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Abstract

The distortion of wave-form of a wave propagating in Eulerian fluid is studied theore-
tically. The geometrical acoustics is applied for the weak and short wave. The displace-
ment vector of the wave is assumed to be a product of the amplitude vector and the wave-
form which is a function of eikonal. The amplitude, the wave number and the fre-
quency are assumed to vary gradually. From the first approximation of the equation
of motion, the existence of a longitudinal wave is proved and the propagation velocity is
obtained. From its second approximation, the evolutional equation of amplitude is
reduced. By that equation, the distortion of the wave-form is analyzed. It may be
flatter or steeper according to the material function, the curvature of the wave-form and
the direction of the displacement of the wave.

1. Introduction

Usually, the wave is represented by a sinusoidal wave, a characteristic surface and
a singular surface. For the linear wave phenomena, the method of a sinusoidal
wave can be applied, but the method can not be used for the non-linear one. The
method of characteristic manifold is a convenient analysis to treat a wave, and
it is applied to the field of variety."? The theory of a singular surface® might
be the most powerful method, and by it we can obtain not only the propagation
velocity and the direction of the amplitude, but also the growth and decay of the
amplitude. (E.g., refer to Chen®.) However, in this theory, the amplitude is
defined by the jump of the acceleration of material particle, and we can not discuss
the wave-form which is the distribution of the amplitude with respect to the phase.

There is a method of geometrical optics,” where the electromagnetic wave is
regarded as a plane sinusoidal wave in a small region, but its wave-length and
propagation direction may vary gradually.

In this paper, the geometrical acoustics will be applied to the waves propagating
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in Eulerian fluid. The wave is assumed to be weak and have a short wave-length

and an arbitrary wave-form. The distortion of the wave-form will be analyzed.

2. Equation of Motion

The Eulerian fluid, i.e., the barotropic fluid, has the constitutive equation
T= —p(o)1, (2.1)

where T is the Cauchy stress tensor, p is the pressure and a function of the
mass density o and 1 is the unit tensor. The material function p(p) is assumed
to be continuous and continuously differentiable to any order if desired.

The Cauchy equation of motion

aT.i '—a_v‘: av,- 2 2\
ax,- +pb,‘ = p(at +0j_ax—j> ( +<)

must be satisfied by any continuum, where b is the body force density, v is the
velocity vector of material particle, and the summation convention and Carterian
coordinates are assumed.

A material particle has a point X in a reference configuration £ and a point

X in the current configuration . Its motion is expressed by
x=x(X,1). ‘ (2.3)
The independent variables in (2.2) are x and ¢&. Let us change them into X and

t. Multiplying the Jacobian

J = det (%) 2.4)

by both sides of (2.2), we have
aT,

Tkt pby = i, 2.5
ox, +o & (2.5)
where
Teox = 9X, T;; (2.6)
Ox

is the Piola-Kirchhoff stress tensor,
Pe=0] (2.7

is the mass density in &, x; is the acceleration, a dot denotes the material time

derivative which holds X constant, and the identity
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a ( 8X, ,,)_
—(J=%)=0 2.8
and the inverse relation of (2.3)
X = X(x, 1) (2.9)

were used. Equation (2.7) denotes the conservation of mass.
Substituting (2.1), (2.4), (2.6) and (2.7) into (2.5), and neglecting the body
force, we have

0%, 8X,0X,

PN Ml heiv 2.10
b0 5% X, o, Bx, = i - @10

where
p'(0) = dg—l(o"). (2.11)

3. Geometrical Acoustics

Here, we assume that the wave is weak and has a short wavelength. Then,
the concept of geometrical acoustics can be applied.

The Eulerian fluid is assumed to move steadily in the middle configuration
%o and

x,=X+Ut, 3.1
where U is a constant velocity. A wave is superposed on y,, that is,
x = xpt+u(X, t) s (3.2)

where u is the displacement vector of the wave. By the assumption of geome-

trical acoustics, we may suppose that

2= a(X, )f($(X, 1), (3.3)

where @ is the amplitude vector, ¢ is the phase and called the etkonal®, and f(¢)
indicates the wave-form. The eikonal is a rapidly varying function and

oy .
ki=—"1, o= — 3.4
0x,’ v 34
are, respectively, the wave-number vector and the circular frequency. We have

k—tin, x=3k’_‘, (3.5)

where k is the wave-number, n is the unit vector along the propagation direction
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and 2 is the wave-length. The propagation velocity is given by

V=2, (3.6)
k
which is assumed to be positive.
By the assumption of a weak wave we can put
la] €4, O(%):e((l. (3.7)

By the geometrical acoustics, quantities @, £ and @ are assumed to be constant in
the region of magnitude . However, they may change, respectively, in the
distances, /,, [, and [,, which are presumably in same order, and large with respect
to 4, that is,

0(%) ~o(j_k)~o(li) — el (3.8)

»

Then, we can estimate that

o(a“)~0(a) = e, ]

0.4
)00
ogeof oo
oxX? X A

0(5§)~0(k) (g;) 0@ )_fe

From (3.1)-(3.3) we can obtain

7

vax, , aap
ox, = SwtakS +5x
2,0 ok,
y b S STTTI 3.10
aan““ﬂk"'f —}—(an—l—an—}—aan)f+ (3.10)
an ’ q ’2
a—xi = 6q,~—aqk,~f - 6X,-f+(a.k)aqki‘f +"‘ ’ J
and
3éi — m2aifu_(2méi+(bai)f’+..- , (3.11)
where
r_df (@) e Ef (D) 3.12
f o f T (3.12)

and here and henceforth, the third and higher orders with respect to ¢ and &’
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are neglected.
From (2.4), (2.7) and (3.10) we have

J = 14+(a-k)f +(diva)f+++-- ,
o = pJl—(a-k)f' —(div a)f+(a@-k)*f 2+ -]
= p+4dp, : (3.13)
and we can obtain
p'(0) =p'(outdp) = pa-tpi’do+-e
= pi—pi oe(@-R)f oo, (3.14)
where
r_ dp(e) " d?p(0) (315
pu d,O p=P" P: d,Oz o e s ( . )

and second and higher order terms with respect to € and ¢’ are neglected.
Substituting (3.10) and (3.14) into the left hand side of (2.10) we have

@b+ k2% sk (div a) g
be i 2 ox, T ax,%

—2(a-k)2lc,~f”:|}— Vo(a kYR ff . (3.16)

4. Propagation Velocity
Taking up the order ¢/1 in (2.10), (3.11) and (3.16), we have
pula-n)k'n = o’a, (4.1)

where f''+0 and (3.5) were assumed. If a-n=0, we have a=0 which means
no existence of any wave. Then, assuming a+n=+0, we have

a=an, (4.2)

which means a longitudinal wave, where a is the magnitude of the amplitude. The

propagation velocity (3.6) is given by

V= (o0 | (43)

We can consider that ¥ and n are constant because the state ¥, is homo-
geneous. Equation (4.3) gives the propagation velocity with respect to the re-
ference configuration &£. That with respect to the current configuration ¥ is
given by

VR+U. (4.4)
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5. Distortion of Wave-Form
Taking up the order ¢%/2 in (2.10), (3.11) and (3.16), we have
6a ) 3a ak ) rr
p:[k( aX' —"—an n,n,)—{-%»;Y—;n_,an,—?ksaZn,f ]
—pi o K3a%n; [ = —2wan;—&an; , (5.1)

where e~e¢’ and f’ =0 were assumed. Multiplying (5.1) by n;, and using (3.6)
and (4.3), we have

. aa . ak A rr
Qw(a—l— Va—Xjnj>+<w+ Vza—Xjn,)a = (2pL-+pt 0 )BES . (5.2)
The displacement derivative
da . Oa
2¢ vV . 5.3
o T ax, ™ (5-3)

denotes the time derivative of 4 measured by an observer riding on a wave pro-
pagating with velocity ¥ and direction 7. By the assumption w/k=constant we

have
&—2E=0, o0 o Ok _ 0, (5.4)
k 0X; k 0X;
which gives
, Ok

where (3.4) were used. Then, we have the evolutional equation of the magnitude of
the amplitude

da s :
4 N 5.6
o =afa (5.6)

where
S 1 //)2
_(px+2pnpx @

«— i , (5.7)

By the forms (3.3) and (4.2) we can put
a>0 (5.8)
without loss of generality. The reason is that, if we assume that a=0 at a time,

then from (5.6) we have at that time

{
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2 =2%=-22 ... =0, (5.9

which indicate that 4=0 at all time. Then we can say that, if af’'>0, a is
growing, and if af '’ <0, it is decaying.
From (3.4), (3.6) and (5.3) we have
0 _ —o+Vk=0. (5.10)
ot ‘
Thus, if we regard (5.6) as a differential equation, af’’ can be regarded as a con-
stant. We have

2(0)

W = e’

(5.11)
where a(0) is the initial amplitude at t=0. If af’'>0, a(t) increases to infinity
at time

1

o = S (5.12)

while, if af’' <0, a(t) decreases monotonically to zero as t—>co. However, the
blowout at ¢, can not be considered, because the assumption of weakness of the
wave will not hold in that case.

Let us consider the case @>0. The amplitude with f’'>>0, i.c., the convex to
below increases, while that with f'' <0, i.e., the convex to up decreases. There-
fore, we can say that the uneven wave-form for f>>0 is flatter and that for f <0
is steeper. In the case of @<<0, we have inverse relations.

6. Discussions

(1) Let us consider a material which has the material function
p(p) = Ko", (6.1)
where K and 7 are positive material constants. We have

o — Frt+he’s,

; 6.2
20,17 (6.2)

which is positive. We then have the former case depicted in the last part of Sec-
tion 5.

(2) The acceleration of a material particle (3.11) is equal to the acceleration
of the displacement of the wave . We obtain
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6ﬂ 6a 207
— = Zao¥f". : 6.3
ot ot S (63)

where #4=it*n, and the higher order terms were neglected. Therefore, we have

0
M e, (6.4)

where

Pty outl

2. (6.5)

Then we can say that, if #>0, the acceleration increases, while if A<0, it
decreases.

(3) When the pressure is considered as a function of the specific volume

1

s L (6.6)
)

that is,

#(0) =50, (6.7)
we can easily obtain

7/ 6 8

p= 20V% €
where

pr dp(v) A1 d%(v) 6.9

O R L e )
and v,=1/p,.

The theory of a singular surface can be applied to the growth and decay of
the acceleration wave in Eulerian fluid. Chen® reported an evolutional equation
which has the same form as (6.4) and (6.8) for a plane wave. However, the
amplitude defined there is not the acceleration of a material particle, but the jump
of its acceleration on the singular surface.
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