
Mem. Fae. Eng., Kyoto Univ. Vol. 48, No. 3 (1986) 

A Two-Dimensional Numerical Solution of Transient 
Magnetic Flux Distribution in Electric 

Machines Considering Magnetic 
Saturation and Hysteresis 

By 

Tsuguo ANDO* and Juro UMOTO* 

(Received March 28, 1986) 

Abstract 

In recent electric machines, it is needed to analyse the transient behaviors of the 
magnetic fluxes which relate closely to the dynamic characteristics. In this paper, first, 
there are introduced two-dimensional fundamental equations with respect to the vector 
potential from the Maxwell equations in the electro-magnetic field. Here, the vector 
potential is used to easily obtain both the transient magnetic flux and the eddy current 
distributions in the electric machines. In order to solve numerically the above fun
damental equations, the nodal equation at each node of the triangular meshes, by 
which the region to be analysed is subdivided, is obtained by a new nodal method, 
which is an improvement over the conventional nodal method by using any shape of 
the triangle. Next, the time derivative of the vector potential in the nodal equation, 
which is needed to calculate the eddy current, is approximated by the Crank-Nikolson 
finite difference method. Also, the authors show a numerical method for deriving the 
nonlinear reciprocal permeabilities from the magnetization and the hysteresis curves 
of the structural iron cores of the electric machines, in which the Frolich formula is 
used. Furthermore, from every nodal equation with the above approximated time 
derivative and the boundary conditions, the final fundamental nonlinear simultaneous 
nodal equations are derived. Lastly, the calculation processes to solve numerically the 
nodal equations are shown. 

1. Introduction 

307 

In recent electric machines, it is very important to maintain the good dynamic 

characteristics in the transient state where the currents in the exciting windings change 

abruptly, and the eddy currents are induced in the structural iron cores. Then, it is 

needed to analyse precisely the transient behaviors of the magnetic fluxes which relate 

closely to the dynamic characteristics. Here, as is well known, the magnetic fluxes 

and the currents are perpendicularly linked to each other, and the approximate mag-
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netic fluxes can be obtained by the two-dimensional analysis in the cross-section to 

the effective current direction. Hitherto, there were many studies on the two-dimen

sional analyses of transient magnetic fluxes. However, those studies were mostly carried 

out by the analytical method of separation of variables on the assumption that the 

magnetic circuit of the electric machine can be simulated by a simplified magnetic 

circuit model with some constant permeabilitiesu1-c•1• 

Now, the actual electric machine has iron cores with nonlinear permeabilities, 

which are caused by the magnetic saturation and the hysteresis, and the complicatedly 

shaped configuration. It is thought that these factors have much influence on the 

transient magnetic fluxes. In order to take these factors into consideration, two

dimensional numerical solutions, to which the finite difference, the finite element 

methods, etc. are applied, should be used. 

The finite difference methodcsi,m, in which the physical law about magnetic fluxes 

can be approximated at any grid of the rectangular meshes, is difficult to apply to the 

complicatedly shaped magnetic circuit of the electric machine. The finite element 

methodm, in which arbitray triangular meshes are usually used and the variational 

principle is used to approximate the physical law at each node of the meshes, has the 

flexibility to be able to be applied to the complicatedly shaped magnetic circuit. 

However, Hannalla et aU81,C9l pointed out that the finite element method has weak 

points for treating a rectangular conductor carrying a uniform current, and for doing 

rapidly varying currents or voltage such as a surge in a transmission line, or an eddy 

current induced in an iron core of the electric machine. Therefore, they presented a 

nodal method, in which acute-angled triangular meshes are used and the physical 

law is approximated by the principle in the finite difference method. This method is 

a superior one, but it has the weak point that all usable triangles must be acute

angled ones. Therefore, it is needed to remove the weak point of the nodal method. 

Recently, we can find the analyses by numerical solutions in consideration of the 

nonlinearity of the permeability caused by the saturated magnetization curve of the 

iron core. However, in the conventional two-dimensional analyses, the influence of 

the hysteresis on behaviors of the magnetic fluxes was not investigated at all. 

In this paper, first, there are derived two-dimensional fundamental equations with 

respect to the vector potential from the Maxwell equations in the electro-magnetic 

field, where the vector potential is used to obtain easily both the magnetic flux and 

the eddy current distributions in the electric machine. In order to solve numerically 

the above fundamental equations, the nodal equation at each node of the triangular 

meshes, by which the region to be analysed is subdivided, is introduced by a new 

nodal method which is an improvement over the former nodal method by using any 

shape of a triangle. 
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Next, the time derivative of the vector potential in the nodal equation, whicn is 

needed to calculate the eddy current, is approximated by using the Crank-Nikolson 

finite difference method,tl0l Also, the authors show the numerical method for deriving 

the nolinear reciprocal permeabilities from the magnetization and the hysteresis curves 

of the iron cores, in which the Frolich formula is used. 

Furthermore, from every nodal equation with the above approximated time 

derivative and the boundary conditions, the final fundamental nonlinear simultaneous 

nodal equations are derived. Lastly, the calculaticn processes to solve numerically the 

nodal equations are shown. 

2. Fundamental Equations 

The magnetic flux distribution in electric machines can be obained by solving the 

following Maxwell equations of the electro-magnetic field 

rotH=J, 

oB 
rotE=Tt• 

divB=O, 

and the additional relations 

where 

B=µH, 

B : magnetic flux density, 

E: electric field intensity, 

H: magnetic field intensity, 

J : total current density, 

J, : current density supplied to conductors of exciting winding, 

uE: eddy current density induced in iron cores, 

µ permeability which may vary with magnitudes of B and H, 
u conductivity, 

t time. 

( 1) 

(2) 

(3) 

(4) 

(5) 

In the equations, the displacement current and the free-space charge are ignored. 

Also, we assume that the density of the eddy current induced in the conductors is 

negligible compared with J, and the conductivity in each core is uniform. 

By using the magnetic vector potential A which is given by 
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rotA=B 

so that Eq. (3) may be satisfied, where 

divA=O, 

we can derive 

(6) 

(7) 

(8) 

from Eq. (2). Then, by Eqs. (2) to (8), Eq. ( 1) is transformed into the following 

equation with respect to A and J, 

where 

oA rot(vrotA) =J,-qat' 

1,1= 1/ µ: reciprocal permeability. 

(9) 

If A can be obtained by solving Eqs. (7) and (9), B, H and J are evaluated by 

B=rotA, 

H=vrotA, 

oA J=J,-qTt' 

(10) 

( 11) 

(12) 

Then, the magnetic flux <I> passing through an arbitrary cross-sectional area S with the 

contour C is calculated by 

(13) 

For simplifying the analysis, let us investigate the two-dimensional flux distribution 

in an x-y cross-section, which is perpendicular to the rotor axis, of the magnetic 

circuit in the electric machine. We assume that B and H don't vary in the z direc

tion perpendicular to the cross-section, and that A and J, have only their respective 

z components. Then, by using the following relations 

A=kA(x, y, t) =kA, 

J,=kj,(x, y, t) =kJ,, 

where 

k: fundamental unit vector in z direction, 

Eq. (9) is reduced to the following two-dimensional equation 

rot(vrotkA) =k(J,-q ai ), 

(14) 

(15) 

(16) 
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where the condition 

divA=divkA=O 

must be always satisfied. 
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(17) 

Substituting Eqs. (14) and (15) into Eqs. (IO) to (13), the following equations 

are obtained: 

where 

oA oA B,,=--, By=---, 
ay OX 

oA H . oA 
H,,=11 oy, y = -~, 

oA 
J=J,-uT, 

tb= f ckA • dl=LIAl., 

B,, and By : x and y components of B, 

H,, and Hy : x and y components of H, 

J : z component of J, 

(18) 

(19) 

(20) 

(21) 

LIA: difference between vector potentials at some two points on contour 

C in x - y cross-section of magnetic circuit, 

l,: length of magnetic circuit in z direction. 

Next, an equi-vector-potential line shows the corresponding magnetic flux line, 

because the following relation 

1s derived from the condition of the derivative 

on the line. 

3. Numerical Solution of Fundamental Equations 

3. 1. Application of nodal method to basic equations 

(22) 

(23) 

In order to obtain an approximate numerical solution of Eq. (16) under some 

given boundary conditions, we use a nodal method as already mentioned. 

Now, the domain where Eq. (16) should be solved is subdivided into a large 
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number of small triangular elements, in which J,, v and q can be assumed to be 

constant. Then, Eq. (16) is transformed to simultaneous discrete nodal equations with 

an unknown vector potential at each vertex of every triangular element. 

In this section, we study the case where the vector potential is assumed to be 

expressed by a first order function of position in each element. 

At any point (x, y) in a triangular element e, with nodes i, j and k as shown in 

Fig. 1, the vector potential A=A,(x, y, t) =A, is assumed to be given by the following 

linear approximation 

in which 

Fig. 1 Node i and adjoining elements holding i in common. 

A,=a,+h,x+c,y, r= 1, 2, ... , m, 

[ 
a,] [ a,1 a,

1 ar1][ Ar1] 
b, = ~, b,; h,; b,. A,; , 
c, C,; C,; c,. A,. 

a,1=x,;y,1-x,1y,;, hr1=Y,;-y,., cr1=x,.-x,;, 

a,;=x,.yr1-x,1y,., b,;=y,1-yr1, c,;=xr1-x,., 

a,.=Xr1Y,;-X,;Yr1, b,.=y,1-y,;, c,.=x,;-Xr1, 

D,=ar1+a,;+a,., 

A,9 , x,9 and y,9 : A, x and y at node q in e,, where, q=1, j, k, 

and we can find the following relations about Fig. 1, 

where 

A,1=A1, x,,=x1,Y,1=Y1 for r=l, 2, ... , m, 

A,;=A,-1,1=A;, X,;=X,-1,1=X;, Y,;=Y,-1,.=Y;, 

A,1=A,+1,;=A., x,,=x,+1,;=x,, y,.=Y,+1,;=y., 

A9 , x9 and y 9 : A, x and y at common node q. 

(24) 

From Eqs. (18), (19) and (24), the x and y components B.,, B,, H,, and H, of B and 
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H in element e, are derived as follows: 
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(25) 

(26) 

which are constant, where 11=11, is determined by the relation between B,={B!+B;) 112 

and H,= (H!+m) 112 in e,. (See Article 3. 3.) 

When the expressions similar to Eqs. (24) to (26) are applied to every element, 

the continuity of the normal component B. of B on the boundary line of two adjoin

ing elements is maintained. For example, B. on both sides of the boundary line ik 

of elements e, and e,+i in Fig. 1 is given by the following same expression 

(27) 

where A,, A,, x,, X1, y 1 and y 1 are A, x and y at nodes i and k. 

On the other hand, the continuity of the tangential component H, of H on the 

boundary line can't be expressed by an equation similar to Eq. (27). Hence, to keep 

the physical law, in our nodal method the above boundary condition for H is replaced 

by the following Ampere circuital law 

f cH • dl=SJJ,-a ~1 )dxdy (28) 

around each node, where the integral path C is a specific one, for example, as shown 

by the broken line in Fig. 2, and S is the domain enclosed by C. In the figure, t', j' 

and k' are the middle points of the three sides jk, ki and ij, respectively, p is the outer 

center of element e,, and the node i is had in common by elements ei, e2 , • •• , e,.. 

From Eqs. (24), (26) and (28) in element e,, we can derive the following disc

rete nodal equations 

Fig. 2 Integral path C around node i. 
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S J,dxdy=J,.Sr1, 
l,!',t,jl,I 

S ( aA )d d aAr1 aAi (J-a x 'Y=<l.Sr1-a-= <J,Sr1-a-· •.• ,,,.,;,,1 t t t 

for node i, where 

Sr1= 
1
ls {lbr1b,.+cr1c,il (b:;+c:;) + lbr1b,;+c,1c,;I (b:i+c:i)}, 

r 

(29) 

(30) 

(31) 

(32) 

In these equations, J,,, 11, and <J, are the values of J,, 11 and <J in element e,, respec

tively, and S,=D,/2 is its area. Here, we must notice that the contributions of aA;/at 
and aA./ot to the integration result of Eq. (31) were neglected, because those contri

butions may disturb the resultant eddy current density at node i to approximate the 

exact one <JaA,/at. Also, when the element is an obtuse-angled triangle, of which the 

outer center lies outside itself, as the element e2 in Fig. 2, we must put S,i=S,/4 or 

Sr1=S,/2 into Eqs. (30) and (31) according to whether the vertical angle of the 

element at node i is smaller or greater than rr/2. 

In this connection, in the conventional nodal method, every element must be an 

acute-angled triangle. Hence, it is difficult for the conventional nodal method to be 

applied to a complex field region as in electric machines. Also, the finite element 

method, in which S,,=S,/3 is substituted into Eq. (30) instead of Eq. (32), has a weak 

point for treating the rectangular conductor carrying a uniformly distributed current, 

such as the one in the armature slot of a de motor. 

Next, by using the integration results in Eqs. (29), (30) and (31), and by com

pleting the Ampere circuital law (Eq. (28)) around node i shown in Fig. 2, the 

following nodal equation is obtained 

where 

J,=S J,dxdy= f. J,,Sr1, 
S r=-1 

g,=S <Jdxdy=f. <J,Sr1, 
S r=l 

in which 

(33) 

(34) 

(35) 

(36) 
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In Eq. (34), A,q is the vector potential at node q in e,, and Ar1=A1 is defined in 

common for r= l, 2, ... , m. 

When b,q, c,q, D,, etc. approach infinitely zero, Eq. (33) may sufficiently approxi

mate the two-dimensional fundamental equation ( 10) at node i. In this connection, 

as previously stated, if the terms aA1/at and aA./ at were considered in the integration 

result in Eq. (31), those terms should disturb the resultant eddy current g1aAi1at in 

Eq. (33) to approximate uaA1/at accurately. 

3. 2. Numerical method for time derivative 

In Eq. (33), for node i of g1>0, there is contained the time derivative g,aA,/ at. 

Therefore, in order to numerically solve the equation, we apply the Crank-Nikolson 

finite difference method to g1aAi1at, by which a sufficiently accurate approximation of 

g,aAi! at can be obtained. 

When the value of g1A1 at time t is obtaihed, the value at t+Jt is calculated by 

the following equation 

(37) 

where e, is a weight factor of the time derivative and 0;S;e1;;;;; l. From Eqs. (33) and 

(37), we can get the folio.wing nodal equationr1oi,cni,c121 

Next, for node i of g1=0 and h1=f1, the nodal equation at t+Jt can readily be 

obtained by putting g1 = 0 and e1 = l in Eq. (38). 

3. 3. Numerical determination of nonlinear reciprocal permeability 

When the element e, belongs to a region consisting of air or the winding conduc

tors, the reciprocal permeability 1J = ll, in Eqs. (26), (29) and (34) is assumed to be 

equal to the one of the vacuum, namely 

m/H. (39) 

However, when e, belongs to an iron core region, ll, is determined by the nonli

near and multivalued relation between B and H, which are the magnitudes of B and 

H, respectively. This relation is usually given by the B-H curves such as the initial 

magnetization curve and the hysteresis curve. Here, let us introduce the numerical 

method for obtaining v, corresponding to B=B, in e,, where B, is determined by Eq. 

(25) as follows 

(40) 
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p 
J~r ____ --

P2 
P, 

O Ho Hr 

Hr v,=
Br 

A 

Fig. 3 Frolich formula for obtaining reciprocal permeability 
11, by initial magnetization curve. 

(1) Derivation of 11, from magnetization curve 

When B=B, increases from an initial unmagnetized value, the B-H curve is 

expressed by the initial magnetization curve OP1P2P3P4, as shown in Fig. 3. Then, 

H=H, corresponding to B, is found by the curve, and sequentially the exact value 

11,= H,/ B, can be obtained. However, this process is too complicated to be used for 

practical calculation. 

In our numerical method, the following Frolich formula 

(41) 

is adopted to obtain the approximate value of 11,, where r;, e and H0 are the coeffici

ents determined by the B-H curve. By applying Eq. (41) to the segment P1P2P3 of 

the curve in Fig. 3, 11, is expressed by 

where 

in which 

II= H, 
, B, 

TJ 
(B1 -B2) (B2-B3) (Bs-B1) (H1 -H2) (H2-H3) (Hs-H1) 

B1B2 (H1 - H2) + B2B3 (H2 - Hs) + BsB1 (H3 - H1) 

(42) 

(43) 

e B1 (H3-H2) +B2(H1 -Hg) +B3(H2-H1) (H) 
B1B2(H1 -H2) +B2B3(H2-Hs) +B3B1 (H3-H1)' 

B, and H,: Band Hat P1, i= 1, 2, 3. 

By the above process, we can get 11, for any value of B, on the B-H curve. In 

this connection, when B, as given by Eq. ( 40) is estimated over the saturation value 
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of B, for example B,>B,, v, is calculated by v,=H,/B,, where B=B, and H=H, at 

point P,. 

(2) Derivation of v, from hysteresis curve 

When B decreases from point P1 on the initial magnetization curve, the B-H 

curve is expressed by the hysteresis segment P1P2PaP,, as shown in Fig. 4. Now, v, for 

B=B, on the one P1P2Pa is obtained by substituting the values of B and H at the 

three points Pi, P2 and P8 into Eqs. ( 42) to ( 45) as follows: 

where 

in which 

1) 

B 

P,. 

H, v,=B, 

Fig. 4 Application of Frolich formula to hysteresis curve for 
obtaining reciprocal permeability v, 

(B2 - B,) (H1 - Ha) Ha 
B,B2H1 

equal to slope dB/dH at Pa, 

e- B1Ha+B2(H1 -Ha) 
- B1B2H1 ' 

(46) 

(47) 

(48) 

In this connection, B=B2 at P2 and H=Ha at Pa are called the residual magnetism 

and the coercive force, respectively. 

When B= -B, becomes negative on the hysteresis segment PaP,, 1J and H 0 keep 

the values given by Eqs. (47) and (49), and so only the value of e in Eq. (46) is 

replaced by 

(50) 
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where 

Next, let us consider v, in the case where B stops decreasing at some point on 

the hysteresis segment and inversely increases from that point. When B=B, increases 

from point P5 on the segment P1P2P3 in Fig. 4, B=B6 at point P6 is first evaluated 

under the assumption that the line segment P5P6 is parallel to the one P1P2 , so that 

7J, ~. H 0 and v, may be obtained by using the values of B and H at the three points 

P5, P6 and P1 as well as in Eqs. (42) to (45). 

When B=B, increases from point P7 on the segment P3P4, the segment P7P8P9P10 

is evaluated by Eq. (41) under the assumption that the segment P7P8 is parallel to 

P1P2 and dB/dH at P9 is equal to the one at P3 • Then, v, for B=B, is obtained by 

a computation process similar to the one given by Eqs, {46) to (50). 

3. 4. Basic nodal equations considering boundary conditions 

Here, let us introduce the nodal equation for node i which exists on the boundary 

line, as shown in Fig. 5 (a) and (b). On a boundary line where the normal compo

nent B. of B is zero, the relation A=A,=A,, which doesn't depend on x and y, is 

obtained by substituting B. = 0 into Eq. (27). Then, the nodal equation (38) for i is 

rewritten as follows: 

j j 
(a) B.=O (b) H,=O 

Fig. 5 Typical boundary conditions. 

(51) 

where 

h1=A1, g;=O, e1= l, 

f 1=A,: vector potential given on boundary line. 

On another boundary where the tangential component H, of H is zero, the nodal 

equation for node i is derived from integrating Eq. (28) in a circuital integral region 

given by the broken line in Fig. 5 (b), where Co., and Ci. are the outside and the 

inside paths of our integral region, respectively. In this case, the line integration 

along Co., vanishes because of H, = 0, and that along Ci. is easily carried out by Eqs. 
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(29) and (34). As a result, we can get a discrete nodal equation similar to Eq. (38), 

where f 1=0 and g,=0 because J,=0 and u=O near the boundary line. 

Finally, from Eqs. (38) and (51), the basic nonlinear simultaneous nodal equations 

for all nodes are readily derived as follows: 

([GJ +Jt[e] [HJ) [A],w= {[GJ-Jt([U]-[e]) [HJ} [A], 

+Jt{[e] [F],+4,+ ([U]-[e]) [F],}, 

in matrix form, where 

[A]-[]J [~-[H [ ,, 0 

[G]- l g2 

g, 

[ hu h., 
h1. 

I 
!1 0 

h21 h22 0 e2 . . 
[HJ= h11 h11 h,. [e] = 0 

h.1 h •• 0 

In these equations, 

n : total nuwber of nodes, 

(52) 

; I 
g. 

!] e, 

e. 

[A] row matrix constructed with unknown vector potentials at all nodes, 

[F] : row matrix derived from J, in Eq. (35) and J,=A, in Eq. (51), 

[GJ : diagonal coefficient matrix derived g, in Eq. (36) and g1=0 in Eq. (51), 

[HJ : nonlinear and sparse coefficient matrix, in which coefficients h11 (i and 

j= l, 2, ... , n) are derived from coefficients for A1 and A,, in Eq. (34), 

and h11 = l and h11 =0 for i~j in Eq. (51), 

[e] diagonal matrix constructed withe, in Eq. (38) and e,= l in Eq. (51), 

[ U] : unit matrix. 

By numerically solving Eq. (52), the transient values of [A] at all nodes are 

obtained. Also, by putting Jt=l, g,=0 and e,=l for i=l ton inEq. (52),the values 

of the vector potential in the steady state, where the eddy current vanishes, can be 

obtained. 

3. 5. Numerical calculation process 

In Fig. 6, there is shown the flow chart of a calculation process for numerically 

solving the nonlinear simultaneous equation (52) and obtaining the transient responses 

of the vector potentials [A] for the change of the exciting current. The calculation 

process is as follows: 
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I start I 
i 

(1) Input information 

i 
(2) Subdivision into triangular elements 

i 

I (3) Initial values of [A] 

i 

-I (4) Determination of dt 

i 

I (5) Calculation of right side terms in Eq. (52) 

i 
~ 

-I -I (6) Approximate values of [A] at t+dt 
+ 
!!. i 
.., = I (7) Approximate values of v, by [A] at t+Jt 
e .s 

·.;:: -:u + >< 
>< ~ (8) Determination of approximate solutions of [A] at t+dt .., 
z ii:: 

i 
t t_l (9) Are solution converged? 

I 
bes 

I (10) t>tmax I 
+ yes 

I~ 
Fig. 6 Flow chart of calculation process for solving Eq. (52). 

(1) We provide the input information about the shape, the dimensions, the struc

tural materials, etc. of the machine, and the boundary conditions. 

(2) The analysed domain is subdivided into a large number of triangular elements. 

(3) We provide the initial values of the vector potentials [A] at all nodes of the 

elements. 

(4) The supplied current density], at time t+Jt is calculated by dividing the 

current in the conductor of the exciting winding by its cross-sectional area, where Jt 

is determined small enough to obtain the accurate transient responses of [A]. 

(5) By using the already determined [A], and j,, the calculation of the right side 

terms of Eq. (52) is carried out. 

(6) The approximate values of [AJ,u, are estimated. 

(7) By using the approximate values of [AJi+.,., the nonlinear reciprocal permea

bilities v,'s in elements within iron core are calculated by the method shown in Article 
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(8) By solving Eq. (52), the approximate solutions of [AJ,H, are determined. 

(9) The processes (6) to (8) are iterated till the convergence of [A]i+.11 is ascer

tained. In this connection, the approximate values in a following iteration are evalua

ted by the successive relaxation method, by which repetition time can be fairly 

decreasedc12i. 

(10) The above processes (4) to (9) for the next successive time t=t+Llt are 

repeated till t=t,.°"', where t,.°"' is the calculation interval needed to investigate the 

transient response of [A]. 

Next, when the transitional change of [A] by the one of the current density J, 
proportional to the exciting current is calculated, the transitional distribution of the 

magnetic flux can be shown by the equi-vector-potential lines, namely the flux lines. 

The distribution of the flux density is derived from Eq. (25). Also, by Eqs. (33) and 

(36). the eddy current density in the iron core can be numerically evaluated 

(53) 

where 

LIA;: increment of A=A1 at node i during Llt, 

Furthermore, the transient response of the magnetic flux 1/J in a cross-section of 

the magnetic circuit can easily be calculated by Eq. (21). 

4. Conclusion 

The main results obtained by the investigation of the numerical solution in this 

paper are as follows: 

(1) By using the magnetic vector potential, the two-dimensional fundamental 

equations, by which the transient flux distribution in electric machines can be analysed, 

were derived from the Maxwell , equations for the electro-magnetic field. In the 

equations, the eddy currents induced in iron cores and the nonlinear permeability 

were considered. 

(2) The nodal method, which is known as the finite difference method using 

triangular elements, was applied to solve the two-dimensional equations, and the nodal 

equation at the node of the element was introduced. 

(3) The time derivative g1oA1/ ot contained in the nodal equation was approxima

ted by the Crank-Nikolson finite difference method, and then the final discrete nodal 

equation was introduced. 

( 4) The numerical method for deriving the nonlinear reciprocal permeability 11, 
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from the magnetization and the hysteresis curves of iron cores was obtained by using 

the Frolich formula. 

(5) The nodal equations considering the basic boundary conditions concerning 

the magnetic flux density and the magnetic field intensity were obtained. Further

more, the nonlinear simultaneous nodal equations for all nodes were introduced. 

(6) The calculation processe to solve the nonlinear simultaneous equation was 

shown. In the process, the successive relaxation method should be used for decreas

ing the repetition time required to solve the equations. 

By using a numerical solution, the transitional change of the vector potential due 

to the abrupt change of the exciting current in the electric machine can be calcula

ted. Then, the transitional distribution of the magnetic flux can be shown by the 

equi-vector-potential lines, namely the flux lines. Also, the distributions of the flux 

density, the eddy current density, etc. can be numerically evaluated. Furthermore, 

the transient response of the magnetic flux in a cross-section of the magnetic circuit 

can easily be obtained. 
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