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Abstract 

Shock waves in a dusty gas are analyzed numerically by taking into account a 
continuous distribution of particle sizes. A distribution function for the particle radii 
is introduced in order to describe the continuous particle sizes. The equations for the 
gas and the particles are solved by the Runge-Kutta.cGill method, where the integra
tions in these equations arc calculated with Simpson's formula. It is made clear that 
the effects on the flow, or the flow structure, behind a shock front of the distribution 
function are very important. Also, the usual approximation for single sizes of particles 
will lead to poor results in many practical problems. 

Introduction 

1 

Shock waves in a mixture of a gas and small solid particles are analyzed numeri

cally. There have been many works treating shock waves in a, dusty gas1> - 9>. Most 

of them are, however, concerned with flows having a single uniform size of particles. 

Only a few works are concerned with a few distinct sizes of particles9>. In many 

practical cases, it may not be natural nor reasonable to consider that all the particles. 

have a single uniform size. Even when the particle sizes are approximated by a few 

distinct representative sizes, the validity or the accuracy of the approximation could 

not be assessed without the results of a more general or exact analysis. The accuracy 

of the few-sizes approximation may be dependent upon the actual form of the size 

distribution of particles. In any case, at least theoretically, it may be preferable to 

consider the continuous distribution of particle sizes in order to predict the flow be

havior of the gas-particle mixture with sufficient accuracy and generality. 

Here, the shock waves in a dusty gas are treated by assuming that the particles 

have a continuous distribution of sizes. A distribution function for the particle radii 

is introduced in order to take into account the continuous distribution of particle sizes. 

The one-dimensional stationary flow is .considered, its direction being identical with 

the direction of the positive x-direction. The mixture is assumed to be in a constant 
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state of equilibrium far upstream, and the particle volume fraction is assumed to be 

negligibly small. Although the last assumption is not always essentially necessary in the 

present analysis, it is introduced primarily for simplicity. 

Basic Equations 

The dimension-less quantities are introduced by 

x= 1• V=~, p= ;
0

, P=j;, T= i, 
V,=ft., p,=.lL, n,= :: , T,= 1:_,, 

fo P,o ,,. To 
( l ) 

r,= ~,, </>=iif,, 
l, 

where x is the distance measured from a shock front, and p, V, p, and fare the den

sity, the ·velocity, the pressure, and the temperature of the gas, respectively. The 

quantities associated with the solid particles are designated by the subscript p. The 

quantities fl,, r,, and {> are the number density, the radius and the distribution func

tion of the sizes of the solid particles. The constants L and i, are the reference 

length behind the shock front and the reference particle radius. The subscript zero 

designates the upstream equilibrium conditions. Under the upstream equilibrim con

ditions, it can be assumed that Vo= V,,, and fo = f ,,,. 

The particle density p, is related to fl, by 

r,,= 3
4 rr:p.,,fl,S~""~"' {>r;dr,, c 2) ,,.,. 

where p.,, is the material density of the solid particles, and ,, .. .., and ,,,,.1• are the 

maximum and the minimum radii of the particles contained in the flow. The distri

bution function is generally a function of f, as well as x, and is defined such that the 

number of particles which have radii ,, lying ,, to r,+dr, is 

fl, {> dr,, 

per unit volume, This satisfies the next normalizing condition : 

( 3) 

Here, attention must be paid to the fact that the number density fl, is independent 

of ,,, and is only a function of x. 
Introducing the additional usual assumptions, the one-dimensional flow of the dusty 

gas may be written with the dimension-less quantities introduced in Eq. ( 1) as follows: 

pV=l, 

p s· 1 s· V + Mz + 11 </>oV,r;dr,= 1 + Mz + 11 </>or;dr,, r o • r o • 

( 4) 

( 5) 
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T+ T21 M~V2 +11s: ¢,o(OT,+ T21 ~V;)r; dr, 

= 1+r21 M~+11(0 + r2 l ~)s: ¢,or; dr,, 

P=pT, 

dV T• 
V, d: =A,J,rf(V-V,), 

V, di) = ).A,og, ~ (T - T,) , 

4 z·s fl,o 
II =3,t ifJ•1p;• 

A,o=i_ P.o_ !, ' 
2 p.,J", Vo 

M~= v:;(1 ~:), 

O=C,,!C,,, 

).=2C,./(3P,C,,), 

(See Appendix) 

(6) 

( 7) 

( 8) 

( 9) 

(10) 

( 11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

3 

Here, the normalizing condition for the distribution function is rewritten in the non -

dimensional form: 

r ¢,dr,= 1, (19) 
• 

which was used in deriving Eq. (9) from Eq. (8). In Eqs. ( 4) to (18), M is the 

Mach number for the gas flow, and the parameters P,, C0 , and N. are the Prandtle 

number, the drag coefficient, and the Nusselt number, respectively. The subscript 

Stokes denotes the values evaluated in Stokes' theory. The constants c,. and C,, are 

the specific heat at the constant pressure of the gas and the specific heat of the 

solid material. The ratio of the specific heats of the gas is denoted by T· The coeffi

cient of the viscosity of the gas p. is assumed here to be 
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(20) 

In Eq. (20), a is a constant to be specified properly according to the particular pro

blem. Here, it is chosen to be 0. 6. The system of eight equations, ( 4) to ( 11), is 

sufficient to determine the eight variables p, V, T, p, V,, n1, T1, and <p, It must be 

noted that V,, T,, and <p are here the functions of r, as well as x. Eqs. (10) and ( 11) 

are the momentum and energy equations of a single particle having a radius r ,. 

At this point, it is necessary to specify the reference lengths l, and L. One 

reasonable choice of l, may be given by lp11 which satisfies 

where p, is given by Eq. (2). This can be rewritten as 

(21) 

This value of lp11 corresponds to the radius of particles having an average mass over 

all sizes of particles. In this case, the value of v in Eq. ( 12) yields the mass flow 

ratio of the solid particles to the gas. 

In the numerical calculations, however, such a choice of lp11 as a reference radius 

is not always convenient. Here, therefore, l, is chosen next : 

which yields 

(23) 

In this case the mass flow ratio C is given by 

(2!) 

The choice of l,, as in Eq. (22), is convenient in the numerical integration of Eqs 

( 10) and ( 12), because the most difficult situation usually happens for the smallest 

sizes of particles. 

Another remaining reference length L is specified as 

(25) 

As was stated proviously, such a choice of the reference lengths have been made 

mainly for numerical convenience. It will be easy to realize that in this case the 

whole relaxation region may be measured roughly by L,..n 

(26) 
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where the subscript s denotes the conditions just behind the shock front. This is be

cause the largest sizes of particles have the largest relaxation length and the magnitudes 

off, and g1 in Eqs. ( 10) and (11) are usually of the same order. This value of L.u 
is, however, not always reliable for use in estimating the effective relaxation length, 

since different sizes of particles have different relaxation lengths. Then, it will be 

more reasonable and convenient to take the next value L. as an effective relaxation 

length: 

(27) 

where r,. =l,o!f t-i•• It will be easy to see that L., defined by Eq. (27), is the relax

ation length corresponding to the particles with the average radius l,o given in Eq. 

(22). 

Assuming that the particle sizes are negligibly small compared with the relaxation 

lengths, we can write the boundary conditions at (just behind) the shock front to the 

system as follows : 

V =(l+ r-l M2)/(L±lM2
) , 2 0 2 o, 

<p,=<po, 
V,,= l, 

T,,=l. 

(28) 

(29) 

Now, it must be noticed that </J, V,, and T, in the basic equations are functions of r, 

and x (p, V, p, T, and n, are functions of x only) • 

Numerical Analysis 

A. Numerical Scheme 

To carry out the analysis, it i~ necessary to give f, and g, in Eq. ( 17). In the 

present analysis, the equation by Henderson in Ref. 10 and that by Carlson and 

Hoglund in Ref. 11 are used for f, and g,, respectively. 

One major difficulty in the numerical analysis occurs in connection with the in

tegrations over r, in Eqs. (5), (6), and (9). This difficulty is overcome by employing 

the usual numerical approximation, Simpson's formula : 

where 

H= b-1 
n-1' 

F 1=F(r1;, x), 

(30) 
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Tp;= 1 + (i-1) H. 

In Eq. (30), F (r1, x) is any function of r1 and x, and n, k, and i are an odd number 

greater than 2, an integer in the range lLkL(n-1)/2, and an integer in the range 

l~iLn, respectively. 

According to the approximation (30), there are the n sets of equations : 

(31) 

(32) 

(33) 

where i = l, 2, 3, •··, n. These are considered in place of Eqs. (8), (10), and (l l). 

Then, numerically, the problem is reduced to solving these n sets of equations (31) 

to (33) in conjunction with Eqs. (4) to (7), and Eq. (9), where the boundary con

ditions for <ft, V1, and T1 in Eq. (29) are rewritten as 

<p;, =<fto1, 
V11,= l, 
T11,= l. 

(34) 

Mathematically, in the present analysis, the relaxation equations ( 10) and ( 11), which 

are for a particle with every radius r1, are replaced by the n sets of equations, Eqs. 

(32) and (33), for n representative sizes of particles. The effect of the interactions 

between the gas and all sizes of particles on the gas flow is taken into account through 

the integral terms over all sizes of particles in Eqs. (5) and (6). These are calculated 

numerically by Simpson's formula (30) with the particle velocities V11, temperatures 

T1;, and the distribution functions </J 1 of the n representative sizes of particles. 

In the numerical integration of the system with respect to x, the fourth-order 

Runge-Kutta-Gill method is applied in conjunction with the approximations, Eq. (30), 

to the integral terms in Eqs. (5), (6) and (9). Since the quantities ) and g1/ J1 are 

usually of an order unity, the mesh size dx is reasonably chosen so as to satisfy 

in order to stabilize the numerical integration with respect to the distance x. 

B. Sample calculations 

For sample calculations, we consider a flow with small solid particles of Al20s 

which are produced, for example, in the combustion process in the rocket motors with 

a solid propellent. The physical constants used in the present calculation are listed 

in Table l. 
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Table I. Physical constants 

r=l.29 
c,.=2000. o J/kg. °K 
P,=0. 75 
µ=2. 6x 10-5 kg/sec m (for 300°K) 
a=0.6 
c,,=16s6.o J/kg °K 
p.,=4. Ox 103 kg/ms 

<po=Cr, exp(-D1), 

At this stage, one remaining task is to 

specify the initial distribution function <po 

=<po(r,) for the particle radii. Practically, 

however, it is very difficult to specify it, and 

at least up to now, there has been little 

data for the size distribution of Al20a. 

Here, therefore, we consider the function 

<po in the form, 

where D, c, and d are the constants specified properly, and the constant C is to be 

determined for these specified values of D, c, and d from the normalizing condition, 

Eq. ( 19) . In the present analysis, two sets of values are considered : 

Case (a) 

C=84. 322, c=-5, 

D=6.4, d=-2, 

Case (b) 

C=O. 14286, c=O, 

D=O, d=O. 

The minimum and the maximum particle radii, f,_,. and f,__., are specified as 

follows, 

,,..,.=0. 5µ, 

r,.. ... =4. Oµ. 

The non-dimensional maximu~, radius b in Eq. (23) is now determined to be 8. The 

first set of values in Case (a) is determined from the experimental results in Ref. 4 

by a curve fitting. The latter set of values in Case (b) is only a fictitious uniform 

distribution. It must be noticed that the value of D in Case (a) depends on the di

mensional value of r,_,.( =i,). The functions <po and r!<fto are plotted against r, in 

Figs. l and 2. The latter quantity is very important, because the magnitude of the 

effect on the gas flow of the particles with radii r, lying r, to r,+dr, due to the in

teractions between them is more directly related to their masses ( ocr:<ftdr1) than to 

the number (oc rpdr,) itself. 

The upstream equilibrium conditions in the dimensional form are specified as 

follows : 

/Jo=O. l kg/m3 , 

P-o= 1. 254X 103 m/sec, 
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6.------r----""T---..----~------------~ 

4 

2 

Case(a) 

'fpmln•0,5p 

i'pmax •4.0p 

00~--L_ _ _J~-____,,i,_==:::=::i4i.-__ 5 ___ 6,__ __ 7.__ _ ____.e 

rp <•rp /i'pmln) 

Fig, 1. Functions ,f,o ( r,) and ,j,f,o ( r,) for Case (a). 

Caae(b) 

rpm1n•0.5p 

'rpmax •4.0p 

l~'------'--------'-----'----L----''---...l..-------'------' 
0 2 3 4 5 6 7 8 

rp <•rp /i"pmfn> 

Fig. 2. Functions ,f,o ( r,) and ri,f,o ( r,) for Case (b). 
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To=300°K, 

Po= 1. 354X 10' N/m=0. 1336 atm, 

Mo=3, 

C=O. 3. 

9 

Under these conditions, the shock conditions can be determined and non-dimensionalized 

as follows, 

p,=4. 471, 

V,=0. 2237, 

T,=2. 240, 

P,=10.01, 

at (just behind) the shock front (x = 0), and 

p=n,=5. 833, 

V=V,=O. 1714; ·· 

T=T,=2. 315, 

P= 13. 51, 

far downstream of the front (x = oo) • The shock conditions at x = oo gi~n above 

have been calculated from the usual shock relations under the equilibrium conditions 

p=n,, V=V,, T=T,, and ¢>=¢>0 in Eqs. (4-9). 

The average radii ,o for Cases (a) and (b) are calculated from Eq. (21) to yield 

_ [ l. 342µ 
l,o- 2. 634µ 

for Cvse (a) , 

for Case (b). 

These values are necessary to determine the effective relaxation lengths L, for both 

cases, and also, these will be used in the calculation for the single-size or classical 

approximation. The results in the single size approximation are used for comparison 

with the present results to investigate the effect of the size distribution. The reference 

lengths L, L •• ,., and L. can now be calculated from Eqs. (26-28), respectively, to 

yield 

L= 1. 072X 10-2m, 

L • .,.=2. 992X 10-1m, 

L= 
_ ( 5, 336X 10-2m 

' 1. 633X l0-1m 

for Case (a) , 

for Case (b). 
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rp,Jlm 
4.0 

Fig.3. Variation of distribution function ,f, for Case (a). 

CASE(b) 

1.0 l5 20 2.5 3.0 3.5 4.0 
r'p,},lffl 

Fig. 4. Variation of distribution function ,f, for Case (b). 
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These results clearly show that the particle radii ,, are far less than the relaxation 

lengths, which indicates the reasonableness of the assumptions introduced in specifying 
the boundary conditions for the particles in Eq. (34) or Eq. (29). 

The variation of the distribution function along the -distance x is shown in Fig. 3 

for Case (a) and in Fig 4 for Case (b), where the numerical calculations have been 

carried out for n=2l. Although, as was mentioned previously, the form of the distri

bution function in Case (a) is more realistic than that in Case (b), the result in Fig. 

( 4) for Case (b) is more convenient for investigating the behavior of the particles in 

the relaxation region. In the early stage, after passing through the shock front, the 

cloud of particles with smaller sizes is compressed more effectively than that of particles 

with larger sizes. This results in an increase in the number of smaller sizes of parti

cles, and then results in a decrease of the relative number of larger sizes of particles. 

Such a trend is most noticeable at about x= l. 0 in Case (a). In the intermediate 

stage, however, the cloud of middle sizes of particles becomes gradually compressed, 

which results in a relative decrease in the number of smaller sizes of particles, and in 

a further decrease in the relative number of larger sizes of particles. The distribution 

function at x = 5. 8 shows such a situation. At a later stage, the cloud of larger sizes 

of particles becomes compressed appreciably, and then the relative number of larger 

sizes of particles begins to increase. The distribution function at x= 19. 8 demonstrates 

this situation. In the final stage at x = + oo, the clouds of all sizes of particles become 

equally compressed and the distribution function has again its initial form. 

1.0 

(:ASE(o) (n•21) 

L•l.072cm, Ie•5.336cm 

---- V 
Vp 

0
0
!.-----4.J.------k------;';12~---.-:,s~---725110 

x(•x/[) 

Fig. 5. Variation of velocities along the distance x for Case (a). 
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2.5 

2.0 

Q. 
I-
.,: 

1.5 CASE (a) (n ■ 2I) 

C ■ 1.072cm, t 8 •5.336cm 

---- T 
Tp 

4 8 -
X ( ■ i/L) 

12 16 20 

Fig. 6. Variation of temperatures along the distance x for Case (b). 

Figs. 5 and 6 represent the variations of the velocity and the temperature along 

the distance ~. For particles, only the results for several representative sizes of particles 

(i= 1, 6, 11, and 21) are shown. The variations of the velocities are monotonous both 

for the gas and all sizes of particles, but those of the temperatures for the gas and 

smaller sizes of particles are not monotonous. A weak overshooting phenomenon is 

seen for these temperatures. Such a overshooting phenomenon is not found1 in the 

results in Ref. 7, where three sizes of particles are considered. This may come from 

the appreciable differences between the drag coefficients, especially in the region near 

the shock front or in the region of the large particle Mach number, used in the 

numerical calculations. 

The variations of the density, the pressure of the gas and also of the number 

density of the particles are shown in Fig. 7. This figure shows an appreciable diffe

rence between the results for Cases (a) and (b), which demonstrates the important 

role of the form of the distribution function in evaluating the effect on the flow 

behavior of the mixture of existing particles. 

To compare the present results with those of the previous method where only a 

single size of particles is taken into account, sample calculations have also been carried 

out for the distribution function 
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p 

OASE(a) 
--- CASE(b) 

Cn• 21) 
L•l.072cm 

14 

12 

Q, 

10 

9 

.,✓ 

10 '!'-----'--_._4 ____ ___,_8 ____ ___Jl2L,.._ ____ l.1...6 ____ ......J20_S 

x <•xt[> 
Fig. 7. Variation of p. p. and n, along the distance x for Case (a) and Case th). 
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where o is Dirac's delta function. It will be easy to realize that in this case the basic 

equations ( 4-7) and (9-11) are reduced to the same as those for the single-size 

particles approximation. The numerical resulh( fo~ the gas velocity and temper~ture 
X . .. 

are shown in Figs. 8 and 9, with e,= 1. 342 and 2. 634 beitlg compared with the results 

for Cases (a) and (b). These values of e, are the non-dimensional average or effec

tive particle radii, r,.=iJIJ/r,_1., for-Cases (a) and (b), respectively. 

For the gas velocity, the single-size approximation yields lower values when com

pared with the present results for Cases (a) and (b) in the whole relaxation region. 

For the gas temperature, the situation is a little more complicated. The former yields 

a higher value than the latter in the relatively small region near the shock front, but 

in the somewhat downstream region this 11ituation is reversed. 

As is easily anticipated theoretically, the width of the relaxation region for a single 

size of particles is always appreciably smaller than the present results. I~ -many 

respects, the accuracy of a single size approximation is poor. 

It would be important and interesting to compare the present results with those 

in Ref. 7, whe_re three sizes of particles are considered. Unfortunately, this could not 

be done, because the particle drag coefficient and the Nusselt number (or f, and g,) 

used in the present calculations 'are appreciably different from those in Ref. 7, espe

cially in the region near the shock front. 
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SINGLE SIZE 
--- CASE(a), CASE(b) 

(n ■ 2I) 

L•l.072cm 

> 
0.19 

\ 
\ 
\ 

I-

0.18 

0.17 

0.16 

\ 
\ 
\ 

\ 
', ....... 

~-----------------------

0.1'50:,.-----4-¼-------::!:8,------,Jl2'::--------,IL6----...,..,120 
x(•i/[) 

Fig. 8. Comparison of velocities with those for single size of particles. 

235 

2.30 

I 1, ---- SINGLE SIZE IZ 
I CASE(a), CASE(b) 

(n • 21) 
2.25 L•l.072cm 

2.0001s-------;41i----~ar----~12;;------,l,1s=------1. 
xC•x/[) 20 

Fig. 9. Comparison of temperatures with those for single size of particles. 
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Concluding Remarks 

The relaxation region behind a shock front of a dusty gas has been investigated 

in detail by taking into account a continuous distribution of particle sizes. It has been 

proved that the form of the particle distribution function has an appreciable effect on 

the gas velocity and temperature in the relaxation region. The usual approximation 

of single-size particles will lead to poor results in many practical cases. If attention is 

given only to the flow behavior of the gas, the assumption of a few sizes of particles 

may give a good approximation in some cases. Even in this case, however, the accu

racy of the results will strongly depend on the actual from of the size-distribution of 

particles. 

Practically, it is difficult to determine experimentally the form of the particle dis

tribution function. When, however, a few sizes of approximation, as in Ref. 7, are 

applied, it is necessary to know the detailed form of the size distribution of particles 

in order to determine the few representative particle sizes and the corresponding 

number densities with sufficient reasonableness. Moreover, in the few sizes approxi

mation, how to determine the few representative particle radii may not always be 

simple .and easy, because the relaxation equations for particles strongly and complica

tedly depend on the particle radii. 

Appendix 

The derivation of some of the basic equations will be given here. Firts, let us 

consider the continuity equation of particles with radii r, in the range r, to r,+dr,. 
Since the mass flow of these particles is constant along the distance x, we have 

which yields 

n,IV', = nJoV' ,a, 

or in the non-dimensional form 

(Eq. (8)) (Al) 

From this, we have 

(A2) 

Integrating (A2) over all sizes of particles yields 
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By using Eq. (19), it is given that 

n,=r </>Vo dr,. 
4 , 

(Eq. (9)) (A3) 

Mathematically, it will be natural to consider that Eq. (Al) or Eq. (A2) is used to 

determine </>, and Eq. (A3) is used to determine n,. 
Next, consider the momentum equation of the mixture. Assuming that the volume 

fraction ; of the particles is negligible and that the particles exert no pressure, we can 

write the conservation of momentum as follows : 

This can easily be rewritten in the non-dimensional form as : 

p Sb l Sb V+ M2 +v </>oV,r;dr,=l + Mz +11 ¢,or;dr,, r o • r o • 
(Eq. (5)) (A4) 

where use was made of the continuity equations (4) and (8) (or Eq. (Al)) for the 

gas and the particles, respectively. In a similar manner, the energy equation of the 

gas-parcle mixtture, Eq. (6), can easily be derived. From these discussions, it will be 

obvious that the present approach is microscopic. 
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