear combination of 4, 45, 425, ---, A*~1, then for any />0, A&
can be expressed by a linear combiation of these vectors. In this case, the reachable
subspace is given by the space .S(4, 44, ---, 4*~14) spanned by the vectors &, A4, -,
A*15, and the algorithm to get the reachable subspace is given as follows. Suppose
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b, Ab, -+, A*15 are independent. Add a new vector A4*) to the Set and check if 3,
Ab, .-, A* are independent. If they are not, then 4, 48, ---, A*1) are the spanning
vectors of the reachable subspace. If they are independent, add another new vector
A*+15 to the set and continue the procedﬁre asbefore. This procedure will end, at most,
before A*+15. S ,

Frbm the theoretical viewpoint, checking that the Grammian is zero is useful for
testing if a set of 2 (4>#) vectors is linearly independent. In computer épplications,
however, to check if the Gramian precisely equals zero is not practical because of the
rounding off errors arising in the computations. .

Suppose 4, 45, -+, A*14 are linearly independent. The height 4 of 4% from
S, 45, -+, A*1h) is given by

|G, A48, -+, A*15, A%)|
W=T16G, 48, AB | @

where |G (+)| is the Gramian.® Thus for computer applications,‘ we usually set a small
number §>0, and if - '

|Aa] <8 3

holds, we then suppose that'.4*$ is practically on the subspace S'(3, 48, ---, 4¥18),
and that 4, 45, -+, A*15, A* are linearly dependent. In this case, we usually assume
that the reachable subspace is practically .S(2, -+, 4*~14). But strictly speaking, since
the vector 4*% is approximately on the .S(&, 484, -+, 4%5), it is nessceary to prove that
the height of 4*4 from S(5, 43, ---, A*"18) is also small for any />0.  In some cases,
this expectation is violated, unfortunately, as is shown in this paper, and for some vectors
like A5, the height from .S(3, ---, 4*15) can take an arbitrarily large value.

2. Fundahlental Relations

Theorem 1.

For any set of vectors £1, £s, «++, &nt1, if &1, €s, -+, &s are independent, there exists
a pair (4, &) that satisfies ‘
Ei=A15 (=12, -, n+1) ' )

Proof :
Denote the matrix whose columits are £1, -, s by [£1, -+, €a].  Then, Eq. (4) is
equivalent to

'5_=51 ' 5
A[EI) Tty fn]=[£2, ) £n+1] (6)

As 1, &, ..., €s areindependent, [£1, ..., £s] is non-singular. Thus, 4 is given by
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A=l[£s, -+, fas1] [€1, -+, £a]7? : ™
Q.E.D.
The condition that £, ..., & are independent can be slightly loosened.
Theorem 2.
For any set of 7 (m>n) independent vectors £1, &3, -+, ém, and for any set of scalars
c1, €3, v, ¢m, there exists a pair (4, §) satisfying the relations '

E"=Ai_15 (Z.=ly 2, -, m) (8)
Amb= 3 ooty ©

Proof
The Egs. (8) (9) are equivalent to the relation

[52, "ty f"‘; jé‘ifi]=A[fly "ty §M—-1, f"'] (10)

Take a set of vectors {1, {2, -, {w—m by which &, &, ---, ém, {1, -+, {s—m are
independent. For any 91,92, ..., Ja-m

A=[£2: "y fm, ]Z:lcifi: fly ha) f"—’”] [51’ ] f”') CIJ ) z"—'ﬂ]—l (11)
satisfies Egs. (8) and (9).
Q.E.D.
In the proof of theorem 2, we can make a polynonial of the order m
)=Am— B cp1 12)
‘ i=1

which is the minimal polynomial of 4 for the vector 4. As the characteristic poly-
nominal is divisable by the minimal polynomial, » out of n eigen-values of 4 can also
be taken arbitrarily. Therefore, the following theorem holds.
Theorem 3.

Given an arbitrary set of » (m < #) independent vectors £1, £3, -+, m and 2 scalars
A1 Ag, -+, Am, there exists a pair (4, ) that satisfies the following conditions:

i) Eq. (8) holds.

il) s eigen-values are A1, Az, -+, Am.

iil) .Amé is linearly dependent on &1, &s, -+, &m.
In the case m=n, 4 is unique.

From theorem 1. the following theorem is obtained directly.
Theorem 4. . _ ) '

For any % (2>7) and positive 8 and Z, there exists a triplet (4, &, /) (0</<n—4)
that satisfies ' ' ' S
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|G(b) Ab, ) Ah_l&, Ahb)i ‘
GG, AB, -, A8 =0 (13

IG(é’ Ab’ ) A._Iba A.-Hb)l
GG, 48, -~ A=) " (14

Proof

As k<n, there exists an />0 with which A<A-}-/<n. - Take a set of vectors £1, {2,
«o=y €at1, Ertrs1 which satisfies

G, &, -, Bl oy |
@, & Bl < (15)
|G (&1, £, -+, &, Erpia)] <73 (16)

|G ¢y, &, -+, &)l

Eiya, o0y Entr, Entigs, v, Eaq1 can be taken arbitrarily, as long as &1, -+, €s are inde-
pendent. It is clear that the pair (4, 8) ’ 1

=&
A=[fs, -, Exs1] [£1, -+, &a] 72
satisfies Eqgs. (13) and (14).
Theorem 4 says nothing about the eigen-values of 4, so the absolute value of the
eigen-values of 4 thus obtained may be greater than unity.
Theorem 5. .-
For any positive 8, Z, for any % (4>>n—1) and for any set of # scalars Ay, Az, =+, As,
there exists a triplet that satisfies the following conditions:
i) Egs. (13) and (14) hold true. .
i) A1, As, -+, As are the eigen-values of A
Proof '
~ Let

(1)

YORA—A) oo A=D)
o . é A1 - (18)

i=1
As k<n—1,y there exists an />0 such that A<Z4-/ <n—1. Take a set of independént
vectors that satisfy Eqgs. (15) and (16). Let
Eni1= 21 23] (19)
:H

It is easily verified that the pair (4, &)

A=[£2v R fn ’ £”+1] [glx ) g"']_l . (20)
b=¢& 21
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satisfies Eqs. (13) and (14), and that eigen-values of 4 are Ay, -+, As.
' Q.E.D.
It is seen by theorems 4 and 5 that even if Eq. (13) may hold for any small 8, 4*+/5
is not necessarily near enough to S (p, 48, ---, A*15) for all />0 if 2<».

*3. Number of Vectors to Construct Practically Reachable Subspace

Define the practically reachable subspace as follows.
Definition (Practically Reachable Subspace)
 The practically reachable subspace is the space spanr;ed by a set of vectors A",
A*sb, -+ A*np which satisfies the following conditions. :

' D) 0=A1<ba<<--<Fm

. l[G(é, -e, A%iB)| .
0 1Ge, ~ g > foralls .

i) for any Ai_1<</<<A:

|G (B, -, A¥i-15, 4'8)] " S
GG, ) Al o =

iv) for any />4

IG@, -, 4+, 4'3)
@, A [

End of definition

If the input to the system is not very large, the state of the system given by Eq. (1)
moves only on the neighbourhood of the practically reachable subspace.

As is stated in chapter 2, if 4% is dependent on &, «--, 4*14, then A*+5 is also
dependent on 4, ---, A*-24. Therefore, to check if 4*+/4 is independent of 4, ---, 4*715,
is not necessary. In case A4*5 is only practically dependent on 5, ---, 4%~15, A*15 is
not necessarily practically dependent on the same set of vectors. There is the possi-
bility that for some />0, the vector 4*+% may be completely independent of &, -,
A¥1p, Therefore, to get a set of vectors which spans the practically reachable sub-
space, it is necessary to check at least up to the 4"5 term in the sequence &, 45, -+, (By
thorem 3). Even if it is known that the eigen-values of A lie inside the unit circle centered
at the origin, to check at least up to 4*~14 is necessary, which is the result of theorem 5.

Here arises a problem. Is it necessary to check the practical dependencies of the
vectors beyond the 4% term? What conditions are necessary for checking only up
to the A" term?

If some eigen-values A; of 4 are [Ai|>1, any large value of 4'6 may appear for
a large /. In a case where the eigen-vector of A; lies outside the subspace spanned by
b, Ab, ---, A*1p then even if ’
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IG(ba Aé, Ty Ahb)l

IG @, 48, -, d13) <2° @4

may hold for a very small positive 8,

|G, 48, -, A*15, A'5)]
|G &, 45, -+, A*725)|

>12 (25)

holds for an arbitrarily large Z, by taking / large enough if |A{>1. Therefore,
hereafter we will assume that all the eigen-values of A lie inside the unit disc centred
at the origin. ’
Theorem 6.

Suppose every eigen-value A; of A satisfies Eq. (26).

A<l ' (26)
For a set K of integers
Kn={4}, 1<br1<ho<kn<n (27

and for some >0, if

o G Ex—x, 4*-13)] : .
e oy ot HEKn (28)
then :
IG(Ex-x, A*+1)]
CErnl < @9
for all />0.

Some notations used above are as follows:
Ewn_x 1s the set of vectors {4%-13 ket Km, k=1, 2, -+, m}.
|G (Ex—k)| is the Grammian of Ex_g.

e (V) (5 )

p=max ||
s

To prove theorem 6, the following lemmas are necessary.
Lemma 1. '
Let

Gi=di-1p  i=1,2, - (30)

and £1, ---, s be independent.
Take the arbitrary vector { which is expanded as

S=p1€1+++pnbn » (3L
Then
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'TGG%;Z?'S[Z | pal? 82(4))2 | ; e
where

o 1G(En-x, )|

822(8)= IG(EN'iK» o5
Proof

Denote the subspace spanned by Ev—g as S(&y-x). & and { are expressed by the
sum of two vectors.

&Li=E+&
=i+l L. (3)
&, LES(EN-x), &, [ES(En-x)t
&H=0 for 2€EKn
where .S(s)L is the orthogonal complement of .S(-)
By Eqs. (31) and (34),
|G (En-x, DI l
2. N - 2 2 35
IC' IG(i'-"'N—K)I [hEEKMP* f"] S[ﬁg;l{mlp"l Ifﬁl] ( )
Q.E.D.
By the Kayley-Hamilton theorem, it is known that 4*+/4 can be expanded as
A=K, 1 A 10+-K1,2. A 2E 4+ Ky 0b (36)

When the eigen-values of 4 are known, the coefficients of the expansion «;,; are given
by the following lemma.,
Lemma 2.9

The coefficients of expansion in Eq. (36) are given as

(. e ﬁ(aly "'7 a’")_l XL eeo A%n
Ki,j==(—1)4 1a1+-~-+§»'f+1(ﬁ(m’ ey an)—f ) X X 37
0<ai<s +7 '

where ); are eigen-values of 4, and B(as, -+, as) is the function which gives the number
of non-zero a, -+, as.
Lemma 3.

The upper bounds of the absolute values of the coefficients of expansion in Eq.
(37) are given by

lKl,ilﬁ(j+§_1)(7;_|—I:]j)Pj+' (38)

Proof of theorem 6
Let {=A**5 by lemma 1 and Eq. (36) be

PSS e aal33(B)? (39)
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From Eq. (24) p<1,

i () (1) primo )

jyeo z

Therefore, A; of theorem 6 exists for every /
From Egs. (38), (36) and (39),

<[ 3 Mid:(R))? (41)

Eq. (41) shows that if
da(k)<e|m M AEKn (42)

then A2<e2,
Q.E.D.

Theorem 6 shows that if the set of vectors K is selected from the set of vectors
b, Ab, ---, A*14 so as to satisfy Eq. (38), then the subspace spanned by Zx-x contains
the practically reachable subspace, and to check the practical dependencies beyond the
A% term is not necessary. :

4. Numerical Example

Let
1 1 2.5 1
b=| 0|, Ab=|¢ |, A2%=| 2 |, A%=|1
0 0 2 1
then
1 15  —1.5/e—0.75
A=| e —1+2[e —2[e4+1.5—1.25¢
0 2/e —2/e+0.5

and the eigen-values of 4 are —0.5, 0.5470.5. As M- defined in the theorem 6 is not
very large, to check the practical independencies up to 424 is sufficient. In this case,
although & and 4% are practically dependent for small ¢, the practically reachable
subspace is a 2-dimentional subspace spanned by the vectors (1, 0, 0)" and (0, 1, 1)’.

5. Conclusions

The following results are obtained.
1) If A<n—1, where # is the dimension of the state, then even if 4*5 lies on Sk, the
subspace spanned by the vectors 8, A5, -+, A*14, practically, the distance of A4*/}
from .Sy may become arbitrarily large for such 4 that 24-/<#. Therefore, to check the
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practical dependencies up to the 4”4 term is necessary at least.

ii) If A<n—1, and all the eigen-values of 4 are known to lie inside the unit disk
centered at the origin, then, to check the practical dependencies up to the 47~15 term is
nescesary.

iii) If Eq. (28) holds, then, to check the practical dependencies up to 47-14 is sufficient,
and checking beyond this term is not necessary.
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