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Abstract

The behavior of a slightly rarefied gas between noncoaxial circular cylinders with
different temperatures is investigated by the generalized slip flow theory, which is derived
systematically from the Boltzmann equation. When the temperature of the inner cyl-
inder is higher than that of the outer, a flow is induced in the gas toward the narrower
region along the inner cylinder and toward the wider along the outer, and the inner
cylinder is subject to a force toward the axis of the outer cylinder. In the opposite case,
the flow and the force are reversed. The corresponding results for the system where a
cylinder lies in a semi-infinite expanse of the gas bounded by an infinite plane wall are
derived as the limiting case where the radius of the outer cylinder tends to infinity.

I. Introduction

Consider a slightly rarefied gas between noncoaxial circular cylinders with
different temperatures (the inner cylinder is kept at a temperature and the outer
at another temperature). In the framework of the classical fluid dynamics, we
cannot expect any flow to occur in the gas under the present situation. Further,
the thermal creep flow"? (of the order of the Knudsen number), one of the well-
known rarefaction effects of gas, does not occur either because the temperature
of each cylinder is uniform. According to Ref. 3, there is a velocity slip (of the
second order of the Knudsen number) over a solid boundary when the tempera-
ture gradient of the gas normal to the boundary is nonuniform. A flow is to be
induced in the gas between the two cylinders owing to this slip, since the tem-
perature gradient is larger where the gap between the cylinders is narrower. This
was pointed out by the senior author (Y.S.),* but the flow has not been analyzed
yet. Here, we investigate the velocity field induced in the gas and the force acting
on the inner cylinder. The corresponding results for the system where a cylinder

kept at a temperature lies in a semi-infinite expanse of the gas bounded by an
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infinite plane wall at another temperature are derived as the limiting case where
the radius of the outer cylinder tends to infinity.

We analyze the problem under the assumptions:

(i) the behavior of the gas is described by the Boltzmann-Krook-Welander equa-
tion®;

(ii) the gas molecules make diffuse reflection®” on the surface of the cylinders;
(iii) the temperature difference between the two cylinders is so small that the
governing equation and the boundary condition may be linearized around a uni-
form equilibrium state at rest.

Since we are concerned with a slightly rarefied gas, which means that the
mean free path of the gas is small but not negligibly small compared with the
smaller of the two: the narrowest gap between the cylinders and the radius of
the inner cylinder, we can make use of the result of the asymptotic theory (gener-
alized slip flow theory) developed in Refs. 3 and 4 on the basis of the linearized
Boltzmann-Krook-Welander equation. It is a general theory that describes the
behavior of a gas for the Knudsen number of the system (the mean free path of
the gas divided by the characteristic length of the system) being small. We can,
thus, avoid the trouble to deal with the kinetic equation (Boltzmann-Krook-
Welander equation) directly.

II. Asymptotic Theory

We summarize the result of the asymptotic theory in Refs. 3 and 4 (See also
Ref. 8)*. ‘

The behavior of a gas around solid bodies for the Knudsen number being
small is described as follows.
(i) A quantity such as the velocity, the temperature, or the density of the gas
(say f) can be split into two parts:

Sf=fatSx> (1)

where f is the Hilbert part, whose length scale of variation is of the order of the
characteristic length of the system (e.g., the radius of the inner cylinder, the gap
between the cylinders), and f is the Knudsen-layer part, which is appreciable
only in a thin layer (with thickness of the order of the mean free path) adjacent
to the solid boundary. The length scale of variation of fx normal to the boundary

is of the order of the mean free path. Each part is expanded in a power series of

* More details of the process of analysis and refined numerical data are given in Ref. 8, where the
asymptotic theory for a two phase system of a gas and its condensed phase is developed.
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the Knudsen number, namely

Ju = fuotSak+Sfak’ 4+, (2a)
Jx =fuk+f ek (2b)
The £ is defined as
Vel =z
k=" =3 Kn, (3)

where L is a reference length, [/ is the mean free path of the gas at our reference
state, and, thus, Kn is the Knudsen number.

(i) The Hilbert parts of the velocity (2R7,)¥%;, the pressure p,(1+p), and the
temperature 7,(1-+7) of the gas,* where T, is a reference temperature, p, is a
reference pressure, and R is the gas constant, obey the Stokes system of partial

differential equations:

O,

b _ ¢, 4
ox, (4)

Ou;y

9Uimm _ g 5
ax,‘ ’ ( )
apﬂm+l __azui}lm — 0 , ( 6 )
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i (7)

(m p—t O, 1, 2, -..)’

where Lx; is a Cartesian coordinate of the physical space. The same differential
system occurs at each order of m.
The density py(RT,) "' (1+ ) of the gas is given by the linearized form of the

equation of state as

©=p—1. (8a)
Thus,

Pym = Prm—Tm - (8b)

(iii) The boundary conditions on the solid boundary for the Stokes system are
given in the form of slip conditions. That is, the boundary values of u;y, and
Tym are determined by the data up to the previous stage of approximation. They

are listed in Appendix 1.

* We can adopt the nondimensional perturbed quantities u;, p, t, etc. as fin Eq. (1).
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(iv) The Knudsen-layer parts, also listed in Appendix 1, are derived from the
slip conditions by replacing the slip coeflicients by universal functions of the Knud-
sen-layer variable (a stretched coordinate normal to the boundary).

Now, our problem is reduced to a boundary-value problem of the Stokes
system, which is much simpler than that of the kinetic equation.

III. Flow Induced in the Gas

In this section we investigate the flow field induced in the gas between the
cylinders by the asymptotic theory summarized in the previous section. Since the
temperature field (7y,, Tx,) is not of our main concern, its analysis is limited to
the extent that is necessary to obtain the flow field. In our analysis we adopt

the following reference quantities, notations, and coordinate system (Fig. 1).

Fig. 1. Coordinate system.

(i) The radius of the inner cylinder is taken as the reference length L, and that
of the outer is denoted by Lr; the distance between the axes of the two cylinders
is denoted by Ld.

(it) The temperature of the inner cylinder is taken as the reference temperature
T, and that of the outer is denoted by Ty(1447).

(iii) The xy-axis is taken parallel to the axes of the two cylinders; the axis of the
inner cylinder is assumed to be located at x,=0, x,=a, and that of the outer at

x,=0, x,=b, where

a:i%(rz—l_dz), b—atd. (9)
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Now, we will analyze the Stokes system from the lowest order (m=0).
From Eq. (4),

Pro = 65 (10)
where ¢; is a constant. The determination of ¢, and the other constants in pg,’s,
which will appear, is postponed until the end of the analysis.

From the (non-)slip condition (Ala),

Ui = 0 ’ (11)
on each cylinder; from Eq. (Alb),
T =0, (12a)

on the inner cylinder and

Ty = 4T, (12b)
on the outer cylinder. From Egs. (5), (6) with m=0 and Eq. (11), we have

Uigo =0, pm =, (13)

where ¢, is a constant. The harmonic function vy, [Eq. (7) with m=0] that

takes the boundary values (12a), (12b) is given by the logarithmic potential:

tno =27 9 x§+(xz+s)j , (14)
a—s x84 (2, —s)?
where
s = [{a+1)(a—1]7, (15a)
M= I (&t8)(b=s) (15b)
(a—5)(b15)

Both cylinders are so arranged that they are on coordinate lines of a bipolar

coordinate system; namely,

i+ (x5)* = 205(aks) (16a)
on the inner cylinder and
24 (xy5)? = 2xy(b ) , (16b)

on the outer cylinder.

Since ;=0 and 7y, is constant on each cylinder, Egs. (A2a, b) show that
u,'H]_ = 0 ) (17)

on each cylinder (no thermal creep). From Egs. (5), (6) with m=1 and Eq.
(17), we have
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Um =0, pm=c,, (18)

where ¢, is a constant.

Noting that u;4,=0, u;;,=0 and that 7., is constant on each cylinder, we
find that all the terms except one vanish in the second-order slip condition for the
velocity u;y, [Eqs. (A3a, b)].* Thus, on each cylinder

o%r 2edrs x
u,. fi: —g_H_O_ ‘.f.:—-—._l, lga
2 ox0x, 0 MO (192)
Uig; = 0, (19b)
gy =0, (19¢)
e =0.27922 ,

where §=1 on the inner cylinder and d=r on the outer, n; is the direction cosine
of the normal vector to the boundary, pointed to the gas, and #; is that of the tan-
gential vector to the boundary such that (n;, #;, the x,-direction) forms an orthogonal
right-hand system (Fig. 1).** The tangential velocity distributions on the two
cylinders are plotted for r=2, d=0.25, 0.5, 0.75 in Fig. 2, where ¢ is the angular

elt

Yoty

N

0

Fig. 2. Tangential velocity distributions on the
two cylinders.
(1_2, ————— on the inner cylindet,)
— % — — — — on the outer cylinder.

* The vanishing of the second term of uimsn; in Eq. (A3b) is not obvious. It is shown in
Appendix 2.

** p;=[x, (x,—a), 0] and f;=[—(x,—a), x1,0] on the inner cylinder; n;=[—x/r, —(x2—b)/r, 0]
and §;=[(x,—b)/r, —x/r, 0] on the outer.
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coordinate in the plane polar coordinate system (in the %, x,-plane) with its origin
at the center of the inner cylinder and with its polar direction in the direction of
the —x, axis.

Since the problem can be considered to be two-dimensional (9/8x;=0,
#;z=0), we can introduce the stream function v of x, and x,, from which the
solenoidal velocity field u;,, [Eq. (5)] is derived:

oy N 20
U = —, U = -,
152 ox, 202 o, (20)

Eliminating the pressure py; from Eq. (6) with m=2 by taking its curl and
replacing #;, by ¢ with the aid of Eq. (20), we have
8 52
— = 0_ 21
Oxt axf/’ @D

The boundary conditions (19a, b) are rewritten in terms of ¥ as

3¢'n. _ _ 2edcs _ng_
ox; M x
v =0. (22b)

’ (2221)

Equation (19b) does not imply that 4+ takes a common constant on the two cyl-
inders. From the symmetry of the problem [Egs. (5), (6), (19a, b)] with respect
to x; and the uniqueness” of the solution #;y, we can show that Eq. (22b) holds
on the two cylinders.

Any two-dimensional biharmonic function (%, x,) can generally be written
in the form.'®

Y = 5,0, (%, %) + D%, %) (23)

where @, and @, are two-dimensional harmonic functions. (This can be rewritten
in the form '5[’:’5151""62 with other harmonic functions 61, (52) On the other
hand, a series of harmonic functions that take the form x7x% on the two cylinders
is derived from the logarithmic potential In [x} 4 (x,4-5)?] by differentiations. The
series seems to be appropriate to be matched with the boundary condition (22a).
In fact, we can construct the solution of Eq. (21) subject to Egs. (22a), (22b) with

these harmonic functions as

Y ax, x1+(xz+S) _+B

%, +C,
edr (xz——s) X1 (+) 5

+< PR CRR Z+(xz—5)

XX, XX,
=2 + D) =2 5  (Continued on the next page.)

1+ (%2 +s)? 24 (2 —s)

+ D) 2
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E X%y (%2 +5) E_ x1%5(%,—5) , 24
+ Ecp et ) O BT (T (24)
where
A— d(b-—ra) (25a)
stM [(ab—s2) M —25d]’
A4 a+ts b—s r—1 fab—s*
B="{al -1, 25b
d<a na—s+bln b+s)+sd2M< r ) (25D)
2(y__ — —
Cowy = +° (r l)(a~|—bj:s3;ZA—;(b ra) (ab—s%) , (25¢)
Doy = (a+b4+25)[+s(r—1)—(b—ra)]
@ =+ M
r(r—1)(ab—s%) __ r(b—ra) (25d)
(aTFs)(bFs)s?dEM  5(aFs)(bFs)[(ab—s2) M—25d]’
B — FAEEOEA D)=, (25¢)
With this velocity field, p, is determined by Eq. (6) with m=2 as
bus _ 44 :(xf—x%—{—sz)
2edv [%2 4 (e +5) 2] (63 + (2 —5)7)
2 2 2 2
+D xl“‘(xz‘l‘f) +D _ xl"—(xz_s)
O EtT BT
2 2 —5)[3%% — (%,—5)?]
+ E, (x2+5) [3%1 — (% +5) ]—}—E_ (xz—5)[3x1 2 +es,
O B B
(26)

where ¢; is a constant. The determination of the constants ¢;’s depends on the
choice of the reference pressure p,. If we choose the pressure of the gas at some
point outside the Knudsen layer as g, then

G=¢6=¢=0,

and ¢; is determined by the condition that pg3=0 at the point,

From Eqgs. (A2a), (A2b), (A3a), and (A3b), we find that the Knudsen-layer
part of the velocity (u;g;, u;x,) vanishes. Thus 4 represents the total flow field.

If we take the limit of the results obtained in this section as r and d— oo with
r—d being kept at a fixed value %, we obtain the corresponding results for the case
where a circular cylinder (radius L, temperature T) lies in a semi-infinite expanse
of the gas bounded by an infinite plane wall [temperature Ty(1--47)] at x,=0.
The Lk represents the distance of the center of the cylinder from the wall. The
limiting expressions of Eqgs. (14), (24), (26) are obtained by making the following
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replacement.
ik, (27a)
s (R—1)¥2 27b)
M — 2|cosh™t k|, (27¢)
4 h—1 , 27d)
4(K2—1)2| cosh™ k| [h|cosh™ k| — (K2—1)'/%]
B—0, 27¢)
Cery — 1 (276)

i2(h+1) |cosh™th|’

_ 2 1\1/2
Doy —» F LEG= DAL= 1]
2(F#—1)|cosh™' k|

(h—1) [kt (FP—1)"* o7
+ 2(F—1)"2[h|cosh™ k| — (B —1)"7] ’ (27g)
E, — FLAEE=DVIR—1LE-1"] (27h)

(H*—1)|cosh™1&|

To derive the tangential velocity of the gas on the plane wall from Eq. (19a) or
(22a) with 6=r, the replacement

1 4

&2 2 72 2_ 1y2°
X5 (xi+H—1)

._.
o
==
)
//
—
-t
[+

o
“w
P o

/>—

N
‘- \\\§

0 /2 0 L
Fig. 3. Tangential velocity distributions on the
cylinder and on the plane wall.
(— on the cylinder, )
— — — — on the plane wall.
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Fig. 4. Streamlines and isobars.
(r==2, d=0.5; the arrows show the direction of flow for 4z >0.)

To(1+ At)

Fig. 5. Streamlines and isobars.

(h=r—d=2, r—>o00, d—> o0 ; the arrows show the direction of flow
for 4r>0.)
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in addition to Egs. (27b, c) is necessary since r—oo and x,—>0 on the plane wall.

The tangential velocity distributions on the cylinder and on the plane wall
are plotted for A=1.5, 2, 3 in Fig. 3. Streamlines (y»=constant) and isobars
(more exactly, pyz=constant) for r=2, d=0.5 are shown in Fig. 4 and those for
h=r—d=2, r—o0, d—>o0 in Fig. 5. The right half of each of Figs. 4 and 5 shows
Y=constant and the left half pg;=—constant. The arrows show the direction of
flow for 47>0. For 47<0, the flow is reversed. The difference between isobar
and py;=constant is important only inside the Knudsen layer. In both figures,
¢3 is taken to be zero; in Fig. 5 this corresponds to the pressure at infinity being
taken as p,.

IV. Force on the Inner Cylinder

In this section we will calculate the total force acting on the inner cylinder by
applying the momentum theorem to a control surface that encloses the inner cyl-
inder. The stress tensor defined in Ref. 6 Sec. 17 being denoted by p,(0:;+P;;),
where 8;; is the Kronecker’s delta, the total force F;, per unit length of the cyl-

inder, can be written by a contour integral of P;; in the x,, x,-plane as
Fi=—pl| P, (282)
¢

where the path of integration ¢ is a closed curve that encloses the inner cylinder,
ds is the line element, and 7; is the outward unit normal to the contour ¢. In
the linearized problem the momentum flux due to gas motion is negligible. From
the symmetry of the problem, F,=F,=0. If we take the path ¢ outside the Knudsen
layer, P;; in Eq. (28a) may be replaced by its Hilbert part P;;5. Thus,

F; -
where P;;; is given by the formula:
Piju = Pijuo+Pijmk+Pijgk’ - (29)

Pijgo = prddij

au,' au ;
Pinl = Pmaij—( ax!.io+_a_;1.1_o> ]
¥l i

Ouiy  Oui Oty
Py, = [);123.','*‘( Ox. + 6; > ;
] ]

Oy Oujy, Py 92 { Ouigy  Oujp
Pijms =[)H35,~,-—( Ox; + Ox; >+ax,-6‘xj_ 0xf \ Ox; Ox; )
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The stress tensor P;; that is calculated from a solution of the linearized Boltz-
mann equation (including the linearized Boltzmann-Krook-Welander equation)

satisfies the equation of conservation of momentum (Ref. 6, Sec. 17):

r’;P.-,- _o. (30a)
Xj
Thus,
P _ (30D)
ax i >

since the Hilbert part is a class of solutions of the Boltzmann equation.>*® Equa-
tion (30b) corresponds to Eq. (6). From the Gauss’s theorem and Eq. (30b) it
turns out that the integral (28b) is independent of the choice of the contour .
(¢ may be in the Knudsen layer.) This shows that the Knudsen-layer part of
P;; does not contribute to the total force. [This statement, as is obvious from
the above derivation, holds for any closed body (in two or three dimensional
problem).]

As will be shown in Appendix 3, the thermal stress 8%z, [9x,8x; in Eq. (29),
which is derived from the harmonic function 7g,, does not contribute to the
total force. Now, we can calculate the force F; from Eq. (28b) with the aid of
Egs. (29), (24), (20), and (26). The result is:

F, = 8medp, LAk,

31
F,=F,=0. 8

The force F; for the limiting case where r and d—>co with r—d=# fixed (a cylinder
and a plane wall) is obtained by making the replacement given by Eq. (27d).
Thus,

h—1
(B—1)"| cosh™ k| [k| cosh™ k| — (K2 —1)"*]

F, = —2me poLATk® . (32)

—F,[(epoLd7k?) of Eq. (31) is plotted as a function of d/(r—1) (the eccen-
tricity or the distance between the axes of the cylinders divided by the difference
of their radii) for various values of r (the ratio of the radii of the cylinders) in Fig.
6. When 4r <0, the inner cylinder is subject to a force toward the axis of the
outer. —F,/(ep,LAck?) of Eq. (32) is plotted as a function of A—1 in Fig. 7.
The force [Eq. (31) or (32)] becomes infinitely large as the two cylinders or the
cylinder and the plane wall approach each other (d—>r—1 or A—1); the formula,

however, is no longer reliable then since the asymptotic theory is not applicable
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Fig. 6. Force on the inner cylinder. Fig. 7. Force on the cylinder.

(r—o00, d—oco, r—d=h)

where the mean free path of the gas is not small compared with the gap between
the two boundaries.

We have not chosen the reference pressure p, yet. In the present analysis,
the pressure of the gas is denoted by p,(1+p) and p is assumed to be so small that
its square may be negligible. Therefore, the choice of p, is limited to a narrow
range around the pressure at some point in the gas. Then the choice of g, affects
pr and @y by additive constants, I, and also k£ through [, but the errors that are
introduced through p, and £ in 7, #;5, and F; can be neglected since they are of
the higher order of smallness that is neglected in the linearized problem.

V. Discussion

Equation (29) shows that thermal stress, in addition to viscous stress, is acting
in a slightly rarefied gas where the temperature gradient is nonuniform. The
thermal stress, however, does not contribute at all to the equation of conservation
of momentum [Eq. (30b)-->Eq. (6)]. Thus, the thermal stresses integrated over a
control surface in the gas vanish; that is, the thermal stresses on the control surface
are balanced with themselves without the help of the pressures and the viscous
stresses. In the absence of boundary, therefore, the gas remains at rest under a
uniform pressure as if the thermal stresses were absent. This balance is violated
in the neighborhood of a solid boundary.
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SOLID SECTION

(a) (b)

Fig. 8. Control surface and solid section.

Suppose that a part of the control surface is replaced by a solid boundary
without changing the surrounding temperature field {Fig. 8(a)—Fig. 8(b)]. (Let
it be plane and be called solid section.) The thermal stress and the pressure on
the control surface except the solid section do not suffer any abrupt change by
this replacement. Neither does the contribution to those on the solid section by
the molecules reaching the section. But the contribution to the tangential stress
on the solid section by the molecules leaving it suffers an abrupt and considerable
change, because their velocity distribution is quite different from that in the gas.
For example, when the molecules make diffuse reflection on the solid section, the
leaving molecules do not contribute at all to the tangential stress. The tangential
stress on the solid section, therefore, is reduced to half by the replacement. That
violates the balance of the thermal stresses acting on the control surface. Thus,
a flow is induced along the solid section, and it grows until the tangential momentum
transferred by the reaching molecules, which now have tangential velocity as a
whole, compensates for the reduction of the thermal stress. The final steady flow
is determined by the slip en;#;60G;,/0%; in Eq. (A3a) and is called thermal stress slip
flow. Other examples of thermal stress slip flow are given in Refs. 11 and 12.

Kogan et al.™® pointed out the existence of another kind of flow which is also
induced by thermal stress. When the temperature variation in a gas is so large
that the linearized approximation is not applicable, the thermal stress, which is
not so simple as that given in Eq. (29), has a contribution in the equation of con-
servation of momentum. Then the thermal stresses are no longer balanced with
themselves. Further, except some special cases the thermal stress cannot be in-
corporated into the pressure term in the momentum equation; that is, the thermal
stress cannot be made balanced with the pressure. Therefore a flow is induced to
maintain the conservation of momentum. This kind of flow also occurs in our
problem when the temperature difference between two cylinders is large. In this
case the solid boundary plays only an indirect role in inducing the flow that it
establishes the temperature field, which produces thermal stress, in contrast with
the case of the thermal stress slip flow.

The difference between the thermal creep flow and the thermal stress slip flow
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is made clear when we consider a particle in a slightly rarefied gas with a tem-
perature gradient.’ When the thermal conductivity of the particle is of the
same order of that of the gas, the side of the particle that faces toward the hotter
region is heated more and a temperature gradieht comparable to that of the gas
arises on the surface of the particle. Thus, the thermal creep flow, determined by
the second term of the velocity slip in Eq. (A2a), is induced from the colder to
the hotter region and the particle is subject to a force in the direction opposite to
the temperature gradient. When the thermal conductivity of the particle is much
higher than that of gas, the temperature of the particle is nearly uniform and, cor-
respondingly, the thermal creep flow is negligibly small. Then the thermal stress
slip flow, a higher-order effect, determines the flow field. It is from the hotter to
the colder region and the particle is subject to a force in the direction of the tem-
perature gradient. Thus, a particle left free in the gas drifts in the direction of
the temperature gradient or in the opposite direction depending on its thermal
conductivity. Therefore we can separate particles in a slightly rarefied gas by their
thermal conductivity by imposing a temperature gradient in the gas. These phenom-
ena are called thermophoresis and the force on the particle thermal force.

According to Bakanov and Derjaguin'® and Waldmann'®, the thermal force
is independent of the thermal conductivity of the particle and in the direction op-
posite to the temperature gradient when the Knudsen number is infinitely large
(highly rarefied gas). Thus, for a particle of high thermal conductivity, the direc-
tion of the thermal force is reversed at some Knudsen number. Therefore we can
separate particles of high thermal conductivity in a rarefied gas by their size by
imposing a temperature gradient in the gas.
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Appendix

1. Slip boundary condition and Knudsen-layer part

Uigo = Ui »
THO = Ty
(it ky K,
= OyjoNit; +Giot; 1 s
L¥ixr?s Y, il
2
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(Ala)
(Alb)

(A2a)

(A2b)

(A2¢)

(A3a)

(A3b)

(A3c)
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ky = —1.01619, K, = —0.38316, a = 0.76632,

b = 050000, ¢ = —0.26632, e = 0.27922,

f = 026693, g = —0.76644, a = 0.23368, (Ad)*
f = 026693, d = 1.30272, d,=0.11169,

dy = 1.82181.

(2RT)"*u,,; is the velocity of the boundary, Ty(1-+7,) is the temperature of the
boundary, #; is the direction cosine of the normal vector (pointed to the gas) to the
boundary, and ¢; is the direction cosine of a tangential vector to the boundary.

The £ and #;; are defined as
_ 1
k= 9 (R tK2) 5 &y = mililj+rmim;

where L™, and L 'x, are the principal curvatures of the boundary and /; and
m; are the direction cosines of the corresponding principal directions; we take
£;<0 when the corresponding center of the curvature lies on the side of the gas.
Y, Y, Y, 17'0, 171, 6,, 8,, 6, 2,, 2,, and £5 are functions of the Knudsen-layer

variable 7:

Xi = nik” +xwi((l> CZ):

where x,;({;, {5) is the boundary surface, and {; and {, are coordinates within
a surface n=const. These functions are plotted in Figs. 9 and 10 by the data
obtained in Ref. 8.** All the quantities with the subscript H including S;;,, Gi,

are evaluated on the boundary.

2. The vanishing of the second term of u;,n; in Eq. (A3b)
The second term of u;4,n; in Eq. (A3b) generally vanishes on the boundary of

a uniform temperature.

Proof: We introduce s; defined by the equations s;5;=1, 5;;=0, s;n,=0; then
ninj-+t;t;+s5;=8;;. Therefore

* The slip coefficients except ¢ do not appear in the main text. Thus, the double role of the

symbols a, b, f will not introduce any misunderstanding. The notations of the slip coefficients

(a, b, etc.) are the same as those in Refs. 3, 4 except for Ki, i.e., Kj(here)=(2k1+1)/4 (in
Ref. 3).

** The notations of the Knudsen-layer functions (¥,, ¥;, etc.) are the same as those in Refs. 3, 4.

Thus (24, 8y, d,) (hcre)=(——%9’f, —%9;“, ——i—df) (in Ref. 8). (See the list of notations

in Appendix B of Ref. 8.)
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Fig. 9. Knudsen-layer functions I.

Fig. 10. Knudsen-layer functions II.
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aGl'O n"nj — aG"o . aGiO t'tj _ aGio S,'Sj
ax]- ax,- ax] i
0Cuts _, 0Cis: ( ot, | s )
—_ —tJi b G‘ s i
ox, T aw, Too\ligy TG,

[Eq. (7); a proper extension of ¢, s; in the neighborhood of
the point under consideration'”]

o g2

[Eq. (Alb) and r,=const.]
= —2G;m% ,

(The definition and property of the mean curvature'?).

3. The vanishing of the thermal stress term in Eq. (28b)
The thermal stress term in Eq. (28b) for i=2

0 (ar,, ).. a (61‘,, ) J
= — _ L] » df
Sc[axl axz nl+ax2 axz 2
7] (ar,,,,,>~ 9 (67,, )"':I
=—\|-Z t+— (ZTHm )y A
Sc[ax, ax, 2 dx, \ 0x, /"

[xm is harmonic (8%ry,,[0x3 = —8%,,[8x2); (4, t;) is the
unit tangential vector to the path ¢ and points to the direc-

tiont encircling ¢ counterclockwise.]

(* Thm is a single valued harmonic function).
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