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Abstract

Behaviour of various potentials in the linear anisotropic elastostatics is investigated.
Explicit formulae for the derivatives of these potentials including their boundary values
are obtained with the help of the theory of distribution.

1. Introduction

The linear theory of elastostatics is a branch of applied mechanics which
investigates the behaviour of the solution of a boundary value problem of the
following form:

To find a solution #; (displacement in physical terms) of an equation
div C[Vu] +F == 0 in D (C,-j,,,u,,',j—I—F,- = 0) ( 1 )
subject to the boundary conditions

uU=1u on 9D, (= uy)
Tu := C[Fuln = t, on 9D, (Tu;=ty) (2a, b)

where D is a domain in R¥(N=2, 3), 8D is its boundary with unit outward normal
vector n, 8D, and 8D, are the portions of 8D such that 8D, 8D,=8D, and
8D,N3dD,=¢ hold, C is the elasticity tensor, F is the body force (given), and #,
and £, are given functions. As for C, we require the usual symmetry C; 5 =C;sy=Cpy;;
and positive definiteness Pu+C [Fu] =C’|Pu|? where C’ is a positive constant.

As is usually the case in applied mechanics, the exact solution to (1) is very
difficult to construct analytically except in simple cases. Hence, one often has to
resort to some numerical methods of analysis in order to obtain an approximate
solution to (1). The boundary integral equation method (BIEM) is one of such
numerical methods. BIEM usually seeks the solution in the form of combined
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potentials:
u=S I’tdS—S I'IudS—i—s rFav, (3)
2D 9D D

where I' stands for the fundamental solution of the problem, I'; for the double layer
kernel defined by

rIlj(xs y) = %rik(x_y)ckmjnm(y) (4)
1

and ¢ for C[Fu]n on dD. The explicit form of I is given in terms of the Fourier
inverse transform ! as

r=gg(4*@®), (3)
where £ is the parameter of the transform and
A:'kj'(e) = Cupéiéy, (6)

respectively. The three integrals in (3) are called the simple layer potential, double
layer potential and volume potential, respectively. After solving a boundary
integral equation obtained from (2) and (3), one computes the solution u by (3)
and the stress C [Fu] by differentiating (3).

A difficulty one encounters in this BIEM procedure is the singularity of the
kernel functions I' and I'y. Due to this singularity, (3) yields the so called non-
integral terms as X approaches 8D, or as one differentiates (3) in D twice. In
addition, the resulting integrals may not be integrable in the classical sense. All
such details have been investigated so far by using explicit forms of I" and tedious
limit calculations.” This explains why formulae for these limits and derivatives
were not available in 3D anisotropic elastostatics, because I" for this case has not
been computed explicitly.

In this paper, we shall show an alternative for determining the behaviour of
these potentials and their derivatives. Our method uses the theory of distribution
and computes the various limits and derivatives of elastic potentials for the general
anisotropic case. Specifically, we consider a somewhat more general case in which
the potentials of the forms

S FedS or SFgadV
8D D

are considered, where @ is a certain smooth density and F is a kernel function which

has a homogeneous Fourier transform F of order —2, —1, or 0. After determining
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the general forms of various limiting values and derivatives of these potentials, we
consider the special case of elastostatics by using (3-6). This paper concludes with

a few comments on the implication of the present investigation in elastodynamics.

2. Behaviour of Potentials

We introduce the notion of (m, n) homogeneity of a function f(x) (xER¥,
N=2, 3): A function is (m, n) homogeneous if

f(ax) = A"|2|"f(x) for AER. (7)

We are particularly interested in functions having (s, 0) homogeneous Fourier
transforms (n=--2, —1, 0) because we have (5) and (6). Such functions are
known to be either functions with logarithmic singularities at the origin for (N=2,
n==—2), or (—n, —N) homogeneous functions for —N<n<<0, or linear combina-
tions of #(x) (Dirac’s delta) and v.p. of (0, —N) homogeneous functions for n=0.%

We now consider a domain D in R¥ (N=2 or 3) whose boundary 8D is very
smooth near x,&8D. Our purpose is to determine the behaviour of the potentials
of the forms

[, Fe—wew s, | Fe-pewss,, (84, &

near X,, where F(+) is a kernel having an (n, 0) homogeneous Fourier transform
(n=—2, —1, 0), and ¢ is a smooth density function. Since the comments below
(7) show that F is an ordinary function away from X, we may introduce a ball
B,(x,) which has a radius of p>0 and is centred at X3, and then concentrate our
attention on the contribution to (8) from within B,(x;). The assumed smoothness
of 8D then enables us to approximate 8D B,(x,) and DN B,(x,) by a circular
plane segment S and a half ball B shown in Fig. 1. Hence, we are lead to the

Fig. 1. Notation
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investigation of the limits of the forms

tim | Flx—p)o@ds,, lim | Fa—pewss,,
x=Xg x—xg

where the approach of x to x, is along the unit outward normal vector to S at Xy,
denoted by n. In the sequel, we shall compute these limits by using a cartesian
frame whose Nth axis is in the direction of n and whose origin is at x,.

2.1 Surface integrals

We consider the following integral

[ Fe—view)as, . (9)

Obviously, one may replace the domain of integration by R¥~! with the extension
@(y)=0 for y=R¥~1\S. We have the following results for the different n:
1) n=—2. Since the kernels have estimates of the form

Cc c

F(x,, x =
| F o 2 | = iy on= T, 7

(N = 3)*
or
|F (%0, £x) | SCHGllog v ([m P12 | SGHGlloglrl | (N =2)

near the origin, (See the comments below (7).) we have

lim | Frw, 50)0)d5, = | Fi—wio@)is, (10)
xFrxed S $

for a sufficiently smooth ¢(y).

iil) n=—1. We use the notion of the partial Fourier (inverse) transform of
F(&,, &y) with respect to &y, which is denoted by F(£,]xy), and is defined by

F(€]xy) = QL lim S'_‘_ st B (E,, Ey)dEy . (11)

T o

The required limit is calculated in terms of F (6ulxy) as

tim { F(e—g)p@)dy = FlEalsn)p€)d, s,

—— lim S
ey (27) ¥ sy JpF 1

(Note x, = (0, ++, 0) by definition.) (12)

* Greek indices run from 1 to N—1.
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where ¢(£,) is the Fourier transform of ¢(y,) on S. Into the right hand side of

(12) we substitute an expansion

A ‘A 6 A _ a A

Fe, &) = en B (Lo 1) = end (0, 1) +-e37e, -2 F(0, 1
s, Ex) N(fN ) EEO, 148 82 F O, )
az

F0, 1)+
ae,afp( )+

+%f"-’6.65

which is valid for a large 4. Subsequent use of Lebesgue’s theorem converts the

limit in (11) into

lim [S F@)ctrertnde, +S ( F@— M) Hemsath dE
1Ex1<8 x>

tL0 EN

A 08 5% ot
+ho | P, |

1Ex1>8 EN

.y s F0, 1)),
- F@)etrwd S (F ——’-) ityeyd
S|5N|<3 (E)e il EN_*— xl>s (e) EN e EN
+£(0, 1) 1i S G Y
’ !lg)l xl>s &y N
for a 6>0 and |&,| 0. The last integral is equal to
i xy>0
Slx x| 1
0 |—isgnxy S ¥ Edf for |x4=0
~8lzyl '3
—xi xy<0
Therefore, by letting 8 | 0 we have
. 1 A
Fealay) =~ 0 |FO, 1)+ v.p. S (ﬁ(e) _M)eism ey
2 : 2z —o Ex

according as xy >0 (uppér), xy==0 (middle), or x4<<0 (lower), where v.p. indi-
cates the integral in the sense of Cauchy’s principal value. Note that the function
(of &,) defined by '

FEa10) = Ltim ™ F(e, &x)e ey

is (n, 1) homogeneous (for n=—1, 0). In particular, for the present case of
(—1, 1) homogeneity, we have

S £(£,10)dS = 0
Sa-1
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from the symmetry. This shows that F7,} (F(f,]O))(x,,)*, as an N—1 dimensional
distribution, is expressed as a principal value of a (1, —N) homogeneous function.?
In addition, Fg} (I': (6410))(x,) coincides with F{x,, 0) —a (1, —N) homogeneous
function — away from the origin. Hence we conclude

lim | Fe—p)p)ds = +-LFmp(e +vp. | Flx—w)ew)as. 13

The upper (lower) sign is for the approach from the positive (negative) side, with
positive side indicating x,>0. This convention will be used throughout this paper.
iii) n=0. Without loss of generality we may assume

F0,1)=0.
Actually, if this is not to be the case we may modify the definition of F (&) by sub-
tracting F(0, 1) from F(§). This process changes F in (9) by —F(0, 1)d (x—p),

but this term vanishes for x&8D and y& 8D, thus keeping (9) unchanged. With
this assumption, we use (11) and an expansion for F as in ii) to obtain

. 7)
A g -

9 (€l %y) = Ea 0 F (0, )| 0

Faln) = Lz FO.1)| 0

Lt (1]
oo A __EL a A itox 14
+v.p.S_~(F§e) S s he 1))e wirdey, (14)

and hence

lim = 4te, 0 fr0,1)+FE,|0), 15
Jim Fealo) = +4-6.5-FO, )47 10 (15)

where we have used the same notation as has been used in ii).
We now proceed to the interpretation of &g, (F(€,]0)), or the Fourier
inverse transform of the second term in (15). To this end we note that

F(El0) = 5 tlim [" A eneiivae,

is a well-defined (0, 1)-homogeneous function of €,. Its Fourier inverse transform
on &, is equal to the restriction to xy=0 of F(x,, xy) for non-zero x,; a (0, N)-
homogeneous function of x,. From thése observations, we can show that
gl (IA7 (£,10)) (as an N—1 dimensional distribution) is to be understood as a finite

g E_l denotes the Fourier inverse transform. (£g—>x)
o
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part (p.f.) defined by

pL |, Flow Optddra=lim[{ . Flr Op(x)dn

BT -N\p(0)

_2©) Ss Fl, O)dS] ,

&

where Sy_; is an N—1 dimensional unit sphere. To see this, we start from an
observation that p.f. F(x,, 0) and %) (F(£,10)) coincide on R¥~! except at the
origin. We therefore have

@ (F(eal0) = 3 C*D*0(x)+p 4. F(xa) (16)

where C? is a certain constant,

¢ . __ Q% ]
D% := 951031 --- 03X -1,
a; = (ab Uy, oy aN—l)

and
le| := 2'} a;.

Indeed, a distribution having a point support is known to have the form given in the
first term of (16)®. In addition, we see that

=1 =iy %y

Fra L. Flra )8 =lim [ [, Fsu 0 oradr,
1

— . Few0ds]  Gx=5)
€ JISy-;
. 1
=1 S - ~ifata ——-——S F(x, 0 d ] P
Mllglo[ RN"\Bm (_}’ 0)6 dy IZI (xo ) S I l

= Illgxa(p'f' F (%4 O))(Ea) » (A% 4= yq)
which show that
F (P L. F (5, 0))
is (0, 1)-homogeneous. On the other hand, &, ,(D%(x)) (|a|=1) is (1, 0)-homo-

geneous. Hence, we conclude that CVs=0, which proves our statement. We

thus have

tim | Fle—plp@)as=+ 30, 1) 2o (x

+»t | Fe—pow)ds. (17)
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2.2 Volume integrals

We next investigate the limits of the form

lim | Fe-plo)dy,

x-’lo

where F(x) is the same function as in 2.1, and ¢(y) is a smooth density function.
As in 2.1, we replace the domain of integration by R¥ with the help of an extension
¢(y)=0 for yR¥\B. We then have the following results for different n:

i) n=-2, —1. We casily see that

tim § Fe—u)e@ay = | Feo—ve@ap. (18)

ii) n=0. We decompose F (&) into
F@) = CptF(8),

where

Cp= 1 Ss F@ds, Fl&) =F@—Cs. (192, b)

The inverse transform of Cp is CFS(x). Also, we know that Fg if (& is equal to
v.p. F(x) where F(x) is a (0, —N)-homogeneous function. Hence, we see that
the Fourier ‘integral’

FeHE @00}

has the following expression
Crp(x)+-v.-p. SDF (x—p)e)dv, (204)
for x&D, and

[, Fe—ppwiar, (208)

for x&D\@D, where Cy is given in (19a). In these formulae we have dropped )
because F=F in the classical sense.
In order to further investigate F (x), we use the partial Fourier transform in
the following manner:
. 0 an
[, Fe—vewdy = Fa(| Flealw—oCal mdm (),
(4w +0) (21)



302 N. NisuiMUra and S. KoBavAsHI

where

¢(6,|)’N) = S(J 3 )eae—‘e¢’°¢(ya’ }’N)d)’a .
(1254

AN

Into F(+|+) in (21) we substitute an analbgue of (14) given by

7l
QEﬁEf,IxN) v 11 6 R 0
—n
oo AN _ AN _____€L -?_ AN it x
fv.p. S_“(F(e) £, 1)~g= 2R, l))e windey

which differs from (14) because F ZO, 1)==0 in general. Use of this formula,

o y 0 xN>O

— = (=54t

o lim V7 [ T e )y = |(Eal0)f2 | for | ay=0 |,
O(€alxy) xy >0

and
F(| Fledl o rdi ) = T E0®) )

then transforms (21) into

Fo, ‘)¢<xo>+ge 1<F<e> (8)) (x0)

(xo=(0,0,+-0)), (22)

tim | Foe—p)ow)dy = F
x-’xo B

where $(§) is the Fourier transform of ¢(x) on B. Hence, we are left with the
interpretation of the last term in (22). To this end, we note the following relations
which follow from the symmetry and (19):

[, Foas={ _F@as=o, | (23)
s Sy
where Sj*~=Sy N {xy>, <0} (signs and>, <C are to be taken in the same order).

Since

FE@0E) w0 —lim| ,  Fa—ple@)7,

B \Belxg)
—v.p | F(r—p)p@)a,, (24

we obtain
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a1y . 0 ‘
lim FF@p@) ) = lim {[ O Jo)+v. | Fix—ipiav, }
x-xg X-rXg F B

= <%:|:I%)¢(xo)+v.p;‘ SBF(xo—y)?’(y)dVy , (25)

where

v.p.” SB-dV= lim «dV

230 S B\Be(s)

Note that the special principal-value integral, denoted by v.p.” and defined above,
is convergent due to (23). Actually, this is why (24) holds. We also have

lim v.p. SBF(x—y) o(y)dV = + (—(;—F—ﬁ‘(n))sv (xo)

X=Xq

+vp | Fe-powar,. (@0

3. Elastic Potentials

We now apply the foregoing analysis to elastic potentials. = Since —4*7}(i§)

is a (—2, 0)-homogeneous function, we have the following results.
3.1 Simple layer potential

We have F=I" and F (8)=4*"'(8) by definition. The comments below (7)
(or (10))readily give

tim | P@—y)e@)s = | re-wewds. (27)

x—bxo

As to the derivatives of this potential, we shall start with an identity

lim VS I'(x—p)p(y)dS = lim [S VI (x—y)p(y)dS
XX, D x-»xg 8D N Be(xg)
San\(ebn Bg(xo))VI’(x-—y)sv(y) dS] ) (28)

After approximating 8D ) B,(x,) by a small plane segment, we apply (13) to the
first integral on the right hand side of (28), where ¢ >0 is a sufficiently small number.
This, together with the observation that the second integral has no signularity, yields

limp | Pe—p)ew)ds

x—’xo
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= lim sw F7(i€R4*1(8)) (x—y)@(¥)dS

X-»Xxq

=F 12'_®A*-1(n)¢(xo) +v.p. Sw V.I'(x,—y)p(y)dS. (29)

In particular, we have the well-known formula?

. 1
im T, | F(e—2)pw)dS = Fo(x0 +ve. || T.rx—p)ew)ds,
x-%0 D 2 £)))
since Cjpjonpn,=4%(n).

3.2 Double layer potential

We now apply the same reasoning as we have used in 3.1 to obtain various
limits relevant to double layer potentials. To begin with, we note from (4) and
(5) that the Fourier transform of the double layer potential can locally be written as

—id ﬁ’-l (é) eq Cpqr& n,,

since n is locally constant. This observation, together with (13), yields”

tim | 1i(x, n)e()ds = i‘%x")-l-wp- [, re@as. (30)

x->xg

Also, we have

lim 3, I'I]‘?‘(y)ds
x-xg 17/
7

Ox,

+pf. San 9; T, upu(y)dS

O 5 )€, Crus) o,

.
=+ 2 e, P4(X0)

1 a 0
— ) —n; 4% (n)C, — }
+ 2 { in ax¢9’j(xo) n, 477 ()G, pagny ax,,?' (x0)

+pt | oiruum@as, (31)

where we have used (17). In particular, we obtain

tim T, | FiGx, 0)e@)ds = pf | TuLix, )e()as (52

x->xq

since

] _ 0
mCiju (‘7&-5?1—”; A;Fr l(n)crpdq ny 5% ) =0.
(] b



On the Behaviour of Elastic Potentials 305

Equation (32) is often called the generalised Lyapunov-Tauber theorem.?

We finally remark that the present derivation of (31) is not exact from a purely
mathematical point of view because it does not take into consideration the possible
effect of the curvature of 8D. However, it is not difficult to see that the result is
correct. Indeed, one starts from the well-known formula®

0, Sw Iy;0;dS = Cpqk S” Pit.ncmqj‘m”a?’j,bds ’

and then uses (13) to obtain (31), where ¢, is the permutation symbol.

3.3 Volume potential

From (18) one readily sees that

p{,re wewar = rre pewar, (33)

where x is a point in R¥. We also have (See (20).)

Cro(x)+v.p. S PPr(x, y)e(y)dV  xED
r7 | rex, n)ow)ar =
> [rrree, ewav  xermo, (34)

where

Crijm = S S AT HEGEN (See (19a)) .
[Snl Jsx
In particular, we obtain

(4* | e, 0@V = Cipe 0,0, | T, wip@)an),

_ { —@i(x) x€D
h 0 XERV\D.

This well-known result is usually called the Poisson formula.?
The second derivative

w7 | I, pew)av
Jjumps as the point x crosses 8D. Actually, we see from (25) that

lim PP SDF("” V) e@)dV = % (Cr+n@n@4*~(n))p(x,)

x—’xo
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+vo~ | prree we@ar (35)

holds. Also, from (26), we have

timv.p. | PPT(x, 9)e@)dV = % (Cr+n@n@4*(n))p(x,)

+vp.~ | prree wew)av. (36)

Note that these results are consistent with the Poisson formula, since

1 -
—Cim Crium = il LNC.-mﬂjnkd?‘m '($)dS = 9y, -
N

We finally remark that the potentials of the form

S r ij.b,(x—ll)?jk(y)dV

can be viewed as

“‘ak,S T'i(x—g)epy)dV,

which is exactly the derivative of a volume potential. Therefore, we can apply the
foregoing analysis for volume potentials to the potential of this type, which plays an
essential role in BIEM for elastoplasticity.®

4. Concluding Remarks

1. Itis easy to see that (3), (13), (17) and (18) yield the following identity on 8D%:
Tpg +== Cpgij Oty = 2(v.p. SaDprair jtrdS

—"p.f. g Cpqijairljkude‘l_SaD Cpq,-,-a,-rijde) Iy

9D

where 7,, stands for the stress on the boundary. Cruse & Van Buren obtained this
formula for the isotropic case by using a direct calculation.® Our formula
generalizes their result to the anisotropic cases.

2. Since the behaviour of the Fourier transform of a function f at infinity reflects
the singularity of f, we see that our formulae (10), (13), (17), (20) and (26) are valid
also in time harmonic elastodynamics?. This is because the Fourier transforms of

the fundamental solutions of elastostatics and elastodynamics behave similarly at
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infinity.
3. Some of the results in this paper have been published without detailed proof in
reports by Nishimura & Kobayashi® and Kobayashi & Nishimura®.
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