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Abstract 

We consider the H 00 -wellposedness of the Cauchy problem for the operator: 

a i • a 
-u(t, x)+-6u(t, x)+ L at<x~u(t, x)+b(x)u(t, x)=f(t, x) 
at 2 t=1 axk 

when an initial value on the plane t = 0. We show some sufficient conditions on the imaginary 
parts of the coefficients at(x) for the wellposedness. 

I. Introduction 

Let L be the Schrodinger type operator given by 

a i n a 
Lu(t, x)=:f"u(t, x)+-

2
Au(t, x)+ L ak(x)~u(t, x)+b(x)u(t, x) 

ut k=l uxk 

where A is Laplacian, that is, Au(t, x) = I:- 1 ~u(t, x) and the coefficients at(x) 

and b(x) belong to the space B"'(R") consisting of all smooth functions on R" 
which are bounded with their derivatives of any order. 

Let T be an arbitarily fixed positive number. We consider the Cauchy 

problem for L: for the given g(x)eH
00 

andf(t, x)eC([O, T], H
00

) find a solution 

u(t, x) e C 1([0, T], H 00 ) of 

(C) {

Lu(t, x) = f(t, x) 

u(O, x)=g(x) 

on [O, T] x R" 

onR". 
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Here H 00 =nf=o H<ki(R") where H<ki(R") is the space of all u(x)eL2(R") 

~ ~ 
such that axau(x)eL2(R") when lal:Sk with a norm llu(x)llt=I,a,skllaxa u(x)lll•and 

C([O, T], H
00

) is the space of all H
00

-valued continuous functions on [O, T]. Here 
aa 

we use the following notations: 1X=(1X1, IX2,··,1Xn), lal=Lk=l,··•,n (Xk and axa-

aa1+··•+an 

ax11---ax~" 

We say that the problem (C) is H 00 -wellposed if for any f(t, x) and g(x) there 

exists one and only one solution u(t, x) that is an H 
00

-valued C 1 function on 

[O, T]. Thanks to Banach's closed graph theorem the wellposedness implies that 

the mapping H
00 

X C([O, T], H
00

)3(g(x), f(t, x))~u(t, x)E C 1([0, T], H 00 ) is con­

tinuous. H(kl" and S-wellposedness are defined similarly. 

W. Ichinose [3] shows the following necessary condition for the H 00-well­

posedness (see also J. Takeuchi [6]): there exists a constant K such that for 

any X and e ER" we have 

(N) 

where al(x) is the imginary part of ak(x) and its real part 1s denoted 

by af(x). 

We suppose that 1-form I;= 1 al(x)dxk is closed, that is to say, 

(1.1) 

for any k,l = 1,2,- • •n. Then the function on R" defined by 

(1.2) 

satisfies _aa F(x) = al(x). If (N) is satisfied, we have 
Xk 

(1.3) IF(x)-F(y)l:SK log (lx-yj+2). 

Since _aa F(x) = al(x) e B 00 (R"), (1.3) implies that the multiplication by etF(x) 
Xk 
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1s an isomorphism in Schwartz space S (see [2] or [5) for the definition of 

Schwartz space). 

On the other hand we define the operator £ by 

£ = etF(x) Le -tF(x) 

a . n a 
=-a u(t, x)+-2

1 
Au(t, x)+ L af(x)-a u(t, x)+b(x)u(t, x) 

t k=l Xk 

with b(x)eB"'. Then, because the coefficients af(x) of _aa u(t, x) are real-valued, 
Xk 

the Cauchy problem for £ 

{

Lu(t, x)=h(t, x) 

u(t, x) =k(x) 

is S-wellposed and H(lrwellposed for any /. (See for example R. Dau tray and J. 
L. Lions [1] for H(l)•wellposedness and M. Tsutsumi [8, Lemma 3.1) or Appendix of 

this article for S-wellposedness.) 

Hence we see that under (N) and (1.1) the Cauchy problem (C) is 

S-wellposed. In this article we show 

Theorem. If the conditions (N) and (1.1) are satisfied, the Cauchy problem (C) 

is H 
00 

-well posed. 

We prove the Theorem in the next section. The idea of proof is identical 

to that of S. Tarama [7]. For any function of Rn, J f(x)dx means JR" f(x)dx. We 

denote by C or C• suffixed by some letter • an arbitary constant which may be 

different line by line. 

2. Proof of Theorem. In the following we assume that (N) and (1.1) are 

satisfied. 

First of all, we decompose the data g(x) and the right hand side of the 

equation f(t, x) to the sum of functions in S or in C([O, T], S) in the following 

way. We choose cp(x)eC"'(Rn) satisfying cp(x)'2:.0, cp(x)=O for lxl'2:.1 and 

Jcp(x)dx= 1. Then we have 

g(x)= Jq,(x-y)g(x)dy 

and 
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f(t, x) = J</>(x-y)f(t, x)dy. 

Since g(x)eH"" [resp. f(t, x)E C([O, T], Ha:,)] and </>(x-y) vanishes for lx-yl ~ 1, 

we see that </>(x-y)g(x) ES [resp. </>(x-y)f(t, x) E C([O, T], S)] and </>(x-y)g(x) [resp. 

</>(x-y)f(t, x)] is an S-valued [resp. C([O, T], S)-valued] continuous function of 

yeR". 

Since the problem (C) is S-wellposed under conditions (N) and (1.1), we 

have a solution uy(t, x) e C 1([0, T], S) of 

(Cy) {

Luy(t, x) =</>(x-y)f(t, x) 

u(O, x) =</>(x-y)g(x) 

on ([O, T] X Rn) 

on Rn 

The S-wellposedness implies that uy(t, x) is a C 1([0, T], S)-valued continuous 

function of y ER". 

We will show that the function u(t, x) defined by 

u(t, x) = J uy(t, x)dy 

is a solution of the problem (C). 

First we remark that, for any integer l~O, 

(2.1) c- 1 llg<·>11r ~s 11¢<· -y)g(·>llrdy ~ c11g<·>11r 

and 

(2.2) c- 1 t llf(s,) llrds ~ f f) </>(· -y)f(s, )llrdsdy ~CI ll/(s, )llrds. 

Indeed, noting J</>(x-y)dy= 1, we have 

llg(·)llt2 = f (f </>(x-y)g(x)dy) (f <t>(x-z)g{x} dz )dx 

= f dw f dy f </>(x-y)g(x)<f>(x-y-w)g(x) dx, 

noting </J(x) = 0 for lxl ~ 1 

r dw f dy f l</>(x-y)g(x)ll</>(x-y-w)g(x)ldx 
Jlwl,; 2 

from which, using Schwarz inequality, we can draw the left side inequality of 
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(2.1) for l=0. 

On the other hand, Fubini's Theorem implies a right side inequality of (2.1) for 

l=0. Similarly (2.1) for any 12:::.0 and (2.2) can be shown. 

Lemma 1. There exists an integer N2:::.0 such that we have, for any integer 12:::.0, 

zeRn and te[0,T], 

llc/>(·-y)f(s,·)11,+N ds) 

where the constant C1 is independent of z, y and t. 

For the proof of Lemma 1, we use the following lemma, whose proof, which 

is sketched in the appendix of this note, is similar to that of Proposition 7 of S. 

Tarama [7] (see also T. Kato [4, Section 8)). 

Lemma 2. For the solution v(t,x) E C 1([0, T], S) of the problem (C) with k(x) e S 

and h(t, x)eC([0, T], S) we have the following: for any integers N and [2:::.0, ye Rn 

and te[0, T] 

where the constant C,,N is independent of y. 

Proof of Lemma 1. In this proof C or C,,N denotes a constant which is independent 

of yeRn. 

We note that the function v(t.x)=exp(~F(x))uy(t,x) is a solution of the problem 

(C) with 

1 
k(x) = exp(

2
F(x))c/>(x-y)g(x) 

and 

1 
h(t, x)=exp(2F(x))c/>(x-y)f(t, x). 
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For any integer l~O, 

1 
II</>(· -z)uy(t,)11 1= II</>(· -z)exp(-2F(·))v(t,)ll 1, 

since </>(x) = 0 for lxl ~ 1 

from (2.4) 

1 
~ C exp(-2F(z))II</>(· -z)v(t,)11 1 

~ C exp(-½F(z)) <z-y> -NII<· -y>N</>(· -z)v(t,)11 1 

~c exp(-½F(z))<z-y> -NII< ·-y>Nv(t,)11,, 

~c,.N exp(-½F(z))<z-y> -N X 

1 rt 
(II<· -y>N exp(2F(·))</>(· -y)g(·)ll1+N+ Jo II<· -y>N 

1 
exp(2F(·))</>(· -y)f(s,)ll 1+N ds), 

since </>(x) = 0 for lxl ~ 1, 

~c,,N exp(½(-F(z)+F(y)))<z-y> -N X 

1 
since we have, from (1.3), exp(i-F(z)+F(y)))~C<z-y>½K, by taking N~ 

1 
2K+n+1, 
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As we remarked above, uy(t,x) is a C 1([0, T], S)-valued continuous function. 

Thus for any r;?; 0 

f uy(t, x)dy e C 1([0, T], S). 
J1y1:s;r 

Since, for any r;:?;0, J1z1:s:r+1 </>(x-z)dz=1 on lxl:Sr, 

uy(t,x)= f </>(x-z)uy(t, x)dz on lxl:Sr 
Jlzl:5r+1 

and 

lluy(t,)IIH(l)({xeR";lxl<r}) :S f 11</>(·-z)uy(t,)11, dz. 
J1zl:5r+l 

Schwarz inequality and (2.3) of Lemma 1 imply that 

f 
f II</>(· -z)uy(t,)11, dz dy 

J1,1 :s;r+ 1 

::;C f (f<z-y> -2n-2 dy)½ X 
J 1•1 ,;,+ 1 

(f11</>(·-y)g(·)llt+Ndy+t t f 11</>(·-y)f(s,)llt+N dy dsY, 

from (2.1) and (2.2) 

::; c(11g(·)llt+N+ t t ll/(s,·)llt+N ds) ½. 

Hence 

u(t, x)= f uy(t, x)dyeC([O, T], H(l),loc(R")). 

Since uy(t, x) is a solution of the problem (Cy), we see that 

and u(t, x) is a solution of the problem (C), where we used 
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f uy(O, x)dy= f cp(x-y)g(x)dy=g(x) 

and 

f cf,(x-y)f(t, x)dy=f(t, x). 

Further, it follows from (2.3) and Hausdorff-Young inequality, smce 

J <x> -n-l dx< + 00, that 

2 

f ( f11ct,(·-z)uy(t,)ll1 dy) dz~C, (fll<P(·-y)g(·)llr+N dy+ 

t I; f 11¢(· -y)f(s,-)llr+N dy ds), 

from (2.1) and (2.2) 

~c, (llg(·)llr+N+ I; llf(s,-)llr+N ds) 

and for any r~O 

2 

( (fllcf,(· -z)uy(t,)llr dy) dz~ 
Jlzl~• 

c, r (f<z-y>-n-lllcf,(·-y)g(·)llr+N dy+f t r <z-y>-n-l 
J1zl~• Jo 

llq,(·-y)f(s,-)llr+N ds dy )dz. 

Thus we see that 

u(t, x) = lim ( f cf,(x- z)uy(t, x)dy dz E C([O, T], H(I>) 
, .... + 00 J lzl :S • 

and 

(2.5) llu(t,-)llr ~c,(llg(·)llr+N+ f;i11(s,-)llr+N ds). 

The above arguments are valid for any integer l~ 0 and u(t,x) satisfies 
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Lu(t, x) = f(t, x). Thus u(t, x) is a solution of the problem (C) belonging to 

C 1([0, 11, H cx,)-

Concerning the uniqueness of solutions, we remark first that the following 

Cauchy problem (C•) for the formal adjoint L• of L: 

L•u(t,x)= 

- ~ u(t, x)-iAu(t, x)- 'f. iiix)} u(t, x)+(- _f :iij(x)+b(x)) u(t,x) 
ut k= 1 uxi 1~ uxi 

satisfies (N) and ( 1. 1). 

(C•) 

Thus the following backward Cauchy problem (C•) for L•: 

{
L•u(t,x) = f(t,x) 

u(T,x)=g(x) 

on [0,71 x R" 

onR" 

is also S-wellposed, from which we see the uniqueness of solutions for the problem 

(C), (See for example S. Mizohata [5, Proof of Theorem 4.2]). Hence the 

problem (C) is H
00

-wellposed. The proof of Theorem is completed. 

Appendix. In this appendix we sketch the proof of Lemma 2. We consider 

only the operator L whose coefficients aix) are real valued. 

Lemma 2 results from the following lemma. 

Lemma A. For any integers N~O and u(t, x)eC1([0, 11, S) we have 

N 

(A.1) 
1
tll <x>i u(t, x)IIN-i 

C ( J~>II <x>iu(O, x)IIN-j+ it f) <x>i Lu(s, x)IIN-j ds). 

where the constant C depends only on T and the translation invariant norm of the 

coefficients, i.e. 

Let Ly be defined by 

0 i " 0 
Lyu(t, x)=~u(t, x)+-

2
Au(t, x)+ L ak(x+y)~u(t, x)+b(x+y)u(t, x). 

ut k=l ux1 
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Then the inequality (A.1) for Ly is valid with the constant C which is independent 

of yeRn, from which we draw Lemma 2. 

Proof of Lemma A. We remark that 

(A.2) llu(t, x)II ~p (11u(O, x)II + {11Lu(s, x)llds} 

a 
where 11·11 is a L 2-norm and C= L SUPxeR•l-aix)l+supxeR•lb(x)I. 

j= 1,··•,n OXj 
iJP 

Let Op(N) be a linear space generated by all the operators x«- with 
oxP 

lal + 1/11 ~ N. Then we see that, for any TE Op(N), the commutator [A, T] =AT-TA 

belongs to Op(N) and that [aix)~, T] and [b(x), T] can be written by a linear 
OXj 

combination of products of some element in Op(N) and the derivative, whose 

order is at most N, of aj(x) or b(x). Hence for any IX and P satisfying loci+ IPI ~ N, 

0/J 0/J 
Lx«7 u(t,x) = x«~Lu(t,x) 

ox oxr 

(A.3) 

where Ca.fJ,y,ix) can be written by the linear combination of the derivatives of 

aix) or b(x) of order at most N. 

We see Lemma A from (A.2) and (A.3). 0 

. [ a xk ] Noting that, for any j,k=1,··,n, -, --- =kj,k(ex) with some ki,ix)e 
oxi <ex> 

B 00 (Rn), we can show, by using an argument similar to the proof of Lemma A, 

the following estimates, which with Lemma A imply the S-wellposedness of the 

problem (C): for any integer N and 0<e~l 

(A.1) 
N <x> L 11(--)iu(t,x)IIN-j 

i=O <ex> 

~ 

( 
N <x> N ft <x> ) 

C L 11(--Y u(0,x)IIN-j+ L 11(--Y Lu(s,x)IIN-i ds , 
i=O <ex> i=O O <ex> 
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where the constant C 1s independent of i;. 
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