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Abstract 

The present paper investigates the saturation effect on a sudden 3-phase short
circuit which occurs in a salient-pole synchronous generator used in Kyoto University's 
model power transmission system. Since the magnetic saturation occurs primarily in 
the pole-core of the machine, the saturation is taken into account in deriving the direct
axis equivalent circuit. First, we make a direct-axis saturation model and then, based 
upon it, derive a differential equation which regulates flux-linkages under a sudden 
3-phase short-circuit condition. With the same degree of accuracy as in the conven
tional linear theory, this equation can be separated into a set oflinear equations which 
can regulate the armature flux-linkages, and a non-linear differential equation which 
can regulate the field flux-linkage. By means of such theoretical considerations, simu
lations and experiments, we clarify how the saturation effects both the amplitudes and 
the time-constants of the alternating- and the direct-current components of short-circuit 
currents. 

1. Introduction 

25 

In the analysis of electric power system stability, it is critically important that 

the effect of magnetic saturation is taken into account in evaluating the dynamic 

performance of synchronous generators. As is well known, the problem of the 

saturation effect in synchronous generators is both an old and modern one. From 

the l 920's up until today, a great amount of literature about the problem has been 

published. Much of it has dealt with either one or the other of the following two 

subjects: ( 1) how to measure and calculate saturated reactancesl> and (2) how 

to construct mathematical models of saturated machines2l. It may seem that very 

little attention has been paid as to how saturation effects the individual performance 

of synchronous generators (e.g. sudden 3-phase short-circuit, etc.). Such an 

investigation is also required for a thorough understanding of the saturation effect. 

This paper describes a non-linear analysis of a sudden 3-phase short-circuit 
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which occurs in a salient-pole 6kVA micro-generator. The machine is used as 

a water-wheel generator in Kyoto University's model power transmission system. 

In the present paper, magnetic saturation is taken into account in deriving a direct

axis equivalent circuit, because the saturation occurs primarily in the pole-core 

of the machine. In the following, first we discuss a direct-axis saturation model 

and then derive a non-linear differential equation which regulates flux-linkages 

under a sudden 3-phase short-circuit condition. Then, by both simulations and 

experiments, the saturation effect upon a short-circuit current is investigated. 

Td" of the experimental machine is 12 ms. It is too short to accurately observe 

the saturation effect in a subtransient condition. Hence, in the present paper, 

dumper-windings are prescribed to be an open-circuit. The saturation effect in the 

subtransient condition will be discussed at another time. 

2. Direct- and Quadrature-Axis Magnetic Characteristics 

of the Experimental Machine 

The experimental machine is a 4-pole and salient-pole type synchronous 

isthmus 

/~\ 

Fig. l. Construction of the field-core. 
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generator. Its rated capacity, voltage and current are 6kVA, 220V and 15.7A 

respectively3•". The machine is equipped with an isthmus pole (see Fig. 1) to fit 

its no-load saturation curve (Fig. 2) to that of an actual 13MVA machine. 

Generally speaking, direct- and quadrature-axis magnetic characteristics 

are represented by a no-load saturation curve (Fig. 2) and [q vs. Et1. curves (Fig. 3) 

respectively. As Fig. 3 shows, [q vs. Et1. relations are almost straight-line, and 

their slopes scarcely depend upon field currents. Thus, from Fig. 2 and Fig. 3, 

it may be concluded that the direct- and the quadrature-axis circuits of the machine 

are independent of each other, and only the direct-axis circuit is influenced by 

the magnetic saturation. 

The field current necessary to induce the rated voltage on no load is 3.2A, and 

the current necessary on the rated load is 5.0A. 

3. Derivation of Direct-Axis Saturation Model 

and Saturated Reactances 

3-1. Direct-axis Saturation Model 

Eqs.(9) and (12) of the present paper, the former giving the saturated Xt1. and 

the latter clarifying the relationship between x/ and Xp, may be found in other 

reports3•4'. However, when magnetic saturation occurs primarily in pole-core, the 

above two equations can be obtained more easily than the complicated discussions 

in the reports suggest. The method of derivation which we present is advantageous 

in that it allows an easy understanding of the physical meaning of the Potier triangle 

and the Potier reactance. 

Here, we consider the unsaturated direct-axis circuit. The field flux-linkage 

¢, and the armature flux-linkage 'Pt1. are given by 

</J1=L1ul1+Lmt1.ult1. } (1) 
'Pt1.=Lmt1.,J1+Lt1.ult1. 

(Suffix u denotes an unsaturated value.) 

L,,,, Lmt1.u and Lt1.u of the experimental machine are listed in Table 1. Let's 

denote the ratio of Lmt1.u to L 1,, and that of Lt1.u to Lmt1.u by k and k, respectively. 

That is, 

Lmdu 

Lt1.u 

Table 1. Liu, Lmt1.u and Lt1.u of the experimental machin 

measured value 

6.8H 

0.31H 

0.020H (94%) 

method of measurement 

extrapolation of the frequency-response curve of field-winding's 
impedance. 

slope of the air-gap line of no-load saturation curve. 

Slip-test. 
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k= t:u ( = ~~ =0.046), k,= f:;u ( = ~~O =0.00>) (2) 

The values in parenthesis are of the experimental machine. Using the above 

k and k,, Eq.(l) can be transformed into 

k¢,=kLmauU1/k+l11) } (3) 

¢11=k¢1+ Lmau(k,-k)la 

The implication of Eq. (3) can be illustrated by the equivalent circuit of Fig. 4, 

where Lp is given by 

Lp=Lmau(k,-k) (=6mH=29%) 

Lp(6mH, 29%) 

Fig. 4. Unsaturated direct-axis equivalent 
circuit. 

It /k 

Fig. 5. Saturated direct-axis equivalent 
circuit. 

(4) 

Now, as the direct-axis magnetic saturation depends on the field flux-linkage, 

the saturated direct-axis equivalent circuit of Fig. 5 may be deduced from Fig. 4. 

In Fig. 5, voltages are used instead of flux-linkages, and Xp is given by 

Xp=Xmau(k,-k) ( =2.30,=29%) (5) 

Inspection of Fig. 5 leads to the following 1 ° ~4°. 

1° Field MMF is given by I,/k+Id or I1 +kld, and the direct-axis saturation 

Quadrature-axis 
voltage 

Etu f------------,r Xmdu 

s=!~:.1 

Etf---------,'-------) 

F-..------'?''----:.M'F--H kxmd Id Xd ld 

Xp~ 
Eq 1----'-----r;-'7,<.._::-f""-"-'~"t::----

It Field MMF 

Fig. 6. Graphical evaluation of saturated reactances. 
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is represented by the relationship between Xmct and [1 +kfct. From now on, we will 

denote field MMF by lp, that is, lp=ft+kfct. 

2° Ep in Fig. 5 is given as the no-load voltage induced when the field current 

would be equal to lp (see Fig. 6). 

3° Quadrature-voltage Eq is given by Eq=Ep+xpfct, 

4° Since the values of k and Xp don't depend on the saturation, they are constant. 

The above l 0 ~4° can be interpreted graphically as Fig. 6. L:,CDE is the so 

called Potier triangle, and it depends not on [1 but on let. Consequently, Xp defined 

by Eq.(5) is the Potier reactance, and Ep in Fig. 5 and Fig. 6 corresponds to the 

voltage behind the Potier reactance. 

In the above discussions, we have obtained the values of k and Xp from the 

unsaturated values of L 1 , Lmc1 and Lc1. (See Eq.(2) and Eq.(5).) Usually, k and Xp 

are obtained by actually drawing a Potier triangle with both a no-load saturation 

curve and a zero p.f. saturation curve. The values obtained by the two methods are 

compared in Table 2. They agree well with each other. This proves the validity of 

the discussions so far. 

Table 2. k and xp obtained by two method 

k 

Xp 

by Eq. (2) and Eq. (5) 

0.046 

2.30 (29%) 

3-2. Saturated Reactances 

by drawing a Potier triangle 

0.045 

2.40 (30%) 

Based upon the diagram in Fig. 6, let's derive analytical expressions of saturated 

Xmc1, x, and Xc1, The saturated Xmct is presented by the slope of line OC in Fig. 6. 

Thus, defining saturation factor s as 

s=AB/AC (<l) (6) 

Xma is given by 

Xmc1=SXmau (7) 

Dividing every member of Eq. (7) by k yields the saturated x1, that is, 

(8) 

Under this saturated condition, the field-current !1 induces a voltage E1 or Xmc1I1 

in the armature winding. (See Fig. 6.) Hence, the voltage drop from E, to Eq 

is due to the direct-axis armature reaction which must be equal to xc1lc1, From 

this we obtain the saturated Xc1 as 

Xc1=Xp+skxmc1u=Xp+s(Xc1u-Xp) (9) 

where Xp is given by Eq.(5). After all, with the saturation factors determined by 

the voltage behind the Potier reactance Ep or the field MMF Ip, the saturated 
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Xm 4 , x1 and x4 can be calculated by Eq.(7), Eq.(8) and Eq.(9) respectively. 

We can present another form of expression for Xa instead of Eq.(9). By in

specting Fig. 6, we obtain the following equations, 

Ep=E9 -xpia, E,=E9 -xaia. Ep/E,= (I,+kla)/I, 

and eliminating Ep and E1 from them yields 

_ E9 +xplt/k 
Xa- I,/k+Ia · 

(10) 

(11) 

Eq. (11) makes it possible to calculate the saturated x4 with quantities to be measured 

at the generator's terminal-side such as the line-voltage Vi, current Ii, rotor-angle 

o and load-angle 'f>. That is, after calculating E 9 and I4 by E9 = Vi cos o and Ia= 

-/3/isin (o+'f>), we can obtain the saturated x4 by substituting them into Eq.(11). 

The thin line in Fig. 7 shows the /p vs. s characteristic of the experimental 

machine calculated from the no-load saturation curve (Fig. 2). The thick line 

in the figure shows x4 evaluated by Eq.(9). From the unsaturated value of 94% 

( =7.60), x4 decreases gradually as lp increases, and it is 65% and 56% at Ip =3.2A 

and 5.0A respectively. The circles in the figure show the results calculated by 

Eq. ( 11). Both x4's agree with each other. Therefore, the x4 obtained here is proved 

to be valid. 

According to the equivalent circuit in Fig. 5, the direct-axis transient reactance 

x' a is given by 

x'a=Xp ( =2.30=29%) (12) 

and so it is independent of saturation. The value of x' 4 measured by the Dalton

Cameron method is also 2.30 and it agrees with the value given in Eq.(12). In 
Fig. 5, the field-flux saturation, not the armature leakage-flux saturation, is con

sidered. Because a very large armature-current flows in the sudden 3-phose 

short-circuit condition, saturation in the armature leakage-flux may occur. Hence, 

the value of x' 4 may be a little less than the value given above. Fig. 8 shows x' a 
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obtained by actual sudden 3-phase short-circuit experiments. The value of x' d at 

l1=3.2A (the line-voltage before the short-circuit is the rated one or 220V) is about 

8% less than its unsaturated value. Strictly speaking, an analytical expression 

like Eq. (9) must also be introduced for x' d• However, because an analytical esti

mation of the armature leakage-flux saturation is difficult in the present situation, 

and since the range of variation of x' d is relatively small, this paper approximates 

x' d as follows. That is, x' d is assumed to depend only on the field-current ft before 

the short-circuit and to be invariant during the transient period. The value is 

given by Fig. 8. As illustrated later, this approximation does not lead to serious 

error. 

4. Generator Equation Featuring Flux-Linkages in the 

Sudden 3-Phase Short-Circuit Condition 

Park's equation of a synchronous generator without a dumper winding is given 
bys> 

( 13) 

d¢1 E . --= 1 -T1i1 dt 

where vd =Vq =0 in the short-circuit condition. Ld, Lmd and L1 in the equation 

are given by expressions exactly similar to xd, Xmd and x1 respectively. (See Eq.(7) 

~ Eq.(9).) That is, 

Ld=Lp+s(Ldu-Lp), Lmd=sLmdu, L,=sL,u (14) 

wheres is determined by ip or i1+kid. (See Fig. 6 and Eq.(6).) 

To make it possible to easily understand the effect of the magnetic saturation, 

Eq.(13) may be rewritten to contain only the flux-linkages 'Pd, ipq and ¢1 as follows: 

'Pd 
Ta kTa 

'Pd 0 L'd 
-(I) 

L'd 

d !pq Ta 0 !pq + 0 ( 15) dt (I/ --y;; 

'Pl 
kT1 0 T/Ld 

'Pt E1 L'd - L,L'd 

The currents id, iq and i1 are determined by 

id 
1 

0 k 
'Pd L'd - L'd 

0 
1 

0 !pq (16) tq T; 
k 

0 Ld 
'Pl i, 

L'd L,L'd 
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Because L' d is assumed to be invariant during the transient period, only the 

two (3, 3) elements of the coefficient matrices of Eq.(15) and Eq.(16), i.e. -r,Ld/ 

L1L' d and Ld/L1L' d, vary with ip or i1 +kid. The other elements of the matrices 

are constant. 

Now, when we refer to the conventional linear analysis of the sudden 3-phase 

short-circuit5>, an approximate solution may be obtained on the assumption that 

Ta and r,<l because of the difficulty in obtaining its exact solution. If we adopt 

the same approximation in our analysis, we can solve Eq.(15) by ignoring the (1, 3) 

and (3, 1) elements of the right-hand side coefficient matrix. Consequently, with 

the same degree of accuracy as in the conventional linear analysis, we can separate 

Eq.(15) into sets of linear and non-linear differential equations. The former, 

which regulates the armature flux-linkages 'Pd and cpq is 

~t [•l -;,:, -:. ][cpd] 
cpq j w - Lq cpq 

(17) 

and the latter, which regulates the field flux-linkage ¢1 is 

d;{ = - JC cp 1) + E 1, where JC cp 1) = ~;f ~ d cp 1 ( 18) 

With respect to the non-linear termf(cp1), see Fig. 14. After all, the analysis of 

the sudden 3-phase short-circuit results in solving Eq.(17) and Eq.(18) under the 

initial condition that 

[:: l = [Lmt/] = [ Eiw l 
¢, j L1l1 E0/kw 

(19) 

where I, and E0 are the field-current and the line-voltage before the short-circuit. 

After 'Pd, cpq and ¢1 are obtained, id, iq and i1 can be calculated by Eq.(16). 

5. Transient Currents on the Sudden 3-Phase Short-Circuit 

5-1. Current Solutions of the Generator Equation 

As mentioned ahove, the generator equation for the sudden 3-phase short

circuit is composed of two parts i.e. Eq.(17) and Eq.(18). Since Eq.(17), which 

dominates 'Pd and cpq, is a linear differential equation, it can be solved easily. 

Referring to the initial condition Eq. ( 19), the solution is given by 

( 'Pd)=1Jf a(t)(c~s wt), 
cpq sm wt 
where, 1Jf a(t) = (E0/w)e-t/Ta (20) 

Ta=l/[;a([\ + lJJ 
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Ta is the so called armature time-constant. On the other hand, Eq.(18), which 

dominates 'Pt, is a non-linear differential equation, and so it is difficult to solve. 

Tentatively, we denote the solution by* 

c/J1='ffl,Ct) (21) 

The property of 'ff/ 1 (t) will be discussed m section 5-3. 

Substituting the above 'Pd, cpq and ¢1 into Eq.(16) yields the current solutions 

of id, iq and i,. The armature phase-current is also obtained from id and iq, The 

results are 

. , /2 l ( l l ) , /2 k 
Za= V 3 2 L' d +-r:; 'ff/ a Ct) cos a- V 3 L'd 'ff/ 1Ct) cos Cwt+a) 

i1= - {, d 'ff/ aCt) cos wt+ L;L' / 1 ,Ct) 

(22) 

where a is the rotor-position at the instant of the short-circuit. The second harmonic 

in ia is ignored because it is small. 

Let's represent ia and i1 where their direct-current 

components are separated from each other. That is, 

ia=Ia°CCt) cos a- ✓2/aACCt) cos Cwt+a) 

and alternating-current 

} (23) 

As shown by the above equation, the transient states of ia and i1 are characterized 

by those of Ia0 c(t), faAC(t), f,AC(t) and I,0 c(t). From Eq.(22) and Eq.(23), we 

obtain 

(24) 

As represented by Eq. ( 2 4), the transients of I a oc ( t) and I 1Ac ( t) are determined by 

that of 'ff/ a(t), and the transients of faAc(t) and 1,0 c(t) by that of 'ff/ 1 (t). We will 

now discuss the initial and transient states of faDC(t) and f,AC(t) and those of faAc(t) 

and I1°c(t) apart from each other. 

5-2. Initial and Transient States of Ia0 c(t) and / 1AC(t) 

Since 'ff/ a(O) =Lmdl/ =E0/w (See Eq.(19).), faDC(O) and f,AC(O) are given by 

faDCCO) = V 2 l(++_!_)Eo 
3 2 X d Xq 

I ACCO)- kLmd I _ xd-x' d I 
f - --y;,;;- 1--~ I 

Although Eq.(25) agrees with the one obtained by the linear theory5), 

* If all of the coefficients in Eq.(18) are constant, the solution is given by 

l/f ,Ct) =!&((1- x' d )e~t/T'd+ x' d); T' d= L1x'_c1 __ 
kw Xd Xd r/Xd 

(25) 
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m the present paper, are not constant but depend on !J. Since 1J" a(t) decreases 

exponentially (See Eq.(20).), faD0 (t) and J1 A0 (t) also decrease exponentially. After 

all, what is to be noted about faD0 (t) and !JA0 (t) is that although their initial values 

are influenced by the saturation, their transients are not. 

Fig. 9 ~Fig. 11 show the theoretical values (full line) and the experimental 

values (circle) of faDC(O), J1A0 (0) and Ta, respectively. Eq.(20) and Eq.(25) were 

used for calculating the theoretical values. E0, xd and x' d in the equations are 

obtained from the no-load saturation curve, Eq.(9) and Fig. 8 respectively. Other 

constants are Xq=5.6,0, (69%) and ra=0.22,0, (2.7%), The experimental values 

are readings from an oscillograph. For reference, the characteristics, when x' d is 

kept at the unsaturated value 2.30, (29%), are also shown by the broken line. 

The theoretical and experimental values agree well with each other. 
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5-3. Initial and Transient States of laA0 (t) and J1n°(t) 
Since 1/1'1 (0) =L111 =Eo/kw (See Eq.(19).), faA 0 (0) and [1D0 (0) are given by 

z AC(Q) = I_ Eo z DC(Q) =~I 
a v3 x',,_' I x',,_ f 

(26) 

Although Eq. (26) agrees with the one obtained by the linear theory5), x,,_ and x' ,,_ 
in the present paper depend on It. Fig. 12 and Fig. 13 show faAC(O) and J1D0 (0). 

The theoretical and experimental values are obtained in the same way as in Fig. 9 

and Fig. 10. The broken lines show the characteristics when the saturation of 
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Fig. 12. Initial value of the alternating-current Fig. 13. Initial value of the direct-current 

component of armature-current. component of field-current. 
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x' d is ignored. 

In order to investigate the transient states of faAc(t) and J1Dc(t), let us consider 

Eq.(18) which dominates ¢1 . Fig. 14 shows the non-linear term of Eq.(18): J(¢r) 

for lr=3.2A. According to Eq.(18) and Eq.(24), faAc(t) is proportional to 'lfl1 (t) 

and J1Dc(t) is equal tof(lfl1 (t))/r1 . Therefore, scales for faAC(t) and [1Dc(t) are also 

added to the figure. The initial value 'f// 1 (0) of ¢1 is given by L1J, and its final value 

'f/11 (00) is determined by J(¢1)-E1 =0 (E1 =r1J,). The initial and final values of 

faAc(t) and [1Dc(t) are also determined as shown in Fig. 14. Since the decreasing 

rate of ¢1 i.e. -d¢1 /dt is equal to J(¢1 )-E1 because of Eq.(18), the length between· 
,,..... -
AB (1(¢1 )) and BC (Er) in Fig. 14 represents the decreasing rate. If there is no 

saturation, the rate corresponds to the length between BD and BC, and ¢1 decreases 

exponentially as the linear theory indicates5>. Consequently, the following two 

features are pointed out about the saturation effects on the transients of faAC(t) and 

I,Dc(t). 

(1) With regard to" Non-exponential decreasing", Fig. 15 shows the variation 

of J,DC(t) -[1Dc( oo) with logarithmic scales in both the unsaturated condition (11 = 

l.OA) and the saturated condition (J,=3.2A). The full lines represent simulation 

results by means ofEq.(18) and Eq.(24) where Ld and Lr are calculated by Eq.(14), 

L'd by Fig. 8 and r1 =15D,. The circles show the measured values. Fig. 15 clari

fies that frDC(t) -[1Dc( oo) varies exponentially in an unsaturated condition but 

varies non-exponentially in an saturated condition. Vafr-.tion of faAc(t) -faAc( oo) 

has the same tendency as that of Fig. 15. 

(2) As for "Faster transient variation", in order to clarify quantitatively the 
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Fig. 15. Non-exponential decrease of the direct- Fig. 16. Time-constants of faAC and J,Dc. 
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rate of the variation, let us define the time-constants of [,,.tc(t) and [1A0(t) in the 

same way as for the ordinary linear theory5>. That is, the time-constant of fa.tc(t) 

is defined as the time when fa.tc(t)-IaAc( oo) becomes equal to [faAC(O) -/,,AC( oo )]/e, 

and is denoted by T'd(faAc). T'd([1D0) for I1°0(t) is also defined similarly. 

Fig. 16 shows T' d(/4 AC) and T' d(!JD0), where the full lines show the simulated 

values ofEq.(18) and Eq.(24), while the circles and triangles are measured values. 

The broken lines show the characteristics when the saturation of x' dis not considered. 

Not only does the time-constant become smaller as the saturation strengthens, 

but T' d(faAc) and T' a(I1°0) are not equal to each other. T' d(faAc) is larger than 

T' d(!J00). The reason can be explained by Fig. 16 as follows. 

Points E and F in the figure are such that CE: EB=AF: FC=(l -1/e): 1/e. 

T' d(faAC) and T' d(!J00) are equal to the times when faAC(t) and I1°0(t) have the 

values represented by the points E and F respectively. Point F' is the projection of 

F onto the <Praxis. Hence, it follows that the relative positions of E and F' lead 

to T'd(faAC) > T'd(!JDC). 

As stated so far, magnetic saturation gives great effects on the transient states 

of the short-circuit currents. 

· Now, we want to emphasize that the saturation effects have been understood 

clearly by using a generator equation featuring flux-linkages as Eq. (17) and Eq.(18). 

In the conventional linear theory, the equation is usually written in terms of currents 

(ia, iq and i,). However, in a non-linear analysis such as given in the present paper, 

writing the equation in terms of the currents not only leads to complicated forms 

of equations, but also makes it impossible to separate the equation into a linear part 

and a non-linear part. 
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Fig. 17. Waveforms of short-circuit currents (/1=3.2 A, E 0 =220 V, a= 100°). 
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5-4. Waveforms of Short-Circuit Currents 

Fig. 17 shows measured (full line) and simulated (dots) waveforms of short

circuit currents for I1 =3.2A or E0=220V. The simulation was carried out for 

Eq.(16) ~Eq.(18). The two waveforms satisfactorily agree with each other. This 

proves the validity of the discussions in the present paper. 

6. Conclusion 

In the present paper, the saturation effects on a sudden 3-phase short-circuit 

have been investigated in a case in which the saturation occurs primarily in the 

pole-core of a generator. 

The results are summarized as follows. 

( l) A direct-axis saturation model is easily derived from an equivalent circuit 

featuring a field flux-linkage. 

(2) A generator equation featuring flux-linkages can be separated into a 

linear differential equation which regu~ates the armature flux-linkage, and a non

linear differential equation which 1egulates the field flux-linkage. 

(3) Both the direct-current component of the armature-current and the 

alternating-current component of the field-current are regulated by the armature 

flux-linkage. Therefore, although their initial values are influenced by the satu

ration, their transient variations are not. That is, the latter are exponential, or in 

other words, linear. 

(4) Both the alternating-current component of the armature-current and the 

direct-current component of the field-current are regulated by the field flux-linkage. 

As a result, both their initial values and their transient variations are influenced 

by the saturation. They decrease non-exponentially. Their time-constants become 

smaller as the saturation strengthens and are not equal to each other. 

The saturation effects in a subtransient condition and in the case of saturation 

occurring in the armature-core will be investigated later. 
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