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1 Introduction and motivation

The AdS/CFT correspondence [1, 2] plays a central role to investigate the holographic
nature of gravity, which may give a hint for quantum gravity. Even though much evidence
has appeared after the first proposal, the fundamental mechanism why the AdS/CFT
correspondence holds has not been completely understood yet. While the correspondence
may be explained by the close string/open string duality, an alternative but more universal
mechanism might exist because of the holographic nature of gravity.

One of the key questions one may naturally ask is how the additional dimension of the
AdS emerges from CFT, which lives on the boundary of the AdS spacetime. An approach to
this problem, called the HKLL (Hamilton, Kabat, Lifschytz, and Lowe) bulk reconstruction,
is to relate a bulk local field operator in the AdS to CFT operators at its boundary [3, 4].
For example, let us consider a massive free scalar field operator ®(X) with mass squared
m? = A(A — d)/R? in the AdS with a radius R. Then one may define the CFT field
operator O(t, ) with a conformal weight A from ®(X) through the BDHM relation [5] as

O(x) (sinh p)2®(t, p,Q), X :=(t,p,Q), z:= (t,Q), (1.1)

= lim

p—00
where p is the radial coordinate of the d + 1 dimensional AdS with its boundary at p — oo,
t is a time coordinate, and € is a d — 1 dimensional angular variable (see section 2). The
HKLL bulk reconstruction is the inverse mapping: using this O(t, ), the bulk field can be
reconstructed as

o(X) = | dyK(X,y)O(y), (1.2)
Xx
where K(X,y) is a smearing function, and the integration at the boundary should be
performed in a region ¥y space-like separated from the bulk point X. We refer to [6, 7] for
recent reviews.

The result of this explicit construction can be elegantly reproduced in a somewhat
abstract way [8]. The starting point of the abstract construction is the space-like Green
function in the bulk (which vanishes if its arguments are not space-like separated). With the
help of the space-like Green function not only the free case is easily reproduced but can also
be used to introduce interactions. In the original HKLL paper (and also in this paper) the
case of a free massive scalar is considered. See also [9] for an alternative derivation based
on Gel’fand-Graev-Radon transforms. Later the reconstruction has been extended to higher
spins as well [10-14]. Recently an interesting connection between the bulk reconstruction
and the theory of quantum error correcting codes was pointed out [15].

The HKLL bulk reconstruction provides the operator to operator relation in the
AdS/CFT correspondence. Recently Terashima argued under reasonable assumptions in
the large N limit that the relation (1.2) follows from CFT considerations without assuming
the BDHM relation [16]. In other words, the BDHM relation (1.1) is shown explicitly.
Moreover, he claimed that the integration in the space-like region ¥ x in (1.2) can be
effectively replaced by an integration over a much smaller region ¥ )? , which is the boundary
of ¥x and consists of boundary points light-like separated from X [17]. (See also [18].)



Although it was not explicitly mentioned in the original papers, (1.2) holds only for
A > d — 1, due to the convergence for the integral. For applications of the AdS/CFT
correspondence in the case of supersymmetric gauge theories and in particular in the prime
example of the N/ =4 SUSY U(N) gauge theory in d = 4 dimensions, this restriction is
not essential since the conformal dimensions of physically relevant operators are typically
(much) larger than this lower bound. However, there is an other family of models often
used in the AdS/CFT context, namely, the O(NN) vector models and their holographic
duals: higher spin theories in the bulk [19, 20]. In the most interesting d = 3 case, for
example, the simplest singlet operator has A =1 (d — 2) and its square, the only relevant
operator which can be used to introduce interactions, is of A =2 (d — 1). These singlet
scalar operators in the free O(N) vector model cannot be related to the bulk operator by
blindly applying (1.2).

The case A = d — 1 was studied in [10] in Poincare coordinates. It was found that in
this case the support of the smearing function is the intersection of the light-cone of the bulk
point and the boundary. In [21] the range of allowed A was extended to d/2 < A <d—1
by analytic continuation. Our purpose here is to find a direct derivation of the generalized
HKLL formula for A values below the original lower bound d — 1.

In this paper we present two results for conformal weights smaller than the lower bound
mentioned above. We derive an extension of the HKLL bulk reconstruction to the range
d—2 < A <d-1, which is the first main result and is given in (3.4). Our result agrees
with that of [21] (if their limit is explicitly evaluated) in the range where they overlap. We
cannot confirm Terashima’s claim in general, but show that the bulk operator ®(X) is
expressed in terms of CFT operators living on Eg?) (points light-like separated from X at
the boundary) for the special cases A = d — s, where s is a positive integer. (s is limited by
the requirement that the conformal weight satisfies the unitarity bound A > (d — 2)/2.)
This is the second main result of this paper.

2 Review of HKLL bulk reconstruction

In this section we review the HKLL bulk reconstruction [3, 4] for a massive free scalar
boson field with conformal weight A > d — 1 in d + 1 dimensional AdS spacetime. This
construction is very well-known, and our pupose here is to introduce our notation and
conventions and also some tools which will be needed later in the paper when we extend
the validity of the construction to smaller values of A.

2.1 BDHM relation
In the Lorenttzian AdS, 1 space we will use the usual global coordinates (¢, p,n?) (n-n = 1)
with the metric

ds? = R*(dp)* — R*(cosh p)?(dt)? + R%(sinh p)?dn‘dn’, (2.1)

where R is the AdS radius. We will denote a bulk point in AdSgy; by Y with global
coordinates Y* = (t,p,n’) (with corresponding derivatives 9, = 9/9Y*). Similarly a
boundary point will be denoted by z with coordinates z# : (£,72*) and derivatives 94 =



0/0z4. We will also use the “flat” coordinates (T' = Rt,y" = Rsinh pn’) and the notation
y = /y'y* = Rsinh p for the radial coordinate. The metric in these coordinates is given by

2 2 i,,7
o Y +R 2 y'y’ i1
ds” = — 5 (dT)* + ((5@] — 73/2 n 2) dy'dy’. (2.2)

In appendix A, we review the complete canonical quantization of a free bulk scalar
field @ in terms of canonical creation and annihilation operators Angm and A, sy, which is
given by

(t,y, Q) =

ném

() Yo (D At + () Vi) AL ), (23)

2Un

where A is a normalization constant related to the free Lagrangian, v,y = A +{ + 2n
is the eigenfrequency, un¢(y) is the radial wave function, and Y, (§2) are hyper-spherical
harmonics' for the d — 1 dimensional sphere parametrized alternatively by the angular
variables © or by the d dimensional unit vector n’.

The value of ® at the middle of (the global coordinate system of) the AdS space
becomes

A(t) = @(,0,9Q) Z

{e—il/not (_1)nPn(d/2)N 1 -AnOQ

2Up0 n! no V4
(2.4)

, P,(d/2) 1

wnot (__ 1y 7N T
+e 0 ( 1) n' NTLO mAnoo},
where P, (z) is the Pochhammer symbol, defined by
r
Poe) = D) ) e 1), Po(s) =1, (2.5)
I'(2)
27Td/2

A= 7 (/2) is a volume factor, and the normalization constant A, is given by (A.37),

but it is not needed explicitly in our analysis.
With the rescaled Fock space operator,

) JPad2) 1
d, = %(—1) ol NnomAnog, (2.6)

the middle-point field is expressed simply as
A(t) = oAt (efQit) + eiAtDl <e2it) : (2.7)
where formally holomorphic operators are defined by

= dn2", Di(z) = Y dfz". (2.8)

n

'We use real hyper-spherical harmonics for simplicity. This will not be important in our analysis since
we only use the hyper-spherical harmonics Yo, which are real anyway.



The BDHM relation [5] gives the boundary field O(t, ) of conformal weight A as

O(t,Q) := lim <§>A<I>(t,y,ﬂ):z

Yy—0o0

annm(Q)Aném

NR {ew Pu(l+0)
n!

. P,(1+
+e7,l/nlt (ma)Nnénm(Q)Além}’ (2.9)

where a := A — d/2 (see appendix A). It is clear that O(t, ) in the above expression is
not a canonical field operator, since it does not satisfy the canonical commutation relation
[O(t, ), 0;0(t, Q)] = i6(22 — Q).

An integration over the angular variables simplifies the above formula as

C(t) = / AQO(t, Q) = e M B(—e~2) 4 M B, (— i), (2.10)
where an other pair of formally holomorphic operators is given by

B(z) =) bp2", Bi(z) = Zb;ﬂz" (2.11)

n

in terms of Fock space operators rescaled differently from d,, as

NR P14 «) P,(1+4 «)
by, = -1n" V49 = Qi ———=dy. 2.12
n 2]/”0 ( ) nl NnO d-AnOQ d Pn(d/Q) n ( )
2.2 Bulk-boundary mapping
Following HKLL [3, 4], we relate the holomorphic functions D and B as
1 P,(d/2) 1 7{ dz
(w) ; Qq Pp(1+ a)w 2mi J antl (2), (2.13)

which, by reversing the order of summation and integration, is rewritten as

1 dz P.(d/2) [(w\" 1 dz ' .
D) =g, f TP prray (5) = mm f 5 BRI/ + 0w
= B (1,21 4 a1)2). (2.14)
27y z

The integration contour in the last formula must lie outside the unit circle for the sum
defining the hypergeometric function to be convergent.

In this paper, for simplicity,> we mainly (except in subsection 4.2) consider the case d
odd. The derivation of the explicit form of the linear relation between the bulk field “at the
middle” and the integrated boundary field found by HKLL is reproduced in appendix B.
Although it was not emphasized in the original HKLL paper [4], this derivation is valid for
the range

A>d-1 (2.15)

2Similar results hold also for even d, but some of the formulas receive logarithmic corrections [3, 4].



only. The result is given by

t4m/2
At) =¢ A du[2 cos(t — u)]2~C(u), (2.16)

where the overall constant is

1 T(1-d/2)T(1+ )
Qe T(A—-d+1)

¢ = (2.17)

We can see that the HKLL result (2.16) is valid for the range (2.15) only, because for
A < d —1 this integral is divergent. In the next section and appendix E, we extend the
calculation for A > d — 2 and consider the most interesting special case A = d — 1 in detail.

We finish the review of the HKLL construction by transforming the result, calculated
above for the “middle” of the AdS space, to an arbitrary point in AdS space. The result (2.16)
for the “middle” point Y, = (t = 0,p = 0,€) is rewritten as

B(Y,) = / D K(2)O(x), (2.18)
where
z=(£,9Q), Dz =didQ, K(x) = £(2cosi)>~90 (g — f) © (f—i— g) (2.19)

with the step function ©.

In what follows we will make use the symmetry properties of the solution and use the
notations introduced in appendix C. Applying the Hilbert space isometry action to both
sides of the equation, ® for a generic bulk point Y = ¢g~'Y, is represented as

oY = g7%,) = [ Dok (@)I(g ™ 220 0) = [ DyK(gy)l(g.9)"20(), (220)
where (C.3) is used for the second equality. The solution to the above equation is given by
BY =g 'Y,) = / D IA~4Y, 2)T (Y, 2)0(x), (2.21)
where I and 7T have to satisfy
I(gY,gx) = J(g,2)I(Y,x), I(Y,,z) = 2cost, (2.22)
T(gY, gz) = T(Y, ), T(Y,, ) = €O <£+ g) e (” - f) . (2.23)
Now it is easy to see that (2.21) satisfies (2.20) since
Y =g7'Yo) = [ Dy I g, )1 (Yo g) T (Vor 99)O)
= [ Dy IS g, p)Km)Ow) (2:24)
I'and T for Y = (t,p,n') and = = ({,7") are explicitly constructed in appendix D:

I(Y,z) = 2[cosh pcos(t — ) —sinhpn - 7], T(Y,z)=£O(X1)0(X2), (2.25)



where X; =t — T}, Xo =Ty — ¢, and T1 2 are defined in (C.1) and (C.2). Geometrically,
if X;(Y,z) =0or Xo(Y,z) =0, Y and z can be connected by a past or future oriented
light-like geodesic, respectively. Thus ©(X7)©(X3) is only non-vanishing if T} < t < Tb,
which means that Y and x can be connected by a space-like geodesic. This last observation
leads to the introduction of the space-like Green function, which is useful to introduce
interactions in the bulk. (See [6] for a review.)

3 Bulk reconstruction for the range d —2 < A <d -1

We have seen that the derivation of the HKLL formula is only valid for the range (2.15).
(The a priori lower limit for a scalar field is A > (d — 2)/2, which is smaller.) Here we
extend the possible range to

A>d-—2. (3.1)

Our starting point is the last line of (2.14) and the identity (B.1). We note that this
hypergeometric identity is valid for odd d and A # integer. This last requirement is only
temporary and later we extend the results (by taking limits) to integer A, too.

To circumvent the restriction (2.15), we rewrite (2.14) by adding and subtracting B(w)
under the integral as

D(w) = Qi%)d f(fQFl(1,d/2; 1+ a;1/2)
+ 2;96[ }{d;[B(wz) ~ Bw)] o Fi(1,d/2: 1+ a;1/2). (3.2)

Using this form, the manipulations in appendix B remain valid for the extended range
A > d — 2 and we obtain

B(w) /2 —iuA A—d —2iu
D(w) = + 5/ due [2 cos(u)]=" Y B(—we “") — B(w)}, (3.3)
Qq —7/2
where singularities near u = 7 of the integrand become integrable for A > d — 2 thanks
to the subtraction of B(w).
Employing the above expression for D(w) and a similar one for D;(w) (see appendix E
for the details of the derivation), we obtain one of our main results in this paper:

t

AW = (et —1/2) +C(t+71/2)] + ¢ du[2 cos(u — )]A~4HC(u) — C(t — 7/2)}
2 t—m/2
te /t T Qa2 cos(u — O3 HC(w) — C(t + 1/2)}. (3.4)

which is valid for the extended range (3.1). Here

1 —d/2T(1+a)
n= T ¥) ) (3.5)

Our explicit derivation confirms the result found in [21] (if the limit is explicitly evaluated)
at least in their overlapping range of validity. For the original range, A > d — 1, (3.4)



gives back the original HKLL result (2.16), since the subtracted terms, which now can be
integrated separately by using the identity

/2 m I'(1+4 A)
2 A T A> -1 .
/0 du(2 cosu) 2 T2(1+ 4/2) > —1, (3.6)
exactly cancel the first term.

An interesting special case is obtained if we take the limit A — d — 1. In this limit, the
integrals do not contribute as £ = 0, and 7 simplifies to n = (—I)A/Q. We thus obtain
(_1)A/2

20y
which means that the bulk field at the middle point in the global AdS is expressed in terms

A(t) =&[C(E—7/2) +C(t+7/2)], &= (3.7)

of the CFT field values only at boundary points connected to the middle point by light-like

geodesics. This is the other main result in this paper, which is in agreement with the result

in [10] and confirms the claim in [18] for the special case A = d — 1. We will consider this

interesting case and its generalization to A = d — s with an integer s in the next section.
It is also straightforward to extend the range to A > d — 3, by rewriting (2.14) as

Dlu) = e f % (B + Blwhutc - D] oFi(1, 0721 + 51

+ 2ml'Qd f %[B(wz) — B(w) = B (w)w(z = 1)]2F1(1,d/2;1 + a;1/2),  (3.8)

but we do not pursue this direction further in this paper.

4 Bulk reconstruction for A = d — s with an integer s

In this section we consider the special cases A = d — s with integer s < (d 4 2)/2 satisfying
the lower bound, A > (d — 2)/2. For these special cases we have found a simpler derivation
of the bulk reconstruction formulas, in particular for (3.7) with odd d, without using the
limiting procedure starting from integrals like (3.4). Interestingly the bulk field operator at
the middle point can be expressed in terms of CF'T field operators and their ¢ derivatives
only at boundary points light-like separated from the middle point. This is shown by (4.7)
and (4.8), which are also one of our main results in this paper. For even d, we can derive
similar results, which however also contain a derivative with respect to A.

From (2.12) we see that the bulk fleld can be written in terms of boundary operators
b, and b} as

_ 1 A [ —i(Atan)t i(A42n)tp 1 A P
Alt) = - }njxn {e by + € b}, Xl = AT (4.1)
On the other hand we have
T T
= — :l: JE——
Ci(t) C<t+2) C(t 2)
_ (e—mg + eiA;) Z {e—i(A—i-Zn)tbn + ez‘(A-}-Qn)tb;rl}. (4.2)

Thus C4(t) =0 if A is an odd/even integer.



4.1 Results for A = d — s with odd d

As a warmup, we first give a much simpler derivation of (3.7) for A = d — 1. Since X2 =1
in this case, we have

A(t) = Sd Z {eﬂ'(AHn)tbn + ei(A+2n)tbL} _ (

_1)A/2
2€2

Ci(t), A=d—1,  (4.3)

which reproduces (3.7), because C(t) = 2C(t £+
For A =d — 2, since X2 = (A +2n)/(d — ) we obtain

A—1

A [ —i(At2n)t i(A+2n)tyt (-2 9
ZX {e by + €' b} = SRR (t), (4.4)

where in this case C_(t) = £2C(t £+ 7).
For general A = d — s with s < (d + 2)/2, we have

de(2£+1) Xd 1Hk 1(A +2]€—1)(A —2]45—}-1)
" 122, (d — 2k)
Xd-(20+2) _ xd- o et (A + 2k) (A, — 2k) -2 _ JAW (4.6)
[1i2! (d — 2k)

for £ =1,2,---, where A, := A + 2n. We thus obtain

2
dln{gtz (2k )}

A(t) — (_1) 2 k=1

o e O (4.7)
for A =d— (20+ 1), where Cy(t) = 2C(t &+ §), while
Y4 32
d—1 H {2 + 4k2}
A = CDT i L 90w, (4.8)

20 [[4(d—2k) Ot

for A =d—2(¢+1), where C_(t) = £2C(t £ 5). (4.7) and (4.8) cover all cases A =d — s
for odd d.

4.2 Results for A = d — s with even d

For an even dimension d, the bulk field operator becomes

¢ (82
(-1)¢ i H {ag (2k — 1) } o .

- —i(A+2n)t i(A+2n)t

Qg Hk:1(d—2k) Zn:{e b, + e bn} (4.9)

for A =d— (20 + 1), while

£ 2
H { gﬁ + 4k2} .
_ k=1 0 —i(A+2n)ty _ i(A+2n)tpt
Al) Qd 2% (d— 2k) ot Enj{e bn —e by (410



for A =d—2(¢+1). On the other hand, the boundary field operators satisfy
0

9o ‘ = (1)l —i(A42n)ty | i(A+2n)tyt 411
0A +(0) A=d—(20+1) Z{ } (#411)
0 ‘

9o ’ — (—iym(—1)H2t —i(atamty, Attt 419
0A (¥ A=d—2(t+1) = Z{ } (4.12)

Combining these, we obtain

¢
1)/ 13{6152 Qk_l)} 9

A(t) = — O (t ‘ , 4.13
()= de 26 (d—2k) oA +) A=d—(20+1) (13)

)4 82 5
— + 4k
oz 1 {W " } 9

A(t) = — —C_(t ‘ . 4.14
= o a2 o 08 e (41
For A =d—1,d — 2, for example, we have
~1)42 9 (-1)%2 9 9

Al = ¢ (4.15)

—C(t = ——t—— —_C_(t .
g OA + )‘Ad—1’ Al (d —2)mQq 0t OA ( )‘Ad—Q
5 Bulk reconstruction at generic points for small integer A

In this section we derive the bulk field operator at generic points for A =d—1and A =d—2
with odd d, along the same logic we used in section 2 for the (2.15) case.

5.1 Bulk reconstruction for A = d — 1 with odd d at generic bulk points

For the middle point Y,, we write
= /Daj k(x)O(x), k(z) := &[0o(t + m/2) + 6o(t — 7/2)], (5.1)

where J, is the standard delta function of one argument. Making the isometry transformation

in the Hilbert space as before, we obtain

B(g1Y,) = [ Dy, 0)I% 6 w)k(anOW) = [ Dyk(n)(9.90W).  (52)
which is solved by
Y =g71Y,) = /DxD(Y,:c)O(x), (5.3)
where D(Y, x) has to satisfy
_ D(Y,z) B
D(gY, gz) = Tg.0) D(Y,, ) = k(x), (5.4)

since, with this definition,

o(57'Y,) = [ D D(g™'Yo2)Ow) = [ Da J(g.) k{gz)O(w) (5.5)



The kernel function D(Y,z) is constructed explicitly in appendix F and is given by

__ S
DY) = s 8,(X0) + 8,(Xa)], (56)
where
R(Y,z) = cosh pcos ¥ = y/cosh? p — sinh? p(n - 71)2, R(Y,,x) =1. (5.7)

The final result for the bulk reconstruction for A = d — 1 with odd d is
- 1 - -
d(Y)=¢, [ dQ O(T1,Q) + O(T,, )], 5.8
(V) =& [ dpgI0(T, 9) +0(1, O) (5)

which again shows that the field operator at a generic bulk point is reconstructed from

operators having support only on boundary points light-like separated from the bulk point.

Although the BDHM relation [5] was our starting point in the construction, it is by far

not obvious that the representation (5.8) reproduces this relation. It is a nice check on our

results that, as explicitly shown in appendix G, ®(Y) in (5.8) for Y = (t, p, 2) does satisfy
the BDHM relation

lim (sinh p)2®(t, p, Q) = O(t, Q). (5.9)

p—00
5.2 Bulk reconstruction for A = d — 2 with odd d at generic bulk points

For this special case the bulk reconstruction at the origin can be written in a symmetric

way as
A—1

AW = ~eog e+ —Cl-n/D], &= M

To extend the result to an arbitrary bulk point we can proceed analogously to the A =

(5.10)

d — 1 case.
In a more compact notation (5.10) for the middle point Y, can be written as

(Y, = [ Doka(@)O@),  haw) = ~&[5(F+7/2) ~ Syi - w/2) (5.1)

Here 6, is the derivative of the delta function. Making the isometry transformation in the
Hilbert space, we find

B(g7lY,) = / Da ky(x)J (g7, 2)O(g ) = / Dy ka(gy)J*(9,¥)O(y). (5.12)

Motivated by the A = d — 1 result we now take the ansatz ®(Y) = [ Dz Dy(Y,2)O(z),
where we require that Do(Y, z) satisfies

D(Y,x)
Do(qY. gz) = =) Y, ) = . 1
2(9 7gx) Jz(g,x)’ D2( 07:13) kQ(Z’) (5 3)
We can now verify that (5.12) holds:
B(g'Y,) = /m Da(g 'Yy, 2)O(z) = /m T2(g,7) ka(g2)O().  (5.14)
The derivation of the solution of (5.13) is given in appendix F:
DY) = ~ it (1800) + ()] ~ tan WIa,(X0) + 8,06)]} . (519
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6 Conclusions and discussion

In this paper we extended the applicability of the HKLL bulk reconstruction for non-
interacting scalar theories, which was restricted to A > d — 1, to smaller conformal weights
A of the boundary CFT in the range d — 2 < A < d — 1. The explicit formula is given
in (3.4). In addition, we have derived a simple formula for A = d — s with positive integer
s, which (for these special cases) confirms Terashima’s claim that a field at a point X in
the AdS bulk can be reconstructed from CFT fields smeared only over boundary points
connected to X by light-like geodesic curves [17, 18].

Results in this paper enable us to apply the HKLL bulk reconstruction to O(N) vector
models, which are expected to be dual to higher spin theories [19, 20]. Moreover, explicit
demonstration of Terashima’s claim, even though only for the above special cases, may bring
new insights [18] to the sub-region duality and its relation to quantum error corrections [15].

It would be interesting to generalize the Green function method so that it covers the
extended range and to reproduce (3.4) with this technique. We hope that this will enable
us to introduce interactions systematically.
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A Canonical quantization of the free scalar field

Quantization in a general curved background is difficult, but it is straightforward if there
exists a global time ¢ and the metric has a form,

ds® = —H(dt)* + g;;dz’da?, (A1)

where {z!,. .. ,a:d} are the space coordinates, and both H and g;; are time-independent. In
such a background the Lagrangian of a (dimensionless) free scalar ® is defined as

1 —q
L=_—=[dzY 20> - dKD A2
o [ 4 ) (42)
where N' = B4l B is a parameter of length dimension,
_ M

K= \/jgai (v=99"0;) + Hm?, (A.3)
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and m? is a parameter of dimension mass squared. The consistency of the quantization
procedure requires that the operator K is self-adjoint such that (fi|K fo) = (K fi|f2) for
any two functions fi, fo in the domain of definition of K, where the scalar product of two
functions is defined with the measure \/—g/H as

(hlf) = [ae S g (A1)

The Euler-Lagrange equations following from the Lagrangian (A.2) can be written in a

covariant form as ]

9, (vV=gg"" 8,®) = m*®. A5
We will expand the free field in terms of eigenfunctions of K satisfying
K, = ng/}a’ <¢a|¢b> = ab, (AG)

where the frequencies w, are all real because K (for large enough m?) is positive self-adjoint.
Writing the field as

(x) =D Qatha() (A7)
a
the Lagrangian becomes
1 )
L= IN ;[Qg — waQa’]- (A.8)
A complete set of solutions to the equations of motion (A.5) is {fo(t,z)}, {fi(t,x)}, where
fa(t,r) = e @alyp,(x), so that the general solution is expanded in terms of constant
amplitudes {5, } as
Ot ) =) [falt,x)Ba+ fa(t,2)5,). (A.9)
a
We introduce canonical momentum variables and the Hamiltonian of the system as
1 w? 2 . 1.
B LY (Wi 5h02) = p XA pom 0 (A0
then we promote the canonical variables p,, Q, to operators satisfying [ps, Qp] = —idap.

The quantized amplitudes become

— N + N T
fa =5 A B =[5k (A.11)

where A,, Al are operators in a Fock space such that [A,, Az] = 045 and A,|0) = 0, and
the corresponding quantum Hamiltonian becomes

H=Ey+ Y weAlA,, (A.12)

where Ej is the vacuum energy and {w,} is the spectrum of 1-particle states in the Fock
space. Finally the canonical quantum field operator is expanded as

B(t,7) = 3y oo [faltor) da+ 2000041 (A1)
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A.1 Radial quantization

We will apply the above quantization scheme to the global AdS space. For the metric (2.2),
we have

2.4 R2 . 2%
H—y;; , V=g =1, g”:@f+%%, (A.14)
and the operator K becomes
L? 1 1 2
K:H{w—(f+RJUﬁ+ﬂ»+ﬁD+mﬁ, (A.15)
where ) 5 9 5
L?:= —=L;;Li;, Lii =y — —yf —, D=y —. Al

Eigenfunctions of the Casimir operator L? are hyper-spherical harmonics Y (), where Q
are the angular variables (n'). The spectrum is given by

L2 Yy (Q) = (L + d = 2) Y (), (A.17)
where £ =0,1,... and m is a multi-index. The hyper-spherical harmonics in a real basis
are normalized to

/ AQ Vi () Yin (Q) = 8166 (A.18)

where d(2 is the measure of the angular integration, [d%y = Jo© dy y?1dQ. Using the
ansatz Y, (y, Q) = ue(y)Yem (Q) for eigenfunctions, the radial functions u,(y) must satisfy
the differential equation

L0+d—2 1 1 2
H {(erQ) - (y2 + R2> (D? + dD) + ?D + m2} wl(y) = wiuwy),  (A.19)

where now D = yd%, and the radial scalar product is defined by

00 _ R2
(WPl = /0 ' ot ). (A.20)
Introducing dimensionless quantities
2 2
Y R
M:TTL.R7 Vg:WgR, 5: m, 1—5: m, (A21)
(A.19) becomes
w 1 (Ll+d—2)(1—¢) 1 2(1 —
Kpule) = 1 { RN St am) - H S 2 ugge
1-¢ £ 3 §
= v uy(€). (A.22)

Using the ansatz

¢ Ay 2
WO =E0-0FFEO, Ar=tta a=\Tr@z0  (A2)

we can verify that F(§) must satisfiy the hypergeometric equation with parameters

a_A.;_-l-g—l/g _A.A,_-i-e-l-l/g

b
2 2

c=0+ g (A.24)

~13 -



A.2 Boundary conditions

At this point it is necessary to discuss boundary conditions. First of all, we notice that the
point y' = y? = ... = y? = 0 is just as any other point in AdS (and can be transformed to
any other point) therefore 1, must be analytic at y* = 0. Since y*Yy,,(©2) is a polynomial
in 4 (of order ¢), we have to require u¢(y) = y*f(y?) near y = 0 with an analytic f(y?).
Since the hypergeometric equation with ¢ = ¢+ % has two linearly independent solutions,
one is constant at & = 0 (this is given by the hypergeometric function), the other is singular
like F(&) ~ (1/ £)£_l+d/ % we conclude that the radial solution must be of the form

Ay ‘
R2 2 y2 2 y2
’U,g(y) = Mﬁ <M> (M) 2F1 (a, b, , C§ m y (A25)

where My is a normalization constant to be determined later.

Next we discuss the y — oo behaviour of the solutions. We assume that it is of the
form we(y) ~ y~*[1 + O(y~2)]. In principle the domain of definition may consist of several
such classes of functions with different asymptotic behaviour L = Ly, Lo, ---. Since the
solutions are normalizable with respect to the scalar product (A.20), we require 2L + 2 > d.
Another condition is that the radial operator defined by (A.22) is self-adjoint such that

0o R2 o0 R?
d d—1 ( ) Krad (2) :/ d d—1 ( ) Krad (1) A.26
|yl Ep ) = [T ayy Tl K ), (a2
where we have to ensure that the boundary terms (emerging from an integration by part)
do not contribute. For this condition, we find that

(2)

o If uél) and v, belong to the same class then the self-adjointness conditions require
2L1 +2 > d and 2Ly + 2 > d, which is the same as coming from normalizability.

(2)

o If ugl) and u,” belong to different classes then the self-adjointness condition becomes
Ly + Ly >d.

A.3 Spectrum and eigenfunctions
Let us assume (temporarily) that & is not integer. Then using identities satisfied by the
hypergeometric function we can write our solution (A.25) in an alternative form

£
2 2

At
2

R? I(—a) AL~y L+A Y . R?
o , 14
y2+R2 (£+A 7UZ)F(Z+A +u> 2 2 y2+R2
A_
N RZ \ 2 I'(a) ” (+A_—y, €+A_—|-Vg.1_7_ R?
y2+R2 1—\ (f—&-A;—V@) F (f-’—A;—‘-V@) 241 2 ’ 2 ’ Oé, y2+R2 :

(A.27)
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The first term has asymptotic exponent L1 = A and the second terms has Ly = A_. Since
A4 + A_ =d, the second condition L1 + Lo > d can never be satisfied. This means that
both terms cannot simultaneously be present in (A.27). Since 2A; +2 =d + 2 + 2a > d,
the first term is always normalizable. On the other hand, 2A_ +2 =d+ 2 — 2a > d is
satisfied only if a < 1.

A.3.1 A, case

The second term in (A.27) is absent if we choose

A {—v
%:—n n=0,1,---, Vg =VUpp = A4 + 1+ 2n, (A.28)
since the inverse Gamma function in front of the second term then vanishes. In this case

the first term simplifies to

A
Pn(@+ 1) y2 2 RQ 2
n = n -1)"
Une(y) = Mpe(—1) P,((+d/2) <y2+R2 y2 + R2
_ R?
We see that the limit & — integer is smooth.
A.3.2 A_ case
If we choose
A_+10—
%:—n n=0,1,---, Vg =VUpe = A_ + L+ 2n, (A.30)
the first term in (A.27) vanishes and the second term becomes
‘ A
P-a) (2 \[ R\
n = ne(—1)"
_ R?

A.3.3 Final form of the solution

The possible range of asymptotic exponents (which later become conformal weights) is
% < A. If we introduce the parameters

oz:Afg (a>—-1; a=lal), B:€+g—1, (A.32)
the solutions (A.29) and (A.31) can be uniformly written as
Une(y) = N €72(1 = )22 PP (), Vne = A+ £+ 2n, (A.33)
where
Ny = " M r=2—1, (A.34)

e
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and P,(La’ﬁ ) (z) is the Jacobi polynomial given by

F'n+a+1)

(e.8) () —
B @) = S et

1
gFl(—n,a+ﬁ+1+n;a+1; 2x>. (A.35)

Using the known orthogonality properties of the Jacobi polynomials, we can make our set
of solutions orthonormal:

e R2
d—1 _
/0 dyy y2 T R2 un@(y) Umé(?J) = Snm.- (A'?’G)

This requirement fixes the normalization constants as

A2 — QW nT'(n+a+5+1)

= . A.
" R T(n+a+1I(n+3+1) (A-37)
For later use we note that
P, (a+1 R\?#
yoroor unly) x O, (B (A.38)
n! Y
S P(B+1 ¢
y=0: )~ (0 D (1) (A.39)

To summarize, we have found the expansion of the free scalar on the AdS background
in terms of mode functions

fném(ta Y, Q) = eiiynltunf(y)nm(Q) (A4O)

for all possible boundary conditions/conformal weights.

B Derivation of the bulk reconstruction for A > d — 1 with odd d

We evaluate the integral (2.14), using the hypergeometric function identity (valid for odd d)

DFi(1,d/2:1 4 a;1/z) = 22de JFI(1,1— 02— df2; 2)
_ o —d/2

where the first term is regular except for a cut starting at z = 1. Around the branch point
z = 1, its behaviour is
regular 4 const. (1 — z)27%, (B.2)

When calculating the integral of this first term in (2.14), we can shrink our contour so that
it becomes a very small circle around the branch point z = 1, and then, its contribution
vanishes in our case (2.15), because a value of the integral gets smaller and smaller as our
integral contour gets smaller and smaller.

The second term has a cut starting already at z = 0. The contour can be shrunken so
that it becomes just the unit circle, since the singularity around the second branch point
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z =1 is an integrable one for (2.15). After a change of integration variable z = —e~2*  the
integral along the unit circle becomes

— o) [7/2 A .
D(w) = ngzd F(lr(Ad/_Q);_(i_ll—; ) /ﬂ/z duB (—we_Q“‘) e A2 cosu) 4. (B.3)

Thus we obtain
. . t+m/2 ) .
eTAD (672“> = f/ due "B (—e*m“) [2 cos(t — u)]A~4 (B.4)
t—m/2

with overall constant & in (2.17). If we repeat the whole calculation for D;, we have

t+7/2

2D,y (em) =¢ du e B, (—emu) [2 cos(t —u)]A74. (B.5)

t—m/2

We can simply add the two contributions to arrive at (2.16).

C Geometry of the AdS space

C.1 Geodesics

An important feature of the geometry of AdS space is that Y and x can be connected with
a past directed light-like geodesic if

i=1, T =t— g T, ¥ = arcsin|(tanh p) n - 7). (C.1)
Similarly, Y and « can be connected with a future directed light-like geodesic if
=1, T2:t+g—\11. (C.2)
Finally, Y and x can be connected with a space-like geodesic if 71 < t < Tb.

C.2 Infinitesimal transformations

There is a symmetry action by the isometry grop SO(d,2) on AdS space. The transformed
point will be denoted by gY’, where ¢ is the group element and Y is transformed to gY . Since
it is a group action, the relation g2(g1Y) = (g2g1)Y is satisfied. The corresponding group
action in the Hilbert space is given by the unitary operators U(g) satisfying U(g2)U(g1) =
U(g291), under which a scalar field ®(Y') transforms as UT(g)®(Y)U(g) = ®(¢7'Y). The
symmetry group acts also on boundary points by conformal transformations as z — gx
satisfying ga2(g1x) = (g2g1)x. A primary scalar field O(z) transforms under the conformal
transformation by the unitary operator as

UH(9)0@)U(g) = JA (g~ )0 a), J(g,) — |des 292" oo (C.3)
g g - g ) g I g7 L aLUB - J(g_17gx) . .
The infinitesimal version of the symmetry transformations are given by
A wA . oA
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The infinitesimal parameters of the SO(d, 2) transformations are EAB — _EBA A B =
0,D,i (i=1,...,d). The infinitesimal bulk transformations are given explicitly by
6t = —E°P 4+ tanh p(n - E%sint +n - EP cos t), n-E%:=n'E° n.EP.=n'EP,
6p=—n-E%cost+n-EPsint,
ont = EYnJ + coth p(n - E°n' — E©) cost — coth p(n - EP n' — E*P)sint. (C.5)
The boundary (conformal) version of the above is
6t = —E°P 4+ 7- E%sinf + 7 - EP cost, (C.6)
on' = B9 + (i - EY7' — E) cost — (i - EP i — E*P)sint. '

For the boundary points there is no p coordinate, but for later use we keep the notation
§p = —i- E%cost +n- EPsint. Also for later use we note that 6.J = —6p = w/d.

D Bulk reconstruction for A > d — 1 at generic bulk points

In this appendix we construct the building blocks I(Y,z) and T'(Y,x), which are necessary
to complete the bulk reconstruction for generic bulk points discussed in section 2.
D.1 The explicit form of I(Y,x)
The infinitesimal version of the first requirement in (2.22) is 61 = (0J)I = 41 = —6p 1. We
start from the invariant function depending on two bulk points in AdS given by

S = cosh pcosh pcos(t — t) — sinh psinh pn - 71, 05 =0. (D.1)

For large p, the second point goes to the boundary and we have approximately

1 - ~
S~ Eep I, I = 2[cosh pcos(t —t) —sinh pn - 7. (D.2)

In this limit, the infinitesimal variation gives 0 = 65 = %e?(6p I + 1), which leads to
0l = —90pI. The first requirement in its infinitesimal form is thus satisfied by this I, which
also satisfies the second requirement since I(Y,, ) = 2cost for t = p = 0.

D.2 The explicit form of T (Y, x)

A natural guess is to take T(Y,z) = £O(X1)O(Xs2), where X1 = ¢t — Ty and Xy =
Ty —t. The second requirement in (2.23) is satisfied with this choice since T(Y,,z) =
€0 (+3)0(3-1).

The infinitesimal variation of X; can be calculated using the formulas given in (C.5)
and (C.6). After some calculation, we obtain

X tanh t+T tanh t+T
5X1=2Sin21{n‘E0 (— an psin + 1>+n'ED (— an pcos + 1)

cos¥ 2 cos¥ 2

t+T t+ T t+T t+T
+7n-E° (tan‘l’sin +21+cos +21>+ﬁ'ED (tan\lfcos zl—sin a 1)}7
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so that X; = 0 implies §X; = 0. Thus © (X;) is invariant: ©(X;) = O(X; + 6X;) for
infinitesimal changes. We also observe that )}imo 0X1/X1 = A, where
1—

h h
SA=n-E° (_tan \pr sinT1> +n-EP (_tan \Izp cosTl)

COS COS

(D.4)
+ 7 - E°(tan Wsinit 4 cost) 4+ 7 - EP (tan ¥ cost — sint).
We can make similar calculations and draw similar conclusions for X5. For its infinites-

imal variation, we obtain

X tanh t+T tanh t+T
5X2=—251n22{n-E0 (— antip in i 2>+n-ED (— antip 0S + 2)

cosW ° 2 cos ¥ ¢ 2

t+T t+T t+T t+T
+7-E° (tan\lfsin +22—cos —;2>+7’L-ED <tan\I/cos +22+Sin + 2)},

so that Xo = 0 implies X5 = 0. Finally )}imo 0Xo/Xo = 55\, where
2—>

_ h h
oN=mn-E° <tan\1’,0 sin Tg) +n-EP (tan \Izp cos Tg)

COS COS

) (D.6)

— - E° (tan Usinf — cost) — i - EP (tan W cos f + sin )
E Bulk reconstruction for A > d — 2

We separate the bulk and boundary fields, A(t) and C(t), into positive/negative frequency
parts, A4 (t)/A_(t) and C4(t)/C_(t), which are given by the two terms of (2.7) and (2.10),
respectively. Using these definitions, we have the identity

e M B(e ) = o IO, (t — 1/2) = & T CL(t +7/2). (E.1)
Thus (3.3) leads to

Ay (t) = Q1de_m; Cy(t—m/2)+¢ [ Om du[2cos(u)]A~HCy (u+1t) —e " HT/DAC, (1 — 71 /2)}
+¢ Oﬂ/z du[2cos(u)]A~HCy (u+t) —e {WT/DAC, (t47/2)}. (E.2)

Next by adding and subtracting an integral proportional to ky for the first integral and k_
for the second integral, where

/2 .
ky = 5/ du(2 cosu) A1 — eFAW=T/2)] (E.3)
0

which are convergent for A > d — 2, we obtain

AL (t) = {Qld +e¥ Tk, 4+ eAk} 50, (t—7/2)
ve " duzeostu— 0]AC () — Ci(t - 7/2)) (B.4)

t—m/2

e /fm duf2 cos(u — )2 HC, (u) - C (t + 7/2)}.
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Analogously, repeating the calculation with D;(w), By(w), A_ and C_, we have
BB (%) = ¢ FC_(t — 1/2) = e P T C_(t+ 7/2) (E.5)

and

i

A_(t) = {Qld e Tk, +e”$”k_}e C_(t—1/2)

+¢ t:r/2 dul2 cos(u — t)]2~HC_(u) — C_(t — 7/2)} (E.6)

t+m/2
4 g/ duf2 cos(u — D)]A~C_(u) — C_(t + 7/2)}.
t
These results can be further simplified by using the following two identities.

Clt—m/2) + Clt+7/2) =Cy(t —7/2) + C_(t — 7/2) + Co(t + 7/2) + C_(t + 7/2)

A PAT AT (E7)
= 2COST7T {e_ B Ci(t—7/2) —|—eATC,(t —7T/2)},
/2 B T cos BT 1
A = I 2 _
/0 du(2cosu) {cos 5 cosBu} 2F(1+A){I‘2(1+A/2) F(1+A23)F(1+A;B)}7
(E.8)

for A>-2, B=A+d,d=3,57,---. Using the second identity we find

TAT TAT 7T/2 A ]. A
' k+—|—e_A2 k_:f/ du(2cosu)A_d{2cos;—2COSAU,}:{ncos;—l}.
0
(E.9)

Finally, adding A} and A_ we obtain the final result (3.4), valid for the extended range
A>d-—2.

F Details of the derivation of bulk reconstruction for small integer A

F.1 Bulk reconstruction for A = d — 1 at generic bulk points

We will look for a solution to the infinitesimal form of the first requirement, 6D = —§J D =
0p D. For the ansatz D(Y,x) = &[f(Y,2)d0(X1) + g(Y,2)0,(X2)], the second requirement
is satisfied if f(Y5,z) = g(Ys,z) = 1. Using the delta function relations

(50(X1 + (SXl) = 50(X1 + 5)\X1) = (1 — 5)\)50(X1), (F 1)
S0(Xa + 0X2) = 5o(X2 + 0AX2) = (1 — 6A)0o(X2) '
we see that the first requirement is equivalent to

of _

7 =0A+p (on the X; = 0 hyperplane), (F.2)
09 _ oy, s

—~ =0A+0p (on the Xy = 0 hyperplane). (F.3)

g
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Considering
sinT} = sin ¥sint — cos ¥ cos ', cos T} = cos ¥sint + sin ¥ cos t, (F.4)

we have

6\ = —tanh pn - E9(tan Usint — cost) — tanh pn - EP (sint + tan ¥ cost)
+ 7 - E%(tan Usinf + cost) + 7 - EP (tan U cos f — sin )

- F.5
= —tan (5t + E°P) — tanh p 6p + tan (6% + E°P) — 65 (-5)
=tan W§(f —t) — tanh pSp — §p.
Under the condition X7 =0
h v
5)\—|—6ﬁ:—tanhpép—!—tan@&l’z—écos p_ dcos (F.6)

cosh p cosW

1
Thus the solution to (F.2) is obtained by f = = where R = cosh pcos ® is given in (5.7).

Similarly we have
S\ = tan W (t — £) — tanh pdp — 7, (F.7)

which, under the condition X9 = 0, implies

A+ 6p = —tanh pdp + tan U6V = —577;. (F.8)

1
We find that (F.3) has the same solution, g = = Thus the result for the complete kernel
function is given by (5.6).

F.2 Bulk reconstruction for A = d — 2 at generic bulk points

Let us first concentrate on the X part of Ds. Motivated by the A = d — 1 result we take
the ansatz
DQ(Y, :L‘) = —fo[fz(Y, ﬂ?)(Sg(Xl) + pQ(Y, $)50(X1)] + Xo part. (Fg)

The first requirement is § Dy = —25J Dy = 26pDo. The second requirement will be satisfied
if fQ(YOa 1") =1and pQ(YO,Q}) =0.
F.2.1 Delta function identities

We start from the well-known delta function relation
1

do(f(z)) = W%(w), (F.10)

where we assume that the only zero of f(x) is at # = 0. Then

: Lt e e T _
[ awdyr@)F@) = [ (f@)s @ g = - [ asr)|
F (0

(
_ PO FOF0
FOIF0) " 1020

f(ﬂf)]’

f'(@) (F.11)
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This gives the delta function identity

1 : Mo
OO [Foro)

We will apply the above identities to the infinitesimal variation of Xj:

3o(f(z)) = do(). (F.12)
60X, =0 X1+ a1 X2+ O(X)). (F.13)

In this case, 0, (X1 4+ 0X1) = (1 — 2e0)0,(X1) + 2610,(X1). The infinitesimal change of the
delta function and its derivative is thus

5[50(X1)] = —8050(X1), 5[5é(X1)] = —250(56(X1) + 26150(X1). (F14)
Later we will also use the identity X0/ (X1) = —d,(X1).

F.2.2 Expansions

For later use we now calculate and simplify the expansion coefficients in (F.13) and in the
expansion of 65 (defined under (C.6)): §5 = ro + 71 X1 + O(X?). Using

t= T + X, =T +— (F15)

we find from (D.3)

tanh tanh
€0 —n-EY (— an \I'p sinT1> +n-EP (— an \ijcosTl)

cos cos (F.16)
+ - E° (tan Usin T} + cos Ty) + 71 - EP (tan W cos Ty — sinT1)
tanh tanh
21 =n- E° <— anhp cos T1> +n-EP (ap smT1>
cos ¥ cos ¥ (F.17)
+7 - E° (tanWcosTy —sinTy) — 7 - EP (tan Usin Ty + cosTy) .
For the expansion of §p we find
ro=—n-E%osTy+7n-EPsinTy, r =n-E%inTy +7-EP cosTy. (F.18)

Using the relations (F.4), (C.5), (C.6) we make the following calculations (for later use).

g0+70 = tanh pn- E%(cost — tan sint) — tanh pn - EP (sint 4 tan ¥ cost)

+tan W[n- Esin(f — X1 ) 47- EP cos(f— X1)]

= —tan U (0t + E°P) — tanh pdp+ tan W[(67 + E°P) + 7o X ] + O(X?) (F.19)

— —tanh pdp+tan U(6W +6X; +r9X;) +O(X?)

= tan oW — tanh pdp +tan ¥(gg+79) X1 +O(X?).

21 +2r1 = —tanh pn- E%(sint 4 tan ¥ cost) — tanh pn - B (cost — tan Usin t)

+tan W (72 - B cost — - EP sint) 4 (7~ E%sint 47 - EP cost) + O(X;)

= —(6t+E°P) 4 tan ¥ tanh pdp —ro tan ¥ + (6t + E°P) + O(X,)

= oW +tan ¥ tanh pdp —rotan ¥+ O(X1).

(F.20)
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After temporarily dropping the —¢, factor the first requirement (for the X part) reads
0[f205(X1) + p2do(X1)] = 20p[f20,(X1) + p2do(X1)], (F.21)
which can be expanded as
8 f200 + fo[—2e00. + 2210,] + 6p20, — £0P2d0 = 210 f20,, — 211 f200 + 210p20,. (F.22)

Reducing to zero and dividing by fo we get

5 5
02 _ g(ey + m)} 5.+ 6, [2(51 b))+ 22 o) 2] =0 (F.23)

f2 f2 f2
Thus the condition that the leading term multiplying &/ vanishes leads to fo = R™2.
Introducing the parametrization ps = fows, the requirement that the coefficient of 9,
vanishes becomes

2tan W (ep + 7o) + 2(e1 + 71) + 2(g0 + ro)wa + dwa — (2r¢ + €o)wa = 0. (F.24)
This can be simplified to

2tan ¥ (eg + 7r9) + 0¥ + tan ¥ tanh pdp — o tan ¥ + dwsy + gowa

(F.25)
+ dwo + 50(&)2 + tan \I/) =0.

= eotan U + tan? WOV + 6U + dwy + gqws = 5
cos* ¥

Now it is easy to see that we = — tan ¥ solves this equation, and indeed p2(Y,,z) = 0.
The calculation of the Xy part is completely analogous.

G BDHM relation for A =d —1

Although the BDHM relation (5.9) [5] is one of the staring points of our derivation for (5.8),
it is instructive to check it directly from the final formula (5.8).

By writing
1 1 /2 s 2
€:=——, tanhp = ———, ny-ng :=cosy, R= w, (G.1)
sinh p V14 €2 €
we should show
& / 1
01, ) = limy % [ 49 e 071, +0(13,)] (G2)
where
e T L cos "y
T:t—+\II,T:t—|-—\I/,\II::sml< ) G.3
' 2 ! 2 V14 e? (G3)

Since the BDHM relation (5.9) is a linear mapping, it is enough to verify it mode by mode.
For the operator Aj,, what we need to show is

Yin(Q) 1 |
Vi () = lim 2 / g Ym() [eim(r/2-9) . =ivminf2-9)] (G.4)
€2 + sin? vy
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Without loss of generality, we can take €, ~ ng := (1,0,0,---,0), so that v = 6 and
¥ = 7 — 6. From the property of the hyper-spherical harmonics

Yimm () = Nfﬁnm(sin o)™ C’ff;?(cos Q)Ymm(fl), o= g —1, m = mm, (G.5)

where ) is a solid angle of the d — 2 dimensional sphere, we obtain
Yim (@ ~ n0) = doYio(no),  Yig(no) = NG (g1 (G.6)

since YQ(Q) =ag_1 = 1/1/Q4_1. Furthermore, using dQ = sin=2 6 df d$), we have

/ 4D Yign () F(8) = o NiSota— 190 1 / d0 sin®=2 OF(0)C (cos 0), (G.7)
where 1 .
o V0 —ivn 0
F©) = A1 /2 4 sin? 0 [e Sl ] . (G8)

We then evaluate the integral given by

ind_Q 0 0
- 1an ’Ll/nl
X o= lim 1/ d@mq (cos 0) [ 4 e=vmf]. (G.9)
For odd d = 2s + 3 with A = d — 1, we have
X =1 16270 acosg)eint G.10
g |0 g O e (610
By rewriting
1 sin?=2 4
= D.(0)+ 6D.(0), G.11
ed—2 \/m ( ) ( ) ( )
where
1 sin?=2 6
D.(0) := —0D.(0), G.12
(©) €12 \/e2 + sin? 0 (6) ( )
s—k
1 S (2k— ! . [ sin?0
D(0):= =3 T k(22T : G.13
OD(6) € kz:;) (2k)!! (=1) ( €2 ( )
we see that .
/ d0 5D.(0)CF (cos 0)en? — 0, (G.14)

since 6 D¢(6) and Cf*(cos @) are polynomials of €%, e~ of order (d — 3) and I, respectively,
while v,y =d—1+2n + 1.
Since D(0) satisfies

O(e) — 0, for sin 0 # 0,
1%D (6) = { (—=1)*T1O(e7 ') — (—1)*t1oo, for sinf = 0, (G.15)
and D¢(m — 0) = D¢(0), we conclude
lim D (0) = A(s) [0(0) + (7 — 0)]. (G.16)

e—0
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G.1 Calculation of A

We write

d 2
A=lim(do+ Ar), Ay _/ a0 o /d«%D (G.17)
—i—sm

Thus, A; becomes

k(2k—1)!!r(sk+§)l (@.18)

_ VTN
Al_‘@sﬂkglek U@ Teokt)

The calculation of Ag is more involved. Making a change of variables as cos # = v/1 + €2 sin w,
we obtain

Ay = / dw [cos2 w — €2 sin’ wr , (G.19)

where

1 € T (2n)!! 2 \"
-1 -1
a = sin = cos = E
1+ e2 Vite 2 1+e2 ¢ (2n+ 1! <1+62>

s 2 3t
= _el1 - — 4T 2
5 el 3+15+O() (G.20)
We calculate Ag for s =0, 1,2 as follows.
€Ap(s =0) = 2aq, (G.21)
3 2 : (1+¢€) 2
e’ Ap(s =1) = a(1 — €”) + sin(2a) =a(l —€)+e, (G.22)
3 —2¢* 4 3¢t 1—¢ 1+2€e% + ¢
SAg(s =2) = a2 3D | 00 L= gngtE2E D)
4 2 16
1
=7 {a(S — 262 4+ 3¢h) + 3¢(1 — 62)} , (G.23)
where we use )
. 2¢ . de(e® — 1)
Sln(2a) = m, Sln(4a) = m (G24)
On the other hands,
A(s=0) = —g, (G.25)
s
Ai(s=1) = —2—63(1 —é%), (G.26)
m 2 4
Al(s:2)=—8—5(3—2e +3¢!) . (G.27)
€
By combining these, we obtain
4 1
As=0)=-2  A(s=1)=3, Als=2)= —g. (G.28)
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G.2 The result
The right-hand side of (G.4) now becomes

A(8)Nipboaa—1Q4-1 [Cf‘(l) + (—1)ZC’f‘(—1)} Omo = 2A(5)&02a—1Yim(n0), (G.29)
where we have used Cf*(—1) = (—=1)!C{(1). Since

(D) @s+) 13 15

25+l 2747 16’
for s = 0,1, 2, which implies A(s)2£,Q24—1 = 1, so that the BDHM relation (G.4) holds for
s =10,1,2. We expect in general

26,1 = (G.30)

25+1g]

A(s) = (‘USHW’ (G.31)

for all non-negative integer s, which we verified up to s = 10 by Mathematica.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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