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Abstract

The joint probability distributions are obtained of the extremum value, principal
curvatures and the angle of their orientation of a random surface described by a
homogeneous Gaussian random field. The probability density for the extrema is calculated
as a marginal distribution, and is cast into a Gram-Charlier series in a form convenient
for numerical calculation. Probability densities are numerically calculated for some
isotropic spectral densities for an application in the microwave backscattering from ocean
waves.

Key Words: random surface, extremum, curvature, probability density, Gram-Charlier
series

1. Introduction

With a practical application in mind, the probability distributions are obtained for the
values of extrema of a Gaussian random surface. We can extend Rice’s theory for the
maxima of a stationary Gaussian process [1] to the case of a 2-dimensional (2-D) random
surface described by a homogeneous Gaussian random field, and obtain a joint probability
distribution for 4 variables; extremum, two principal curvatures and the angle of their
orientations at the extremurﬁ point. The probability density for extrema, i.e., minima,
maxima or saddle points, can be given as a marginal distribution by integrating 3 other
variables. For numerical calculation, it is conveniently expressed as a Gram-Charlier series
in terms of its moments given by 3-D integrals. The present work was motivated by the
problem of radio-wave scattering from a random surface. It is closely associated with the
design of a satellite altimeter using backscattered microwave from ocean waves owing to
the fact that the scattering takes place mostly at points of extremum, and the scattering
cross-section is inversely proportional to the Gaussian curvature. However, our results

could also be applied to a problem concerning image processing.

* Department of Electronics, Kyoto University, Kyoto, Japan.
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2. Probability Distribution for Partial Derivatives

We summarize well known formulas for the sake of definition. Let a random surface

z = f(x, y) be given by a homogeneous Gaussian random field on a 2-D space, with mean
0 and the correlation function:

RN =<{fNf(0)> = I ¢4 S(2)da ity

where r = (x, y), 4 =(4, 4}, dA = dAdy, and the spectral density S(4) is unchanged against
inversion: S(4, u) = S(— 4, — ¢). We assume f(r) is twice q.m. differentiable w.r.t. r. Let
the partial derivatives of f(x, y) be denoted by u=f,,v=f,, r=f,,s=f,,, t =f,. where
the subscripts indicate differentiation. Let the 6 x 6 covariance matrix of the partial
derivatives (z,r, t, s, u, v) at a fixed point be written in the form:

5 &l
0 R,

~ R —R, —R, —R, .
- Rl Rll R33 R13 0
- - R2 R33 R22 RZ3 (2)
B - R3 R13 R23 R33
R, R,
0
L Ry R, _
(z®>=R= J S(4)da 3)
Py = —(zrd=R, = J A2S(A)da 4
Wy =—<a)y=R, = Juzs(l)dl &)
{u) = —(zsy =Rz = JluS(}.) di 6)
(2> =4rt) =Ry = Jiz;ﬂsmdz (7

D> =R, = f,l“su)dz @®)
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m~

(rs) = Ry = | A2uS(A)da )
{ts) = Ryy = | Au3S(4)dA (11

In the isotropic case where S(4) = S(A), 4 = /4% + p?, there are further relations: R, = R,,
Ri;=R3;, R3=Ry3=R;;=0.
Let the inverse matrix of R be denoted by

R{Y 0
R != (12)
0 R;!

Ri'= (13)
AZ A12 A22 A23
A3 Al3 A23 A33
1 R —R
R;'= __[ : 3] (14)
ID|L—Rs R,
D, =detR,, D, =detR, = R,R, — R? (15)
The 6-D Gaussian density function for (z, r, t, s, 4, v) can be written
p(z, r t, 8, u,0)=p,(z, 1 t, py(u, v) (16)
(z,rts) ! ex { lz’R'1 (17
’ bl £} E T m . 114 - = z
& @oFD, T2
(, v) L { LiR;t (18)
L U)=————€exp{ — - u
P2 2|, 2 P S ¥R

where the exponents in (17) and (18) give the quadratic forms of z = (z, ¢, r, s) and u = (4, v)
w.r.t. R{! and R;!, respectively.

TR 2= A22 + 2(A;7 + Azt + A38)z + A 1 + Agpt? + Ayys?
+ 2(Aqart + Aysrs + Aysts) (19

¥R;'u= (R,u* - 2R;uv + R,v})/(R,R, — R?) (20)
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3. Probability Distribution for Extrema and Curvatures

Extrema and Curvature of Surface At a point of extremum of the surface we have
u=0, v=20 (21)

Let p be the radius of curvature of the curve formed on the intersection of the surface
z =f(x, y) and a vertical plane with an angle § with x axis. When @ is so chosen as to satisfy

2
tan20=—"_ [ -T<p<” (22)
r—t 4 4
then p takes a maximum or minimum value, which is a root of the equation,

;12-—(r+t)%+(rt—s2)=0 (23)

Let 1/p,=ry, 1/p,=t, denote the maximum and minimum curvature, which are,
respectively, given by

1 1\

I e (' t) ¥ 52 (24)
P1 2 2

1 t —t\?

SR (' )+s2 (25)
P2 2 2

Obviously, the principal curvatures r, and t, satisfy the relation,
ro+to=r+t (26)
roto =rt —s? 27

where (26) gives the mean curvature and (27) the Gaussian total curvature.
If we write (r, t, s) in terms of (rq, ty, ), we have

r=rycos28 + tysin2 0 (28)
t =rysin® @ + tocos?f (29)
s = (ro — to)sinfcos § (30)

By the coordinate rotation (x, y) - (x', )
x=x"cosf@ — y'sinf
(31
y=x'sinf + y cos@

we obtain the transformation (u, v) — (', V), in the same form as (31), and the transformation
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r.t,s)-(,t,s):
r=rcos?@ + t'sin®>@ — s'sin 26
t=r'sin20 + t' cos? 0 + §'sin 20 (32)

1
s= E(r’ ~ t')sin 26 + 5" cos 20

Particularly, when @ is chosen as in (22), we have
Fe=rg, /=1ty §=0 (33)

and the relations (28)—(30). We denote the parameter regions for maxima, minima and
saddle points by R’s as defined by the following inequalities:

Ruyinito >01t,>0;1t—s2>0,r>0
Roito <0ty<0;rt—5>>0,r<0 (34)
Rea:Toto <0 ;rt—s2 <0,

Probability Distribution for Extrema and Curvatures By the coordinate transformation
(r, t, s, u, v) > (ro, to, 0, U, V') according to (31)—(30), the volume elements are transformed as

follows:
2
drdeds = | 2059 |4y drodo
6("0, tO’ 9)
= |rg — tol(1 + sin>26)dr,dt,do (35)
dudv =du'dv

so that we can rewrite the probability distribution in the following manner:

pi(z, 1, t, 5)pa(u, v)drdedsdudy
= p,(z, 7o €082 8 + t,sin? B, rosin § + tycos? 6, (ry — to)sin O cos 0)
x po(t' cos @ — v'sin 0, u'sin + v’ cos G)jry — tol(1 + sin? 20)dr,dt,dodu’ dv'
= pa(z, 7o, to, 0; U, v)drodtodfdu’ dv’ (36)

With this form of probability distribution, we can apply Rice’s method for the maxima of
a stationary process [1] to the case of a homogeneous random surface. With the angle 6
fixed, we seek an extremum along the curve on the surface by which the principal curvature
is defined. The value of w'(v') at the distance dx'(dy) from the extremum point where
w =" = 0in a fixed direction 8(9 + n/2) is given by u' = — rodx’ ( = — tody). Therefore,
the probability that the random field has an extremum within a small volume dzdxdy at
the point (x, y) with the parameters (r,, to, 6) in an infinitesimal region dr,dt,d@ is given by
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dzj du,f dU’p3(Z, o, tO, 0’ u’) U/) = dZdXd,VVotolPa(Z, o, t09 0’ 0’ 0) (37)
froldx’ ltoly’

times drodt,df, where dx'dy = dxdy = dr, and rot, = rt — s? is the Gaussian curvature by
(27). Obviously the distribution is uniform with respect to the spacial coordinate (x, y).
From (37) we can derive various probability distributions by integrating it over an
appropriate parameter region. For instance, we can obtain a joint distribution of maxima
and Gaussian curvature g = ryt,.
Similarly, the probability that the random field has a min, max or saddle point in the
volume dxdydz is obtained by integrating (37) over the region of (ro, to, 8) given by (34):

{* 0 © /4
Pin(z)dzdr = dzdr drof dto'[ dB\rotolps(z, re, to, 65 0, 0) (38)
JO 0 —-n/4
= dzdr J drdtds|rt — s%|p(z, 1, t, 5; 0, 0) (39)
JJdrt>s2,r>0
o o /4
P, (2)dzdr = dzdr drof dtOJ‘ dO|rotolpa(z, 1, to, 05 0, 0) (40)
v - - -=/4
= dzdr J drdtds|rt — s2|p(z, 1, ¢, 5; 0, 0) 41)
Jdre>s2r<0

By (17) and (36) we have py(z, — ro, — to, 8: 0, 0} = p3(— z, rg, tg, 0, 0), so that we obtain
P, (z)dzdr = P, .(— z)dzdr 42)

The equality (42) is due to the symmetry of Gaussian distribution.

P, 4(z)dzdr
0 0 o 0 /4
= dzdr[f droj deg + j droj dto]‘[ dB\roto|pslz, ros to, 850, 0)
- 0 1] — - n/4
(43)
= dzdrjj drdtdsjrt — s2|p(z, 1, t, 5; 0, 0) (44)
re<s?

4. Moments and Gram-Charlier Expansion

Gram-Charlier Expansion Numerical integration of (38)-(44) can be performed since the
integrand is positive and well-behaved. In this section, instead of integrating for every
value of z, we express P(z) as a Gram-Charlier series in terms of its moments, which we write
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1 a0
"E—J z"P(2)dz, n=1,23,...
M

~ o0

M = J " P@dz 5)

where M denotes the normalizing constant. We write the Gram-Charlier expansion as:

P(z)=MG(z-—-u;02)[l + i b"z h,,(z—,u;az)] (46)
n=3nlo*"
oo ] __(Z—#)Z:I _
Gl "’a)_ﬁanp[ = @7)
M@aﬂsa“muaﬂ*<—%ycﬁm% @8)
2 © n
expl:lz—l—azjl =Y l—h,,(z; ¢?) 49)
2 ,..—:on!

where G(z — p, 02) denotes the Gaussian distribution with mean p = M, and the variance
6= M, — M?, and (48) gives n-th order Hermite polynomial and (49) the generating function
of Hermite polynomial.
The coefficient b,, which can be obtained using the orthogonality of h,,
1 ( )
b, = o h,(z — u; 6°)P(2)dz, n=0,1,2,.. (50)

can be given in terms of the moments up to n-th order, where, by =1, b, =b, =0. For
instance,

by=M;—3M, M, + 2M?} (51)
by=M, —4M M, — 3M2 + 12M?M, — 6M? (52)
Moment Generating Function We calculate the moment M, by means of the moment
generating function,
1 a0
o) =<, = M €" Ppin(2)dz (53

-5 m, Mo=1) (54
n=0

n!

From (16){18) and (39) the probability density can be written as

P(2) = I [rt — s2|p,(z, r, t, 5)po(0, 0)drdeds (55)
R



200 Nobuyuki TakanasHI and Hisanao OGURA

1 A
= —J [rt — szlexp|:— —(z>—-2Lz+ Q)] drdtds (56)
Nz 2
1
L= —Z(A1r+A2t+A3s) (57)
1
Q= Z[A“r2 + Aypt? 4+ Ay3s? + 2(Agrt + Ajars + Aysts)] (58)
= (27)’|D, D,|'? (59)

where L and Q denotes a linear and a quadratic form of r,t, s, respectively, and the
R

Pins Pmaxs Paa, respectively.  Upon substituting (56) into (53), we make use of the formula;

-] 291 Ly> Aj2 \, 74
o0, L)Ef e -4 2La) /27: A(L+ L /27: 412 yp+2 (60)
2n AL2 ki 1
[ — —_— 61
nzo"' "( A) ( )

where the righthand is obtained using the generating function of the Hermite polynomial
(49). Then we can calculate the moment generating function ¢(v) expanded in powers of v;

integration domain R denotes R R4 defined by (34), according as P represents

min® ‘‘max»

QW) = %Ji} e*P(z)dz

1 _4
= —J (v, L)|rs — t*]e 22 drdtds (62)
MN Jg .

2 00 1 _Ag_1y
i |rt—s2!h,, L, -~ )e 22 drdeds (63)
n= On' A . .

Comparing this with (54) we get the moment M, as the coefficient of v*/n!:

1 -4~

M=“\/£J Irt — sle” 297 drdeds (64)
NV 4 Jg
1 [ 1) -4o-12

o 8 Lt (s It S T S T S E S
MNV 4 Jg A |

Some low order moments are
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_4do-12
M, = ! [27[ Irt —s?|Le 2®7" drdeds (66)
MN Jr
r 1 R 2
M2=L /2_7: |rt—s2|(L2+-)e 2@ 4 deds 67)
MN\ A Jg A
r _Ao-L2
M3=,]_ n |rt—s2|<L3+3L>e 2€@719 4, deds (68)
MNY 4 ), A
3 A2
M4—__1_ 2 [ Irt—szl(L“+EL2+—2>e 2975 4rdeds (69)
MNV 4 Jx A4° " a

where L and @ are given by (57) and (58), respeétively. That the quadratic form in the
exponent of the integrand is positive;

0=0Q0-L*>0 (70)
is obvious if we put z = L in the equation,
22 -2Lz+ Q>0 (7)

which is the quandratic form with respect to the positive definite matrix R™!. Since the
integrand of (65) is a well behaved function, even the 3D integration over the domain
Rpins Rmax O Ry, could be numerically performed if necessary.

Method of Integration for Moments The 3D integration of (39), (41), (44) or (65) is not an
easy task. Here, using the transformation of variables (28)(30), we bring the 3D integration

w.I.t. {ro, to, 8) to the sum of 1D integrations after integrating termwise over (rq, o).

First we deal with P_; (z) and then P,,(z) is given by P,;,,(—z). The integrai for
moments (65) is written as

M, = -”]‘ |rt — s2|y,(r, ¢, s)drdtds (72)

W(rts)———[ ( ) ~4e-th (73)

By the transformatin (28)-(30) and (35) we have
n/4 o fo PN
M, = J‘ (1 + sin? B)J‘ '[ Fotolrg — tol Wa(re, to, B)drodt, (74)
-n/4 0 0

Ualtor tor 6) = alr 1, 0) (75)
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where the integration w.r.t. (ry, ty) is written

~ A~
roto(ro — to)Walre, to, H)drode, + rotolto — ro)Wa(ro, to, 0)dredig
ro>to

to>ro

= Jf roto(ro — to) [@("o’ to, 0) + @\n(th re, O)1drode, (76)
A~ N n
= Jj roto(ro — to)[wn(ro, to, 0) + ¥, ("o, to, 0 + 5>:|d"odto (77)

Here (77) is obtained by interchanging the variables 7y, t; in @, which amounts to the
transformations 6 — 6 + n/2, cos @ — — sinf, sinf — cosf. This implies that the region for
integration 1is ekpandable to —n/4<60<3n/4, or to 0<O<mn Thus (74) is further
rewritten as

M:Ju+gmwm4f Folo(Fo + to)dlFer to, B)dradts (78)
0 ro>to
n [ 0] o] /\
= j (1. + sin®26) dﬁj J So +.to)SotoWalSo + to, Lo, B)dsodte (79)
0 Q 1}

where we have made the change of variable (rg, ty) = (5o, to):
So = 1o — oy Folo = (So + to)te, drodty = dsydty (80)

In this manner the linear and quadratic forms L and Q w.r.t. (r, s, f) are cast into the linear
and quadratic forms w.r.t. (¢y, 5o) as follows: :

L= L(zy, 5o) = — %(txto + fBso) (81)
Q = Q(ty, So) = %('yté + 2845y + £53) (82)
a=A, + A4, 83)
B=A,cos20 + A,sin?0 + A,sinfcosd ' . (84)
y=Ay + Ay + 4y, (85)
5= A, cosd + Ay, sin?@ + Ay, + (A5 + A23)sin0cos9 (86)

e=A;;c0s*0 + Ay, sin* 8 + (24, + A;3)sin? fcos? 0 + 24, sin fcos® 0

+ 2A4,3sin*fcos 8 (87
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Thus, the quadratic form in the exponent of (73) is written

A(Q — L2) = &t + 2ntgso + {sh (88)
o? af _ﬁ_z 89
é—v—Z,n—é——- {=¢ 1 (89)

We note that h,(L, — 1/4) is a polynomial in L and accordingly that it is a polynomial

in {to, 5). Using the formula

© e 1&(=2a (n+r+1 <m+r+1>
nom,—(x2+2axy+y?) _ _ r r 90)
J dxj dyx"y™e 4’2 ( 5 5 (

0 0 =0 r!

'n+ 1)=n!

F(n + %) =(@2n—-1)Q2n—3)--3 1?

which may be rewritten as

P ~Lied + 2m050 + 458
oSoe 2 dtodSo

0 JO

=1[z]$[2]%il['—z"]’r("+r+l>r<m+r+l> o1)
4 é C r=or! \/Ei 2 2 /

we can perform the integration (79) termwise w.r.t. (¢o, so) after expanding

(5o + to)Sotohy, <L - ——) ZZa,‘mtoso 92)
in terms of powers of t,, sy, and using (91). In this way the integral (79) is reduced to

the sum of integrals over 6, which can be numerically computed.
In a similar manner we can calculate the moments for P,,(z). We first write

M, J:U Irt — s2|y,(r, t, s)drdtds
re<s?
0
'[ (1 + sin? 20)d0“ drof dt”f d’of dto]
—nl4 - ® 0

x |roto(ro — to)W’n(ro, to, 0)

n/4 ©
J (1 + sin? 20)d0J~ r’oto("o + to) [Wa(— 1o, to, 0)
~n/4 [1] 4]

A~
+ Yulro, — to, )] dredt, 93)
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where

1 2 1 ~4A0-12
?’\n(ro, to, 0) =m f'/’..(l« _Z>e 2@ty 94)

L= L(ro, to)

1
- Z[“to + B(ro — to)]

- %[(a — Bto + Bro] 95)

1
0 =0Q(rg, to) = Z['}’t% + 20to(ro — to) + &(ro — £o)°]

[y — 20 + &)t3 + 2(6 — e)roto + &r3) )

N

Therefore, substituting these into (93), we can perform the integration over (ry, to) to have
the sum of 1D integrals w.r.t. 6.

5. Spectral Model for Ocean Waves

In this section we give some examples of spectral density and its related quantities.
Such a spectrum is intended to be a model spectrum for possible ocean waves, because we are
interested in the probability distribution for the extrema and curvatures of the ocean waves
which undergo irregular undulating motion with a certain average wave length and wave
direction.

For the purpose of application we are taking up four types of spectrum; Gaussian
and rational spectral types combined with isotropic and anisotropic ones. The Gaussian
spectrum has a rapidly decreasing spectral tail with fewer short wave components, which
physically means that the wave has few ripples and a very smooth surface. A rational
spectrum, on the other hand, has a longer spectral tail and more short wave components,
which implies a rougher surface with more ripples on the wave. The correlation length or
the spectral width is described by a parameter /. In order to model a spectrum for ocean
waves, S(4) should have a spectral peak at the spatial frequency A = |A| = A, corresponding
to the average ocean wave lenght, which in turn is closely related to /. An isotropic

spectrum S(A), A = \/m implies the omnidirectional waves under windless conditins.
An anisotropic spectrum S(4) = S(4, ¢) with the spectral peak in the direction ¢ = ¢,
implies the directional waves related to the wind direction. In what follows we will list four
types of spectral model together with brief comments, and tabulate their parameters,
correlation function and several spectral moments which equal the covariances between the
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partical derivatives of the random surface.

5.1 Isotopic Gaussian Spectrum-Omni-directional Wave Model Spectral Density

e=0A 4= \/m (Gaussian) o7

S(A) =
( ) 27[K0
S(A) = — APMe=*A? gy =1 2 ... (Omnidirectional Wave Model) (98)
n

where K,, denotes the normalizing constant given by

_ ® 2m+1 ,~£2A2 — m! o
K,,,=LA e dA—W, m=0,1,2, 99)

(97) shows a simple isotropic Gaussian spectrum, whereas (98) gives a spectrum for an
omnidirectional wave model.

Spectral Peak Frequency

Apzﬁ, m=0,1,2,-, /=[’f'. (100)
¢ 4,
Correlation Function
o *2rn .
R(r)=j j é*rS(A)di,  di= AdAde (101)
(4] 0
R © —f2A2
=— | Jo(Ar)A3m+1e=*A% 4y (102)
mJo
R m! r?
- & b (- ) (103
1 © ' 2 \n
RLlgmtn (__L) m=0,1, 2 (104)
m! .o (n!)? 442 .

2
Rexp(~— #)

(m = 0, Gauss) (105)

(m=1) (106)
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o1/ r\? r?
Rlt—— +-(— ) |exp[ - —; m=2
[ 27 2(4/2>] p( 4/2> (m =2)
I 32N\ 1/ N\ r? )
Rll—+-| —= ] - — exp| — — m=13
[ a7 2(4z2> 6<4t’2>] p( i) m=3

where ,F,(o; 7; z) denotes the confluent hypergeometric function:

J Jon(A) AP e 247 44
V]

I'm+n+)r*"

- . 2402
= T O o 1) Fim+n+1;2n+1, —r*/4%)

Iy & Me+n
T (0) o Iy +n) n!

1Fila;y; 2)
Larger m gives more oscillatory correlation function.

Covariance Matrix

R=R(0)=<z* = |S()di = 2,,!“’ S(A)Ad A

]

R =R, = '[AZS(}.)dl = nf A3S(A)dA

[}

=i A2m+3e—12A1dA (R(r)r—»O,m—>m+1)
2Km 0

___B I<m+1=R'n+1
2 K, 2/?

2r o
Ry =R22=j,14S(}.)d).= J cos* (pd(pJ‘ A2t 3= At q

2n 0 0

m

Ré K,,,+2=R3(m+2)(m+ 1)
8 K, 8s*

2n o
Rsy = lequ(l)dl=K£ cosz(psinzd(pJ~ ARm*3 =242 4

mdJo 0

(107)

(108)

(109)

(110)

111)

(112)

(113)

(114)

(115)

(116)

(117)
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_ gl Knea_ pm+2m+ 1)

118
8 K, 8s+ (1g)

Ri3=R;;=0 (119)

5.2 Anisotropic Gaussian Spectrum-Directional Wave Model Spectral Density

S() =S4, ) = cos2(p — @o)A2me~ 4 m=0,1,2,---,n=0,1,2,
(120)
where K,, and L, are given by

® a2 m!

Km = J‘o Az"'e oA da4 = W (12])
2n @2n -1

L, =| cos?odp=2n——"" (122
° 2n)!

The spectrum with n =0 corresponds to isotropic omnidirectional waves, and n>1
gives anisotropic directional waves in the direction ¢ = ¢,. Larger n implies the stronger
directivity of waves, and therefore, n = 1 corresponds to the weakest directivity.

Correlation Function

o (*2n
R(r 0= J J eArem0-9 g( A p)AdAde (123)
(4] 0

In what follows we gives the quantities for the weakest directional wave model n = 1 which
can be easily calculated.

Spectral Density (n = 1)

R
S, @)= - cos(p — o) Ame A7 (124)

o ‘2=
R= I J S(A, p)AdAde (125)
0 [}

Correlation Function (n=1)
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R @® 2n )
R(r, 0) = ;K_f f eiArees@=0) eos2(p — @o)d@o A2 le~* A% dA (126)
mdJo (4]
2R [® 142
=< [Jo(Ar) — J3(A)cos 2(0 — @y)] A Le~ 4% dA (127)
mJoO

which can be written in terms of the hypergeometric function, but is expressible as a sum
in terms of r"e™"*/*!* when m is small. The first term in (127) is the isotropic part and

the second the directional part.

Covariance Matrix (n = 1)

Ky 1 [ +1
R, =RZ" 2| cos?pcos? (9 — @o)dp = R~ (1 + cos? ¢p) (128)
K, ©Jo 4/
Kpey 1% +1 ,
R, =R=Z*L 1 sin?gcos?(p — ¢o)de = Rm—2(1 + sin? @) (129)
K, =n)o 4/
K 1 [ 1
Ry =R=™*L _ | cosgsingcos?(p — ¢o)de = RZ +2 sin 2¢, (130)
K, 7J, ST
K 1 (f2r
Ry =R="%2 " | cos*gcos® (¢ — po)de
m TJo
(m+2)(m+1)<5 1.
=R—— " " Zcos? @, + —sin? 131
74 8 Po 8 Po (131)
K 1 2n
R,, =R K"'” —f sin® ¢ cos? (¢ — @) de
m TJo
(m+2)(m+1)<1 5.
=R——— | —cos? g, + —sin? 132
74 8 Po 8 Po (132)
Kpiz 1 [ . +2)(m + 1
Ry, = 2 —J cos? @ sin? pcos? (¢ — po)de = RW (133)
m TJo 8¢
Kpep 12" . 2 1 .
R,; = R—1*? ;J cos3(psm<pcosz((p-<po)dgo=R(ﬁi§)§‘—n—+~)sm2¢o
m 0

(134)
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K 1 2n
R,y = I’;” —f cos@sin3 @ cos?(p — @o)de = Ry, (135)
m T

5.3 Rational Isotropic Spectrum-Omni-directional Wave Model Spectral Density

R 1
S(4) = , =34, 136
“) 2mK,, (A% + kD)1 (136
R A2m
S(4) = f/>m+3 (137)

21K, (A% + )+’

where the normalizing constant K,, is given by

J‘“’Az"'“dA 1 ml—m—1)!
me = =

- 138
o AP +KD)  220™ ¢! (39

Spectral Peak Frequency

m
A, = /wm_ 139
p =K £—m+1 (139)

The condition for (137) is due to the condition that f(r) be differentiable up to the second
order partial derivatives.

Correlation Function

R() = d4, RO =R, ¢t>m+1 (140)

o (A2+K2)l+1 ’

R J’oo A2m+1.]0(/1r)
K

me

which is expressible in terms of the hypergeometric function ,F, but we omit the
details. When m = 0 we can calculate as follows:

R = Jo(Ar)Ada

RO = o ds (v (149
R ¢ = s

- m(m K, (), ¢=1,2, (142)

~R{1 — (£ — 212 3(xr)?] r~0 (143)

n 1 -1
~R\[_ _ ) Fe r oo (144)
22071 1)
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Covariance Matrix

1 K
R1 - R2 — - m+1,¢
2 Kn,
R3 =0
3 Km+2 ¢
R =R =R..
11 22 8 K"”
1 K
R33—R' m+2,¢
8 K,,
Riz=Ry;3=0

where

Kut1,e 2 m+ 1
K {—m—1

m¢

Knizo _ o (m+2)(m+1)

K., ¢-—m—1)(¢-m-2)

(145)

(146)

(147)

(148)

(149)

(150)

(151)

5.4 Anisotropic Rational Spectrum-Directional Wave Model Spectral Density

54, 9) = cos?" (¢ — @)

Covariance Matrix

Km+1¢ 1
R, =R-""% _(1 + 2cos?
1 K., 4( ®o)
Km+1¢ 1 .
R, = R-—Z2% _(1 4 2sin?
2 K., 4( o)
K, 1.
R; =R K“ L _sin2¢,

K 5 1
R, = RLZ”<§COS2 @0 +§sin2 (po)

Kml Ln (A2+K2)l+1’

ftzm+1,m n=0,1,2,-

(152)

(153)

(154)

(155)

(156)
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Sy (1 5.

Ry, = R—==2| —cos® ¢, + -sin?

22 K., 3 Po 8 Do (157)

1K,

Ry = g 2.t (158)

m¢
1K, .
Ry;=R,;=R- K;“ sin 2¢, (159)

6. Example of Probability Distribution for Extrema

Lastly, we show some examples of the probability distributions P, P, and P4 calculated
for the isotropic Gaussian and rational spectral densities. The Gaussian spectrum (98) and
the rational spectrum (137), together with the correlation functions, are shown in Figs. 1-4
for m=1,2,3,10, with R=1 and with the spectral peak position normalized as
A, =1. The parameter m specifies the spectral form of the ocean waves; a larger m implies
a sharper spectral peak and more wavy correlation function (ordinary Gaussian spectrum
with m = 0 is shown only for comparison). We have shown the rational spectrum only for
the case £ =m + 3.

Figs. 5-8 show the probability distributions P,;,(z) and P,q4(z) corresponding to the
Gaussian and rational spectra shown in Figs. 1 and 3. P,,(z) is shown only for m =0 in

0.5 —— m=0 1.0
- A = 1.0 —— m=1 -
t° —— m=2 0.8+ m=0
0.4F m=3 T\ m =1
L m=10 0.6 W e _ m=2
[ L ———m =3
?0-3:- —~ 0.4F .
S~ N ~ L %
moz'_ & o2 W
o W .
E 0.0F N TUopesss=
0.1F - \/ 7
r -0.2 “,//
0.0 | Y, ST PP PRI R
] 3 0 2 4 6 8 10

r

Fig. 1 Gaussian Model Spectrum. 4 = 12+/,7, Fig. 2 Correlation Function for Gaussian
t=1 (m=0), £=mm=1,2-). Model Spectrum. r = /x> + y*,R = 1.
Peak spatial frequency normalized as

A,=/m/t=1.R=1.
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0.3
N l=m+ 3 e m =
- = — M = 2
L AP =10 —_——m= 3
L  m=10
0.2
< |
e
a L
0.1
!
0.0
0
Fig. 3 Rational Model Spectrum. A=/A>+p?, =

m+3 (m=1,2,---). Peak spatial frequency
normalized as A,=k/m/({ —m—1)=LR

=1
0.06
L — m=0
= ™ ——- m=1
0.05 (- R=1 i\ T =2
~ [ / \ e M=3
~0.04 - ! \‘ e =10
2 i |
o I
& o0.03 |
N . minimum// maxmum
< /
€0.02 /)
S
0.01 ]
0.00 "
-4 -2 0 2 4
z
Fig. 5 Probability distributions P;,(z) and
P...x(z) (Gaussian Spectrum). R = 1. As
Pmax(z) = Pmin('— 2)7 Pmax(z) is shown
only for m=0.
0.20 - —m=1
L . m=2
0.15] o m=3
A T— . m=10
= i
£0.10 h
E L
~ [ /
L ) \\
0.05 // !
L W N
r Y4 \\\._\
oo AR IV /A B B N P
-4 =2 0 2 4
z
Fig. 7 Probability Distribution P, (z) (Ration-

al Spectrum). £=m+3, R=1. P,,.(2)
= Pmin(_ 2).
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1.0
IN l=m+ 3 ____. m= 1
0.8\ A =10 m= 2
oy —m = 3
0.6\ -m = 10
\
[0
—~ 0.4
<> L
® o.2F \
3 \
0.0 N\ ___
-0.2 -
_0‘4-...1...|...|...|...
0 2 4 6 8 10
r
Fig. 4 Correlation Function for Rational

Model Spectrum. r = ./x? + y?, R = L.

Fig. 6 Probability Distribution P,4(z) (Gauss-
ian Spectrum). R = 1.

Psoddle(z)
o
N
LI I o e B B

0.0

Fig. 8 Probability Distribution Pg,,(z) (Rational
Spectrum). £/ =m+3, R=1.



Probability Distribution of Maxima of Random Surface 213

T — 1.0
——
0.9
—
e 0.8
e ———
=
0.3 = 0.7
: e
= 0.6
7 \\ -3
D 0.5 o
0.2 >
< 0.4
S 0.3
K=
&E°-‘ 0.2
0.1
0.0 BTt~ r~x~xr—rxrrxxa Egq.p
-5 -4 -3 -2 -1 (4] 1 2 3 4 5
z

Fig. 9 Joint Probability Distribution P;.(z, 1/ret,) (Gaussian Spectrum) R =1,
m = 1. roty = rt — s*: Gaussian curvature of minimum point.

Ty 7 I T I TTrorr1m

0.0 -t
-5 <4 -3 -2 -f

Fig. 10 Joint Probability Distribution P,(z, 1/rqt,) (Gaussian Spectrum) R =1,
m = 1. roty = rt — s*: Gaussian curvature of saddle point.

Fig. 5, since P,,,(z) = Puia(— 2). Figs. 9 and 10 show the examples of the joint distribution
Poin(z, @) and P,4(z,g9) for z and Gaussian radius of curvature g = 1/ryt,, which are
calculated for the Gaussian spectrum in Fig. 1 with m = 1. Similar but broader distributins

are obtained for the rational spectrum, but are omitted here.

References

[1] S.O.Rice: Mathematical analysis of random noise, BSTJ 24 (1945).



