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Abstract 

A theoretical method to analyse the steady and dynamic characteristics of a separa
tely excited de motor controlled by a thyristor chopper circuit is introduced. In the 
analysis, the influences of the fluctuations of the de motor speed and the armature current 
during one cycle of a chopper frequency on the characteristics are considered. The 
characteristic equation in the control circuit is derived theoretically, and it is then de
noted that the circuit performance can be described by an equivalent sampled data 
system. Next, the validity of the theoretical method is verified by ascertaining that 
the calculated results agree well with the experimental results. Furthermore, the 
influences of the circuit parameters and the situation of an armature current on the 
motor performances are investigated. Finally, the sampled data system is applied to 
investigate the frequency response of the motor, which has not been investigated in the 
usual papers. 

1 Introduction 
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A thyristor chopper circuit is available for obtaining a regulated voltage 

from a constant de voltage source. The circuit is often used for the speed control 

system of a de motor such as that of an electric motor car. The speed of the de 

motor is efficiently controlled by regulating an armature terminal voltage of the 

motor. When the terminal voltage is regulated by a thyristor chopper circuit, 

the armature current flows intermittently and so the motor fluctuates a little. 

Until now, a considerable amount of information describing the performance 

of a motor controlled by a chopper circuit has been published. However, the 

analysis of the characteristics in the steady state has been mostly carried out under 

an assumption that the fluctuation of the motor speed is negligible. Research 

reports that have analysed the dynamic characteristics considering the fluctuation 

are rarely found. 

In this paper, a theoretical method to analyse the dynamic and steady per

formances of a separately excited de motor controlled by a chopper circuit is 
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introduced. By this theory, the fluctuation of the motor speed, the friction torque 

of the motor with a load and the voltage drops on the armature brushes are con

sidered. These factors have not been considered by the conventional theory, but 

they are important for researching the motor performances more exactly. Also 

introduced theoretically is the idea that the motor performances in the chopper 

circuit are described by a sampled data system. This sampled data system is 

available for investigating the dynamic characteristics of the motor such as frequency 

response. 

Furthermore, the authors confirm the appropriatenes~ of their theory by show

ing that the calculated results agree sufficiently well with the experimental results. 

2. Fundamental Theory 

2.1 Fundamental equations. 

Figure I shows a circuit diagram of a thyristor chopper circuit for the speed 

Controller 

E 

Fig. 1. Chopper control circuit of a separately excited de motor. 

control of a separately excited de motor, in which the armature terminal voltage e 

is varied by changing the conduction interval of the main thyristor Thi. In the 

figure, Thi is periodically turned on by gate signals generated in the gate con

troller, and then the armature current i is supplied to the de motor from the de 

voltage source E. When the auxiliary thyristor Th2 is turned on, Thi is soon 

turned off by the aid of the reverse voltage charged in the condenser Cc, and then 

the current i transfers from Thi to Th2. After a short time i.e. the commutation 

interval, Cc is recharged with E and so Th2 is turned off. Subsequently i cir

culates through the freewheeling diode DJ until i decreases to zero, or Thl is turned 

on again. The polarity of the voltage of Cc is reversed in the resonance circuit 

consisting of Cc and the inductor Le when Thl and another auxiliary thyristor Th3 

are turned on. The reversed voltage of Cc helps to turn Thl off.1> 

Next, the performance of the de motor in Fig. l can be analysed by the follow

ing fundamental equations: 
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e = L di/dt+Ri+K,,n+E6 , } 

K,i = J dn/dt+Fn+Q,, 

where 

e output voltage of chopper circuit, 

Eb brush voltage drop, 

F viscous friction coefficient of motor with load, 

J moment of inertia of the same one, 

Q, coulomb torque coefficient of the same one, 

K, counter electromotive force coefficient of motor, 

K, torque coefficient of motor, 

L total inductance in armature circuit, 

R totai resistance in the same one, 

n motor rotating speed, 

time. 

2,2 Circuit modes. 

61 

We now assume that the turn-on and turn-off intervals of the thyristors and 

the commutation interval of the chopper can be nelgected. Also, for simplifying the 

analysis of circuit performances, we neglect an armature reaction of the motor 

and the nonlinearity of the circuit parameters. Then, the Eqs. (1) are transformed 

into the following electrical equations: 

where 

E1=E-Eth1, E2=E-Eth1+Edf, t'=t-t0,., 

a duty factor of chopper, 

Eth1 : voltage drop in Thi, 

Edf ; the same one in DJ, 
H(t) ; unit function, 

t0 ,.=a-r; conduction interval of Thl, 

-r : chopper period, 

C=J/(K,K,): equivalent capacitance for J, 
G=F/(K,K,): equivalent conductance for F, 

lq=Q,/K,: equivalent forced current for Q,, 

v=K, n: counter electromotive force. 
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Now, we can divide the circuit performances into four fundamental modes, 

depending on the situation of i and v as follows :2> ,3> 

mode O:i=O and the motor is at a standstill, 

mode I :i is supplied but the driving torque K1i is not sufficient to rotate the 

motor, 

mode 2: the motor is driven by i, 

mode 3 :i=O but the motor is rotated by inertia. 

The situation of i and v at each mode and the criteria for mode transitions are 

shown in Fig. 2, where Qs is the static friction torque. The circuit performances in 

Fig. 1 can be analysed by using Eqs. (2) and Fig. 2. We now show the fundamental 

relations in each mode. 

ModeO 

i = 0 
v=O 

0 
II 

> 

i = 0 
V ~ 0 

Th1 :turn on 

i=O 

Th1:turn on ------------------
i = 0 

Model 

i~O 
v=O 

0 
II 

> 

i:: 0 
V ~ 0 

;2 
;;; 
0 
II 

Mode 3 Mode2 

Fig. 2. Circuit modes. 

(1) Mode 0 

(2) Mode 1. 

Replacing e, i and v in mode I by e1, i1 and v1 respectively, the Eqs. (2) are 

transformed into 

e1 = L di1/dt+Ri1+E6 , 

V1 = 0. } 
The above equations can be solved easily, and the solutions are expressed by the 

following matrix form: 

where 
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[.l1(t)] = E-tRIL[U]H(t) ' 

[U] = [~ ~], 

it0 and vt0=0: initial values ofi1 and v1• 

(3) Mode 2. 

The circuit performance in this mode is described by Eqs. (2). By using 

the Laplace transform and putting e=e2, i=i2 and v=v2, the Eqs. (2) are easily 

solved and the solutions are obtained as follows: 

where 

..£ 1 { 1 [sc+G -1 ] [ei{S)-Eb(S)]} 
[<62(t)] = - LCD(S) 1 SL+R -IiS) 

[

(E -E) { Gg1(t) +g2(t)}+ I,g1(t) -E {Gg1(t') +gi{t')}l 
1 6 

RG+l L RG+l 
2 

RG+l L 

- (E1-Eb)g1(t) I { Rg1(t) +g2(t)} E2g1(t') 
RG+l 9 RG+l C. RG+l ' 

_ { 1 [S+G/C -1/L ]} [git)-ag2(t) -g2(t)/L ] 
[xi(t)] = ..c l D(S) 1/C s+R/L = g2(t)/C g3(t)+ag2(t) ' 

g1(t) = H(t)-J.g2(t)-g3(t), J. = (R/L+G/C)/2, 

gi(t) = exp (-J.t) sinh µtH(t)/µ, a = (R/L-G/C)/2, 

g3(t) = exp (-J.t) cosh µt H(t), µ = {a2-l/(LC)}ll2
, 

D(S) = S 2+(R/L+G/C)S+(RG+l)/(LC), 

e2 (s), E 6(S) and 19 (S): s-functions of e2, E 6 and 19 , 

S: Laplace operator, 

..c-1: inverse Laplace transform, 

it 0 and vt 0
: initial values ofi2 and v2• 

(4) Mode 3. 

The circuit equations are given by 

and the solutions are given by 

...... (8) 
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where 

[¢3(t) = [ _Jq(l-e~Glc)H(t)/G], 

[x3(t)] = e-tGfC[U]H(t) , 

e3, i3 and v3 : e, i and v in mode 3, 

it0 =0 and vt 0
: initial values ofi3 and v3• 

3. Steady Characteristics 

The steady characteristics of the electro-mechanical system in Fig. l can be 

obtained by analysing the circuit performances during one cycle of the chopper 

frequency. Here, in the case where the motor rotates continuously, we analyse 

the circuit performances which are concerned closely with the motor speed con

trol. 

We first analyse the circuit performances where i flows interruptedly. During 

one cycle, modes 2 and 3 appear successively, and so the instantaneous values of 

i and v are given by Eqs. (6) and (8). In the steady state, the following relations 

for the initial values are obtained. 

where 

it0 = it0 = 0, 

t2+t3 = !'' 

t,: duration of interval of mode r, 

r : mode number. 

From Eqs. (6), (8) and (9), we can derive the following equations, 

. ..... (9) 

······(10) 

and then the values of t2, t3, vt 0 and vt 0 are determined. Therefore, we can cal

culate the instantaneous values of i and v by substituting those values into Eqs. (6) 

and (8). 

In the case where i flows continuously and only mode 2 appears, the values 

of it 0 and vt 0 are obtained by substituting t2=i- and t3=0 into Eqs. (10), and 

then i and v are calculated by using Eqs. (6). 

Next, the average values Ed, Id and Vd per i- of e, i and v can be calculated 
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easily by using Eqs. (2) and (7). The results bring the following relations: 

where 

Also, about the average input and output powers, the following relations: 

where 

P; = _.§_ f '•• idt: average input power, 
T Jo 

I J'2 P0 = - vidt: average output power, 
T 0 

{ 
I f'2 }112 

l,m, = -;:-- Jo i2dt : affective value of i, 

•••••• (12) 

are obtained, and those values can be numerically calculated by a digital com

puter. The electrical efficiency 7J, is now determined by 

7J, = P0/P;. ... ··· (13) 

When i flows continuously, 7J, is obtained by substituting t2=i-, t3=0 and /3= I 
into Eqs. (12) and (13). 

4. Dynamic Characteristics 

The dynamic characteristics of the electro-mechanical system in Fig. 1 can 

be analysed by using Eqs. (3), (4), (6) and (8) and the criteria shown in Fig. 2. 

For simplifying the analysis, we explain the dynamic characteristics only in the 

case where the motor rotates continuom ly and the circuit performance is repre

sented by modes 2 and 3 in every cycle of the chopper frequency. 
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4.1 Transient characteristics. 

In the k-th cycle from a cycle when the duty factor a of the chopper is settled, 

modes 2 and 3 occur successively in the case where i flows interruptedly. By 

using Eqs. (6) and (8), the current i=i,. and the voltage v=v1 in the k-th cycle are 

expressed as follows: 

for o:::;; t:::;; t2_,,:s;; -r, 

•••.•• (14) 

where t2,,. and t3,,. are the dmation of modes 2 and 3, respectively. In the abovt: 

equations, the following conditions 

.•• ··• (16) 

must be satisfied. 

Next, when i flows continuously, i=i,. and v=v,. are expressed by 

in which 

4.2 Transfer function. 

When the de motor is driven by a de source, the transfer function Gd(S) of 

the system is usually expressed as follows :4l 

G (S) = '1v(S) = _I_ (RG+I)/(LC) 
d '1e(S) RG+ I D(S) 

...... (19) 

where 



Dynamic Characteristics of DC Motor Controlled by Thyristor Chopper Circuit 67 

D(S) = S 2+(RJL+GJC)S+(RG+l)/(LG), 

de : increment of e, 

dv : increment of v caused by de, 

Here, let us introduce the themetical transfer function G(S) in the case where 

the de motor is driven by the chopper circuit, and a is changed Ja. When i 

flows continuously and only mode 2 occurs, the characteristic equation D(S) =0 is 

the same as in Eq. (19). However, when i flows interruptedly, D(S) is not decided 

exactly, because the circuit operations are divided into modes 2 and 3. Hence, 

we introduce the approximate characteristic equation and then the transfer func

tion. 

Let us assume that the circuit situation for a is in the steady state, and so 

the values of i+0=i{ 0
, v+0=vt 0

, t2 and t3 are determined by Eqs. (10). We also 

assume that the variation da is very small, and so the durations t2 and t3 for a+ 

da are nearly equal to those for a. Then, we can solve the following gradual 

equations for a+da. 

······(20) 

By using Eqs. (14) and (15), the following result is derived. 

. •• ·•• (21) 

In the above equation, the transient term [xit3)]k-1[xi(t2)]k-I can be given as 

follows; 

where S1=-J.+µ and S2=-J.-µ are the solutions of D(S)=O. By using the 

parameters /i=t2/-r, S(=(iS1 -(l-[i)G/C, Sf=fiS2-(l-fi)G/C, L'=L/fi, C'=C/fi 

and R'=R+(l-fi) LG/(fiC), the Eqs. (22) are transformed into 

[ ( )]k-1[ ( )]k-1 __ l_ { (k-Iyrs[[S( +G'/C' -1/L' ] 
Xa ta X2 t2 - S(-Sf E 1/C Sf +R'/L' 

-c<k-IJTS2 [Sf +G'/C' -1/L' ]} 
1/C' S~+R'/L' • 
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Furthermore, the above transient term can be expressed by the following inverse 

Laplace transformation 

[ (t )Jk-1[ (t )Jk-1 _ .£-1 { 1 [s +G' JC' - IJL' ]} 
z3 3 z2 2 - D'(S) I/C' s+R'JL' ,-<•-1>T 

where 

D'(S) = S 2+(R'/L'+G'/C')S+(R'G'+l)J(L'C') .... ,,(25) 

In the equation, D'(S) is the same form as D(S) in Eq. (19), and D'(S)=O is now 

an approximate characteristic equation in the case where i flows interruptedly. 

In this connection, by putting t3=0 and t2=-r, i.e. f:i= 1, in Eqs. (23), we can 

obtain the transient term [z2(-r)]H in Eqs. (18), and then D'(S)=D(S). 

Next, the gain Km of the motor for Lia can be obtained by using Eqs. (10), and 

is expressed as 

...... (26) 

where 

LJv+0=Llvt 0
: change of the initial value ofv due to Lia. 

Now, Km and D'(S) are determined, and the transfer function G(S) of the 

motor control circuit with the chopper is written by 

This is transformed into the following expression: 

where 

ro,. = {(R'G'+I)/(L'C')}112 : natural angular frequency, 

( = (R'/L'+G'/C')/(2ro,.): attenuation constant. 

...... (27) 

...... (28) 

The transfer function G(S) is very useful to analyse dynamic characteristics of the 

motor. 

4.3 Pulse transfer function. 

When the motor speed is controlled by the feedback control system, the dy

namic characteristic is derived from the equivalent sampled data system, as shown 

in Fig. 3. In the figure, the zero order holding circuit 
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Vr 

~------1 Kb r-------' 

Fig. 3. Equivalent sampled data system with speed feedback. 

H(S) = 1-e-"'' 
s 

is used, because a is periodically given to the chopper circuit and is kept constant 

during -r. Also, Kc and K6 are the gains in the controller and the feedback cir

cuit, respectively, v, is the input i.ignal for speed control, and e=v,-v. 

In order to analyse the dynamic characteristic of the system as shown in Fig. 3, 

it is convenient to use a pulse transfer function. The total pulse transfer func

tion Gt (z) of the system is given by5> 

where 

M1 = S{SHS{ -sn , 
M 2 = -M1(e"5i+e"52)+KbN1 , 

M - M e"<5 f+S2>+K N. 3- 1 b 2, 

N1 = KcKm(Sf-S~-S{e"52+S~e"5i), 

N2 = KcKm{S~e"52-Sfe"5i+(S{-S~)e"<5i+52>}, 

S{ = -( CtJ.+w.( ,2_ 1 )1/2' 

s~ = -,CtJ,.-Ct).(,2-1)1/2, 

HG*(z): z-function of H(S)G(S). 

... ···(30) 

We can now obtain the frequency response of the system by substituting z= 

exp (jwr) into Eq. (30) as follows; 

where 

R, = l/ {M1 (P2+r2
) (q2+r2

)}: real part of Gt ( ei°''I'), 

Im= m/{M1(P2+r2)(q2+r2
)}: imaginary part ofGt(ei°"'), 

l = (N1 cos w-r+N2)(pq-r2)+N1r
2(p+q), 
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m = N1r(pq-r2)-r(N1 cos wr+N2)(p+q), 

p = cos W'r-Z1, q = cos W'r-Zi, r = sin W'r, 

W=211:j, j=(-1)112, 

f: frequency of v, . 

5. Numerical Calculations and Experimental Results 

In order to investigate the appropriateness of the above theoretical method, 

we compare its numerically calculated results with the experimental results. The 

experiment is carried out on a small size de motor. The specification of the motor 

and the circuit parameters are shown in Tables 1 and 2, respectively. 

Table 2. Circuit parameters 

Table I. Specification of de motor 
Mechanical parameters Electrical parameters 

Type (Maker) JKMM-6EM Kt=0.096 [N.m/A] E=40 [V] (Yasukawa Electric Co.) Eb=l.02 [V] Kv=0.096 [V.s/rad] 
Rated power 190 [W] F=0.000451 [N.m.s/rad] Erif=0.757 [V] 

Rated voltage 40 [V] J=0.000282 [Kg.m] Eth=0.792 [V] 

Rated current 6 [A] Q=0.0806 [N.m] 
C=30.6 [mF] 

Rated speed 3000 [rpm] G=0.0489 [S] 
Qs=0.09ll [N.m] lq=0.840 [A] 

Field excitation Parmanent magnet 
L= 1.4, 42.6, 108[ mH] 
R=5.96 [.Q] 

-r=l/60 [s] 

5.1 Steady cahracteristics. 

In Figs. 4 and 5, the instantaneous waveforms of i and v in the steady state 

are presented for L=42.6 and 108 mH, respectively, where a=0.4. In Fig. 4, 

the current i flows interruptedly, but in Fig. 5 it flows continuously and is fairly 

301 16 

~ I 0 Experimental i ~ 
> 20; . results 74~ 

~':l2::0s=1:= 
0 0.5 1.0 

t I,:. 

Fig. 4. Steady state waveforms of i and v for 
a=0.4 and L=42. 76 mH. 

> 

o Experimental 
results 

6 

Fig. 5. Steady state waveforms of i and v for 
a=0.4 and L=l08 mH. 

smoothed by the aid of the large inductance L. From the figures, it is seen that 

the fluctuation of v is very small and the relations of v'=i Vd are satisfied. This is 

caused by the large value of J, i.e. C. 
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The calculated relations of V4 , 14, Ir,,,., P;, P0 and 7/, vs. a for iL=l.4, 42.6 
and 108 mH are shown in Figs. 6, 7 and 8, respectively. From these figures, we 

know that the motor can't keep rotating, and so V4=0 when a<0.13 and l 4<1q. 
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0.5 1.0 
(l (l 

Fig. 6. Relations of V4, [4, l,m,, P;, P0 and 7/, 
v.s. a for L= 1.4 mH. 

5 

0 0.5 

Fig. 7. Relations of V4, [4, I,m, P;, P0 and 7/, 
v.s. a for L=42.6 mH. 

o Experimental 
results 

(l 

1.0 

Fig. 8. Relations of V4. [4, I,m., P;, P0 and 7/, v.s. a for L=l08 mH. 
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Also, i flows interruptedly when 0.13::s;;a<l in Fig. 6 and 0.13::s;;a<0.75 in Fig. 7. 

When the value of Lis small and i flows intermittently, the ohmic loss Rxl;m, 
increases, and so the efficiency 7J, lowers. On the other hand, when the value 

of L is large and i is sufficiently smoothed, a good efficiency is obtained, as shown 

in Fig. 8. 

In Figs. 4 to 8, some experimental results are marked, which agree well with 

the calculated results. 

5.2 Transient characteristics. 

In Fig. 9, (a) and (b), we show the calculated and experimental transient 

waveforms of e, i and v for L= 108 mH, a=0.56, and V4 ==; 12 V. Next, in Fig. 10, 

~ ~:□ n n n n n [I [l [1 n n n n n n n n n n n n n n n n r 

0 0.2 
t (S) 

Fig. 9(a). Calculated waveforms. 

0 0.2 0.4 
t (s) 

Fig. 9(b). Experimental waveforms. 

Fig. 9. Transient waveforms of e, i and v for a=0.56 and L=l08 mH. 

(a) and (b), there are plotted the waveforms for Vr=l2 V, Kc=0.18 and Kb=l, 

where the motor is driven with the feedback control system, as shown in Fig. 3. 

The waveforms in Fig. I0(a) are calculated by substituting the relation a=Kc(vr

v+0) +0.13 into Eqs. (14), (15) and (16). In these figures, we limit the range of 

a as 0.13::s;;a<0.95, so that the chopper operation is performed. 
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12c--------------------

t {s) 0.4 

Fig. IO(a). Calculated waveforms. 

0.2 0.4 
I (s) 

Fig. lO(b). Experimental waveforms. 

Fig. 10. Transient waveforms of e, i and v for v,= 12 V, a=0.18 
x (v,-v+ 0) +0.13 and L= 108 mH. 
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Comparing the transient characteristics in Fig. 9 with those in Fig. 10, we 

can see that the motor responds quickly in the case where the motor is driven with 

the feedback control system. However, some offset e = v,-v remains in the 

steady state, which may be decreased by increasing the value of K,. 

As seen in Figs. 9 and l 0, a good agreement between the calculated results 

and the experimental ones is obtained. 

5.3 Transfer function and frequency response. 

The relations of K,,,, ( and co,. v.s. a for L= 1.4, 42.6 and 108 mH, which 

concern the transfer function G(S) in Eq. (28), are given in Figs. 11, 12 and 13, 

respectively. As seen in Fig. 13, Km, ( and co,. are independent on a, where i 
flows continuously. On the other hand, Figs. 11 and 12 show that those values fairly 

change with a, where i flows intermittently. Furthermore, C'=C/P and L'=L/P 
increase, and so the response of the motor to a change of v, is fairly delayed. 

The calculated frequency responses of the motor for L= 1.4, 42.6 and 108 mH 
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Fig. 12. Relations of K,., C and w. v.s. a for 
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Fig. 13. Relations of K ,., C and w. v.s. a for L= 108 mH. 

are shown in Figs. 14(a), lS(a) and 16(a), respectively, where Kc=0.18, Kb=O 

and the average values of v, are regulated to prepare Vd =; 12 V. In these figures, 

some experimental results are shown, which agree well with the calculated results. 

Next, the calculated frequency response for L= 1.4, 42.6 and 108 mH are shown 

in Figs. 14(b), lS(b) and 16(b), where the motor is driven with the feedback 
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o Experimental results 

Fig. 14(a). Kb=O, Kc=0.18, K,.=31.1, (=1.44, ©•=19.8. 

-0.8 

(X) 

0 
I 

0 Experimental results 

Re 

5 

1.2 

Fig. 14(b). Kb=l, Kc=0.18, K,.=45.9, (=10.2, ©•=68.1. 

Fig. 14. Frequency response for L=l.4 mH. 
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control system, and K6=1 and v,=12+sin (211:.ft). In these figures, the experi

mental results deviate a little from the calculated results. This is mainly caused 

by the existence of the ripple component of v, which can be observed from the 

waveforms of v shown in Figs. 9(b) and lO(b). 

o Experimental resuts Re 

f=0.2Hz 

E 

Fig. 15(a). Kb=O, Kc=0.18, K,.=27.2, (=2.23, ©.=28.6. 
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Fig. 15(b). Kb=l, Kc=0.18, Km=29.8, (=2.22, w.=27.8. 
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6. Conclusions 

A theoretical method to analyse the steady and dynamic characteristics of a 

separately excited de motor controlled by a thyristor chopper circuit was introduced. 

Also, the characteristic equation in the control circuit was derived theoretically. 

It was then denoted that the circuit performance was described by an equivalent 

sampled data system including a zero order holding circuit. 

Next, the steady and dynamic characteristics were examined with a small 

sized actual de motor. Then, the validity of the theoretical method was verified 

by ascertaining that the calculated results agree sufficiently well with the experi

mental results. Also, the influence of the circuit parameters and the situation of 

an armature current flow on the rooter performances were investigated. 

Furthermore, the sampled data system was applied to investigate the fre

quency response of the motor in the case where the motor speed is controlled with 

or without feedback. 
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