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ABSTRACT: We study properties of self-duality symmetry in the Cardy-Rabinovici model.
The Cardy-Rabinovici model is the 4d U(1) gauge theory with electric and magnetic matters,
and it enjoys the SL(2,Z) self-duality at low-energies. SL(2,Z) self-duality does not realize
in a naive way, but we notice that the ST? duality transformation becomes the legitimate
duality operation by performing the gauging of Zy 1-form symmetry with including the
level-p discrete topological term. Due to such complications in its realization, the fusion rule
of duality defects becomes a non-group-like structure, and thus the self-duality symmetry is
realized as a non-invertible symmetry. Moreover, for some fixed points of the self-duality,
the duality symmetry turns out to have a mixed gravitational anomaly detected on a
K3 surface, and we can rule out the trivially gapped phase as a consequence of anomaly
matching. We also uncover how the conjectured phase diagram of the Cardy-Rabinovici
model satisfies this new anomaly matching condition.
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1 Introduction

Symmetry provides a powerful tool to study nonperturbative aspects of quantum field
theories (QFTs). Its spontaneous breaking can characterize the phase structures, and we can
obtain various associated low-energy theorem thanks to its universal feature. Furthermore,
gauging the symmetry often gives more detailed data, and anomaly matching condition
severely constrains the possible low-energy dynamics of QFT.

Recently, the notion of symmetry in QF'T has been generalized, and we recognize that the
essential ingredient of symmetry turns out to be the topological defect operators [1]. These
defect operators are extended objects defined on submanifolds in the Euclidean spacetime.
The topological property means that we can continuously deform the submanifold of the
defect without affecting the expectation value, and this property gives the generalized
version of the Ward-Takahashi identity. From this perspective, we can describe usual
symmetry by codimension-1 topological defects with a group-like fusion rule. An important
example of the generalized symmetry given in ref. [1] is the higher-form symmetry, where
the generators are topological defects with higher codimension, and we can understand the
center symmetry of gauge theories as a special case of 1-form symmetry. Thanks to such
generalizations, we can apply conventional techniques related to symmetry in much broader
areas of QFTs.

In this paper, we study the self-duality symmetry of the Cardy-Rabinovici model, which
is the 4d U(1) gauge theories with electric and magnetic matters [2, 3]. This model enjoys
the Zy 1-form symmetry as the dynamical electric charge is quantized in N, and let us
denote it as Zg\l,}. As a result, the Higgs phase and confinement phases must be separated by
quantum phase transitions. The Cardy-Rabinovici model at strong couplings also realizes
oblique confinement phases proposed by ‘t Hooft [4], and this theory provides a playground
to understand the dynamics of 4d gauge theories. Moreover, as recently discussed in ref. [5],
this theory at & = w has the mixed anomaly between the Zg\l,] and CP symmetries, and this

is analogous to the case of SU(N) Yang-Mills theory at 6 =« [6, 7].

The most notable feature of the Cardy-Rabinovici model is the SL(2,Z) invariance of
its phase diagram [3] generated by the S and T' transformations. The S transformation
exchanges the electric and magnetic charges, and the T' transformation shifts the 8 angle
by 27. Naively, these operations seem to act as the self-duality of the model, but it is

not the case [5]. The Cardy-Rabinovici model has the electric ZE\II]

symmetry, while it
does not have the magnetic one. Due to this imbalance between the electric and magnetic
1-form symmetries, the S transformation does not realize self-duality. In ref. [5], the ZE\I/[]—
gauged Cardy-Rabinovici model was considered when N = M?2. In this case, the SL(2,Z)
transformation realizes the self-duality as both the electric and magnetic sectors enjoy the
Zg\l/l] symmetry. In the Zg\l}gauged model, some of SL(2,Z) duality transformations have a
mixed gravitational anomaly, and we can rule out the trivially gapped phase at the fixed
point in the space of couplings [5, 8]. However, it was unclear if we could obtain a similar
constraint on the original model with general values of N. It is one of our motivations to

resolve this problem in the original Cardy-Rabinovici model.



Here, another extension of the symmetry comes in. As long as there are nontrivial
topological defects, we can regard it as symmetry even if their fusion rule does not form a
group-like structure. Such a class of symmetries is dubbed non-invertible symmetries, and
it has been extensively studied basically in the context of 2d QFTs and higher-dimensional
topological theories [9-23]. Even in higher-dimensional and non-topological QFTs, its
usefulness has been found out first in the context of the classification of confining string
spectra [24, 25]. Recently, Koide, Nagoya, and Yamaguchi explicitly constructed the S-
duality defect as a non-invertible symmetry for a lattice Zy gauge theory [26] by extending
the construction of Kramers-Wannier duality defects on the 2d lattice Ising model [9]. A
few months later, refs. [27, 28] proposed more systematic constructions of duality symmetry
defects. In particular, we can have Kramers-Wannier-type duality defects by the half-space
gauging procedure.

Motivated by these breakthroughs, we construct the ST? duality transformation as a
non-invertible topological defect. We first perform the Zg\l,] gauging of the Cardy-Rabinovici
model with including the level-p discrete 6 term, and show that it is dual to the original
Cardy-Rabinovici model via the ST? transformation. When we consider the fixed point
of the STP transformation, this duality indicates that we can obtain the codimension-1
topological defect of ST? by gauging Zg\lf} with the level-p discrete topological term on
the half-space, following the idea of refs. [27, 28]. For p = 0, our topological defect is
the same with the S transformation defect constructed in ref. [27], so our result gives its
generalization to other values of p. We shall compute the fusion rule for p = —1 in detail.
Since (ST~ 1)? = C even at the naive level, we have to merge three ST~1 defects to relate

it with invertible symmetries.!

Remarkably, we also find that the ST~! transformation turns out to have a mixed
gravitational anomaly. By evaluating this anomaly on a K3 surface, we show that the
symmetry-protected topological (SPT) states with ZE\I,} symmetry can be ruled out from
the possible ground states at the fixed point of ST~!. In the conjectured phase diagram,
three first-order phase transition lines merge at the ST~! fixed point, and ST~ cyclically
exchanges the Higgs phase, monopole-induced confinement phase, and dyon-induced confine-
ment phase. From this observation, we uncover how the Cardy-Rabinovici model satisfies

the new anomaly-matching constraint obtained by the non-invertible ST~! duality.

This paper is organized as follows. In section 2, a short review of the Cardy-Rabinovici
model is provided. We first introduce the original construction of the model on the lattice
and then give its formal continuum description. We also review the conjectured phase
diagram obtained by the free-energy argument. In section 3, we realize the electromagnetic
duality by gauging Z%]. In Claim 1, we explain how the STP? duality is realized via ZR,]
gauging with the level-p discrete topological term. As the simplest nontrivial example, we
focus on the ST ! self-duality thereafter, which is expressed in Claim 2. Then, we construct
the duality defect as a half-space gauging operation and derive its fusion rule in Claim 3.

In section 4, we discuss constraints on low-energy dynamics of the Cardy-Rabinovici model

1Sometimes, such a defect is called a triality defect to emphasize that it relates three different theories
instead of two. In this paper, we simply call duality defects including those cases.



from the ST~ self-duality realized in the previous section. We also see how the constraints
are consistent with the conjectured phase diagram shown in section 2. Lastly, in section 5
we summarize our findings and outline possible future directions. Appendices A, B and D
gives technical details of the main claims of the main text. Appendix C includes discussions
on other self-dualities S and ST~1ST?2S.

2 Cardy-Rabinovici model

In this section, we give a brief review on the lattice U(1) gauge theory with the 6 term
proposed by Cardy and Rabinovici [2, 3], which we call Cardy-Rabinovici model. Because of
the presence of magnetic monopoles, the 6 term affects the local dynamics of the (3+1)d U(1)
gauge theory. We also give a review on the formal continuum description given in ref. [5].
We then explain the conjectured phase diagram obtained by the energy-versus-entropy

argument of loop excitations.

2.1 Lattice description of the model

Cardy-Rabinovici model [2, 3] is defined as the lattice U(1) gauge theory coupled to the
charge-N Higgs field and the magnetic monopole. To have a good control of magnetic
monopoles, we use the Villain form of the lattice U(1) gauge theory [29], and the U(1)
gauge field a on the lattice is given by the pair (@, su) of the R-valued link variable a,,
and the Z-valued plaquette variable s,,. The U(1) gauge transformation is realized as
the combination of the R-valued 0-form gauge transformation and the Z-valued 1-form
gauge transformation,

= ay + A0 +2mAD,
S — Sy + O A — aVAf}), (2.1)

where A() is the R-valued site variable and )\f}) is the Z-valued link variable. Here, the
lattice derivative is defined by 9, (z) = A0 (z 4 1) — A\%(x), where /i denotes the unit
vector along z,, axis. The gauge-invariant field strength f = da is defined as

fuv = 0uay — Ovay — 27s,,, (2.2)
and the lattice Maxwell kinetic term is defined with this field strength:
1
Skin = 2792 Z fuy(m)2- (23)
(I,[,L,l/)
The monopole current in the Villain-type lattice can be defined as
N 1
m,u(x) = iguu/\aays/\a(x)7 (2.4)

where £ =z + %(i + 24 3 +4) denotes the site on the dual lattice. The monopole current
my, is thus given as the Z-valued link variable that satisfies the conservation law,

Oum,, =0, (2.5)

and it describes the closed worldline of magnetic monopoles.



To treat the electric and magnetic matters on equal footing, the dynamical electric
charges are introduced as the closed worldlines in the Cardy-Rabinovici model. The
corresponding electric current n,(z) is defined as the Z-valued link variable on the original
lattice, and it satisfies the charge conservation,

By, = 0. (2.6)

To define the confinement as the area law of the Wilson loops, we would like to have the
(1]

Zpy 1-form symmetry, denoted as Zy;/. To this end, we assume that the dynamical electric
matter has the charge N, and thus the minimal coupling term in the Lagrangian is given by

iNn,(x)a,(x). (2.7)

We note that this satisfies the gauge invariance under (2.1): the R-valued 0-form gauge
invariance obeys from the charge conservation, and the Z-valued 1-form gauge transformation
changes the action only by 27iNZ so the path-integral weight is not affected.

Let us introduce the 6 term to this model. Following refs. [2, 3], we note that the
magnetic monopole acquires the electric charge % by the Witten effect [30], and thus the
electric current should be modified as?

nu(x) == nu(x) + % Z F(x —z)m,(2), (2.8)

where F'(z — Z) is a short-range function that relates the original and dual lattices with the
normalization ) ; F(x — &) = 1. The minimal coupling term is then replaced by

Smat = iNZﬁu(x)ﬁu(:c). (2.9)

In the long wavelength limit, we expect that the original and dual lattices are almost
identical, and the effective electric current n, may be simply written as

im#(x) (2.10)

ﬁ#(m) = n#(x) + o

Under this approximation, we can observe the 27 periodicity of the 6 angle. Since both
n, and my, are Z-valued link fields, 7, stays the same under 6 + 6 + 27 associated with
n, +— n, —my. The partition function of the Cardy-Rabinovici model is given by

ZCR(lattice) = Z /Dau exp(_skin [aua SW/] — Smat [auy Suv nu])a (2‘11)
{spv b {nu}

where the integration of a,(z) is restricted to [—m,7m) to fix the Z-valued 1-form
gauge redundancy.

2We note, however, that this introduction of the # term has some problems, and the most serious one
would be lack of the Z-valued 1-form gauge invariance. Topological aspects of the Villain-type lattice U(1)
gauge theories are scrutinized in refs. [31, 32], where the well-defined lattice 6 term for 4d U(1) lattice gauge
theory has been discussed. Since our arguments are based on the formal continuum description, we do not
go far into the construction here.



We should keep in mind that the 6 angle periodicity is an emergent feature in the
Cardy-Rabinovici model, and the lattice-scale fluctuations do not enjoy this property.
Recently, topological features of the Villain-type U(1) gauge theory were scrutinized in
refs. [31, 32] (see also refs. [33-36]). Especially in ref. [32], it is found that both the exact
27 periodicity of # and the self-duality can be established within the exponentially local
lattice action, while one has to give up with the ultra-local action. In this work, we keep
using the original formulation of the Cardy-Rabinovici model, since our computations are
done with the formal continuum description that we shall discuss soon later, and various
details at the lattice scale are neglected. It would be quite interesting if our calculations
can be performed with the explicit lattice regularization based on the proposal of ref. [32].

2.2 Formal continuum description of the model

Here, let us present the formal continuum description of the Cardy-Rabinovici model

following ref. [5] as it is useful to understand the topological aspect of the model. However,

this is the U(1) gauge theory coupled to both electric and magnetic particles, and thus

we do not know its Lagrangian formulation to have the path-integral expression with the

manifest locality and Euclidean (or Lorentz) invariance. Therefore, we use the worldline

representation for the matter fields, which spoils the manifest locality of the theory.
Introducing the complex coupling,

0 2
= ti3 2.12
T 21 + INQQ ’ ( )
we denote the Maxwell action with the 6 term as
- _iN 5 _ )
SGylda] :==— 167/ (T(da + *da)® 4+ 7(da — *da) )
1 iNG

:M/daA*d“‘w/d“d“ (2.13)

We note that the § term in (2.13) has an extra factor N compared with the usual definition,
so one might wonder if the 6 angle periodicity is given by 27/N instead of 2. This is not
the case for the Cardy-Rabinovici model because of dynamical magnetic monopoles. We
should notice that the 6 angle periodicity cannot be determined just by the Maxwell action
in the case of the U(1) gauge theory, and we must specify the electric and magnetic matter
contents and their Boltzmann weights to determine it.

We introduce the Wilson line as

W(C) := exp (i/ca) , (2.14)

where C' is a closed loop in the spacetime. In the lattice description, the worldline of electric
charge is specified by the Z-valued link field n, satisfying the conservation law (2.6), and
we may relate them by 6(C) = *(n,dx*). To treat magnetic monopoles, we also introduce
the ‘t Hooft line,

H(C). (2.15)



This is defined as a defect operator, which determines the boundary condition of the U(1)
gauge field a near the closed loop C': for sufficiently small two-spheres S? linking to the
loop C’, a must satisfy

. da = 2. (2.16)

The path integral of matter fields is given by

Zmat[a] = > exp(—Smat [C,C) WN(C)H (C'), (2.17)
C,C":loops

where } ¢ o represents the summation over all possible closed loops C, C’ of electric and
magnetic worldlines, and Syt [C, C’] controls the Boltzmann weight for configurations of
the loops before taking into account the U(1) gauge interaction. We note that the Wilson
loop appears in the form of W (C), and thus dynamical electric charge is quantized in the
integer multiples of N.

Formal continuum description of the Cardy-Rabinovici model is then given by

2o, = / Daexp (~ 57y [da]) Zunatal. (2.18)

For later purpose, we make the 7 dependence explicit. Let us discuss the periodicity of the
0 angle [5]. When we assume that the spacetime manifold X is a closed spin 4-manifold,
the topological charge is quantized as

1

X

At the first sight, this suggests that the partition function is invariant under 6 — 6 + QW”, or
T T+ %, according to the definition (2.13). However, the story is not so simple under
the presence of the ‘t Hooft line, because the Witten effect [30] suggests
(H(C")) grayn = (H(CYW(C))gr (2.20)
U(1) U(1)

Here, the expectation value is understood in terms of the path integral of pure Maxwell
theory, where we set the complex coupling as 7 + % on the left-hand side while we set it as
7 on the right-hand side. Since the dynamical electric charge is assumed to have the charge
N, the matter part explicitly breaks the 27 /N periodicity even though it is the minimal
possible periodicity in the pure Maxwell theory.

Let us then try the 27 shift of the 6 term. We take the expectation value of the matter
partition function at the complex coupling 7 + 1, and then we can rewrite it as follows:

(Zwla)gro = > exp(=SmarlC,C) (WN(CH(C)
u(1) . St
C,C":loops 1)

= Y ep(=SmalC. ) (WN(C){H(CWN (C)})

C,C’:loops U
= > ep(=SmalC = CL N (WNOHC)) (2.21)
C,C":1oops SU(U



To find the last expression, we replace C' by C + C’. If the matter action satisfies
Smat [C — C',C"] = Smat [C, C'], (2.22)

then the right hand side of (2.21) becomes the expectation value of the matter partition
function at 7. As a result, we have established the 27 periodicity of 6 by assuming a
property (2.22) of the matter action. In our computations in the next section, we assume
that Spa¢ has a sufficiently nice property under various transformations.® It would be
convenient to think that we simply set

Shmat = 0. (2.23)

This drastic assumption is legitimate for our purpose, since we just try to understand the
algebraic property of the topological defects generating symmetries. Since it is robust under
continuous symmetric deformations, we may start with the easiest situation. As a result,
our formal continuum description becomes

£lo = / Daexp (~Sldal) 3 W@ H(C). (2.24)
C,C’:1loops

In the following, we regard (2.24) as the definition of the Cardy-Rabinovici model in
this paper.

2.3 Conjectured phase diagram from the free-energy argument

In this subsection, we give a review on the conjectured phase diagram obtained from the
energy versus entropy argument [2, 3] (see also [37, 38]).
For the line operator W™ (C)H™(C), the coefficient of the Coulomb energy is given by

9 \? [/2m\?
Enm(T,T) = N2g? (n + m) + <7r> m?>
’ 27 g
2N

= — N m7'2. .

The long-range part of the Coulomb interaction can be screened by the presence of other
lines, so let us only take into account the short-range part. Then, its contribution to the
action density is proportional to

enm (T, T)G(0)L(C), (2.26)

where G(0) is the short-range part of lattice massless Green function and L(C) is the length
of the loop C'. This should be compared with the entropy of this line configuration with
the given length, and it is given by

In(2-4— 1)L(C) (2.27)

3In addition to (2.22), we should also require that Smat[C,C’] = Smat[—C, —C"] for the C symmetry,
Smat[C, C'] = Smat[—C, C’] for the CP symmetry, and Smat[C, C'] = Smat[—C’, C] for the electromagnetic
duality. For details, see ref. [5].
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Figure 1. Conjectured phase diagram of the Cardy-Rabinovici model. In the weak-coupling regime,
electric charge condensation occurs and the system is in the Higgs phase. In the strong-coupling
regime, magnetic charge condensation occurs. Depending on the values of 8, different types of dyon
start to condense, and the Cardy-Rabinovici model is expected to have the rich phase structure.

for the 4d cubic lattice. When the entropy factor overcomes the energy suppression,

In7
G(0)’

then we regard that the charge (n,m) can condense in the vacuum. When there are several

En,m(T,T) < const. ~

(2.28)

candidates for condensation, we choose (n, m) that gives the minimal energy. If there are no
(n,m) satisfying the inequality, the system is in the Coulomb phase with massless photon.
We show the phase diagram in figure 1 when there is always some condensation at any
values of 7 (For detailed explanations on the figure, see section 2 of ref. [5]).

The conjectured phase diagram in figure 1 has a rich structure because of the large
invariance of €, ,,,(7,7). Notably, it has the electromagnetic SL(2,Z) invariance, generated
by S and T transformations [3]:

R I 1 I o N
T:resr+1, (Z) - ((1) _11> (Z) - (” ;lm> : (2.30)

and then the group structure can be written as
3
SL(2,2) = (S,T|$* = (ST7!)", §* =1). (2.31)

We can identify C = S? = (ST~!)3 as the charge conjugation symmetry, and we also have
the CP invariance, 7 — —7 with (n,m) — (—n,m). The phase diagram has to be symmetric
under these transformations according to the above criterion (2.28) for condensation, and
the conjectured phase diagram shown in figure 1 satisfies these requirements.

In figure 1, we put an orange dot at the special point of the complex coupling,
orif3 _ L +2\/§i.

T = (2.32)



This is the unique point in the upper half-plane, Im(7) > 0, that is fixed under the
ST~ transformation:

ST 7> %H (;) — (g _11> (TZ) = (n;mm> . (2.33)

We can check that ST~! generates the %” anticlockwise rotation around the fixed point .
For |§7| < 1, we have
ST ':r, +61 = 7o + e2m/3 5. (2.34)

This generates the (Zg)gp-1 transformation, and we should note that (ST~1)3 = C acts on
(n,m) — (—n, —m) while 7 = 7, +67 is fixed. As shown in figure 1, the ST~! transformation
exchanges the Higgs phase, confinement phase via monopole condensation, and confinement
phase via dyon condensation in the cyclic manner.

3 Non-invertible ST? duality defect and fusion rules

In this section, we construct the STP self-duality defect and discuss its properties. After
having general formula, we especially focus on the ST '-self-dual point 7, = €™/3 for
concreteness. Self-dualities on other parameters are discussed in appendix C.

In section 3.1, we describe how the self-duality is realized with the Zg\lf] gauging. Then,
in section 3.2, we introduce its duality defect as a half-space gauging and derive the fusion

rule for this defect.

3.1 STP self-duality, Zg\ljl gauging, and mixed gravitational anomaly

To realize the STP transformation as a topological defect, we first need to understand how
the ‘self-duality’ is realized. If two quantum field theories 77 and 75 are related by a duality
transformation, let us denote it symbolically as

T~ Ta. (3.1)

As we have reviewed in section 2.3, the conjectured phase diagram of Cardy-Rabinovici
model is understood from the SL(2,7Z) duality transformations. Let us denote the Cardy-
Rabinovici model with the complex coupling 7 as CR”. Does the SL(2,Z) duality imply

CR™ ~ CRST'() = cR~(m+9) 7" 2 (3.2)

We can immediately see that this cannot be the case. Under the S transformation, the
electric and magnetic charges are exchanged. Since the dynamical electric charges are
quantized in IV, the original theory enjoys the electric Zg\l,] symmetry, while the transformed
theory has the magnetic, or dyonic, Zg\l,] symmetry. As a result, the self-duality of the
Cardy-Rabinovici model cannot be understood in the naive way when we take into account
the global aspects of field theories [5].

Even though the naive duality relation (3.2) does not hold, we find that the duality of
Cardy-Rabinovici model is realized as

1

CR"/ (Z%] )p ~ CRT"(T) = cR—(m+P) (3.3)



On the left-hand-side of the duality relation, we consider the Zgy—gauged Cardy-Rabinovici
model with the discrete 6 parameter p, and we claim that it is dual to the original

Cardy-Rabinovici model at 7/ = STP(7). By gauging the Zg\l,} symmetry with the discrete

topological term, the genuine line operator with the nontrivial dual Zg\l,} transformation
has the electromagnetic charge (e,m) = (p,1). The TP transformation makes it to have
(e,m) = (0,1) due to the Witten effect, and the S transformation brings it back to the
electric line (e,m) = (—1,0), which is a (e,m) = (1,0) line with the inverse orientation.
Since all loops are summed up in (2.24), the orientation does not matter for the evaluation
of the partition function. This suggests that the level-p Z%—gauged model can be reduced
to the original Cardy-Rabinovici model via the STP? transformation. This is the basic idea

behind the duality relation (3.3). More precisely,
Claim 1. Cardy-Rabinovici model and the level-p Zg\l,] -gauged model are dual in the follow-
ing sense:

(1) The partition functions are identical up to a gravitational counterterm,

- X(X) X(X)+o(X) XX —o(X) _op(r
Tt Bl = N2 (STP ()5 (ST(m) 5 2y (B
x(X) _xX)+e(X) _x(X)—a(X)

N (r+p) o F4p) 2B, (34)

where x(X) is the Euler number and o(X) is the signature of the 4d spacetime X .

(11) Genuine line operators of the level-p ZE\I[} gauged model are generated by Wiy ., (C) and

HN(da_,_b)W]I\’/(](\ifaer)(C’). Under the duality, these line operators correspond to W (C')
and H(C) of the Cardy-Rabinovici model as

Hy (@)W g b)<0'>> (w-lm)
( Wi )7\ HE) &2)

Here, let us introduce several notations used in Claim 1:

« We denote the Wilson and ‘t Hooft loops as W¢(C) and H;(C') when they are defined
with the 2-form field strength f. The ‘t Hooft line Hf(C') is defined by [g. f = 27 for
small S? linking to C' whether or not this is the minimal quantized value for f.

e Under the presence of the background Zy two-form gauge field B, the partition
function of Cardy-Rabinovici model is defined as

27,[B] = / Daexp (~Sflda+B)) 3 Wi, 5(C)Hawss(C).  (3.6)
C,C":1loops

Here, we note that W2V +5(C) is a genuine line operator, while the charge-1 Wilson

loop WyetB(C,X) = e Js.on_c(datB) depends on the choice of the surface ¥ with
nontrivial B.
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o We define the Zg\l,]—gauged partition function with the discrete 8 term f—f J b Abunder
the presence of the background field B as?

iNp iN
z Db Zipbexp (L [ vav+ > [ 5aB). @3
cr/(@l; / CR”eXp(zm /X " +2w/X " > (37)

Here, X is the 4d spacetime realized as the closed spin 4-manifold, and we further
assume that the integer-valued cohomology H*(X;Z) is torsion free.

o When we should care about the normalization of the path integral, we replace | Db by

:glg(iéxl > beH2(X;Zy)- Lhe prefactor % represents the inverse of the gauge

volume. For discrete gauge fields, we follow the convention of ref. [40], and we write
the wedge product in place of the cup product.

« We denote the Betti numbers as 8 = dim H*(X;R), and we decompose 32 = B; +55
into the (anti-)self-dual parts. They are related to the Euler number and the signature
as BSE — P14+ Bo = (x £ 0)/2. Using the curvature 2-form R, x and o are given as

1.
_ ikl
() /X Sams T ARk ol / Gonz T EAR), (38)

due to the Gauss-Bonnet theorem and the Hirzebruch signature theorem. This is why
we can regard the overall constant in (3.4) as a gravitational counterterm.

Here, we only give an outline for the derivation of Claim 1 in the case of pure Maxwell
theory, and we postpone the detailed proof to appendix A.1 as it is a bit lengthy. In the
case of pure Maxwell theory, the (Zg\lf])p gauging procedure is given by

2 /Db 25 ble X2 [bab+idl [bAB

u(1)
—/DbDae U(1)[da+b] 132 [brbrigh [bAB (3.9)

Thanks to the Dirac quantization, we have [}, da € 27Z for any closed 2-manifolds Ma,
and thus we can replace the Zy 2-form gauge field b by da + b in the topological factor
without affecting its value. Therefore, we get

| = / DaDbe St [dattl iF2 [(da+b)?+igk [(da+b)A
:/Dan Soihldatt] i [ (da+b)nB

(T4+p)/NZ (0 ,
_/Da’ “Svay " el gz [da'nB, (3.10)

Z7 B
U(l)/(zm[

4Precisely speaking, the form of the topological action depends on whether N is even or odd. For
odd N, we may use the cup product B U B, but for even N, we need to use the Pontryagin square,
PB(B) = BU B+ BU; §B to define the SPT action. Fortunately, we do not have to care about this subtlety
as long as H*(X;Z) is torsion free. In such cases, B € H*(X;Zy) has an integer lift B € H?(X;Z), and
BUB mod 2N is well defined. For more details, see ref. [39].
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In the above derivation, we can see that the discrete 6 term of level p introduces the TP
transformation. In order to obtain the last line, we note that N(da + b) satisfies the proper
Dirac quantization as the U(1) gauge field, and thus we introduce the new U(1) gauge field
a’ by da’ = N(da 4 b). Because of this rescaling, the charge N Wilson lines becomes the
unit charge 1, and instead, the charge 1 ‘t Hooft line becomes charge N. We then perform
the Abelian duality transformation,

_grtp)/N?

zZ! [B] = /DﬁDde vay | hlgar [hA(datB)

u(1)/(z),

—(rap)-1
x Zoi P B). (3.11)

In the intermediate step, we have introduced the R-valued 2-form field I and another U(1)
gauge field a. Integrating out a, h satisfies the Dirac quantization condition so it becomes
the U(1) gauge field strength h= da, and we obtain the original expression. Integrating out
R instead, we find the STP-duality relation. To obtain the gravitational counterterm in the
proportionality coefficient, we have to extend the discussion of refs. [41, 42] by including
the ZE%,] gauging with the discrete topological term. In appendix A.l, we determine
the gravitational counter term by introducing the UV cutoff and the renormalization
prescription, and also discuss the behaviors of line operators to include the effect of the
matter contribution.

As a corollary of Claim 1, we obtain the important relation at the ST~! self-dual

point 7 = Ty:

Claim 2 (Corollary of Claim 1). Let us set 7 = 7, = e™/3 which is the fized point of ST 1.

Then, the relation (3.4) of partition functions with p = —1 becomes
x(X) wi
Tx — —Ho(X) =7«
ZCR/(Z%])A[B] N 2 e 3 Z:%(B). (3.12)

This follows immediately from (3.4) by substituting 7 = 7, = ¢™/3 and p = —1. This
prefactor N X e~ 57 can be regarded as a mixed gravitational anomaly, and especially
the signature part can be used to constrain the dynamics as we shall discuss in section 4.

Here, we would like to emphasize that Claim 1 can be used to derive all the possible
duality relations of Cardy-Rabinovici model. To see how it works, let us first consider the

duality relation,

CRT/ (Z) =~ RSO, (3.13)
p1
We can again gauge the ZE\I,} symmetry of both sides with the discrete level-py, and then
we have
T (1] (1] ~ PP STPL(T) (1] P STP2STP1 (1)
(CR / (ZN)M) / (ZN)p2 ~CR /(ZN)p2 ~CR . (3.14)

By applying the formula (3.4) for each step, we obtain the relation between the partition
— V3+4i

functions for STP2STP. As an example, let us set Ty, = R which is the fixed point of
ST~1ST?S, and then we obtain (see appendix C.2 for more details)

2T [B] = N2 e 800z 1. (3.15)
(CR/(Zh)0)/(@Z8)2) /(28 1 CR

In this way, we can find various self-duality relations from Claim 1.
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3.2 Non-invertible topological self-duality defect and fusion rule

So far, we have seen that the self-duality of the Cardy-Rabinovici model involves the
gauging of ZE\I,} symmetry with the appropriate choice of the discrete 8 angle. The duality
is promoted to the symmetry at the fixed point, and there exists the topological defect for
the duality symmetry. In the following, we construct the topological defect for the ST !

transformation at 7 = 7.

When the duality relation is realized via the gauging of the symmetry, the duality
symmetry cannot be realized as the ordinary symmetry operation that gives the unitary
transformation. Instead, it should be realized as the non-invertible topological defects [26—
28]. Such an example in 4d QFT was first realized in ref. [26], and later it is noticed that we
can systematically define the non-invertible duality symmetry by performing the gauging in
the half spacetime [27, 28].

We note that the fusion rule will not be used in the derivation of low-energy theorems,
so one may directly go to section 4 before reading the following of this section.

3.2.1 Construction of the defect

Let us construct the duality defect 2(M®)) on a closed codimension 1 submanifold M®).
We assume that M) is a compact orientable manifold. We divide the spacetime manifold
X into two parts X and X~ with the same boundary with an opposite orientation
0X+t = —9X~ = M® . We then consider the half-space gauging in Xt with a Dirichlet
boundary condition for b, and we call this defect operator as 2(M3)):

+ i i
(MO ...y = N~ X5 FolxD) Do e tm SOy, (3.16)

Here, (---); stands for the expectation value of the Cardy-Rabinovici model with the ZE%,]

background b insertion. The normalization of the path integral for b is given by

Db (o) = HOXT,0XT Zy)| 3

X+ T |[HY X+, 0X+;ZnN)| () (3.17)

bEH2(X+,0X T ZN)

where the relative cohomology represents the space of Zy-valued gauge fields obeying the
Dirichlet boundary condition on 90X .

We have to check if the definition (3.16) is well-defined as the codim-1 defect, since it
uses the information of the half-space X . Indeed, this does not define the codim-1 defects
for generic theories with Zg\l,] symmetry, but it does for the Cardy-Rabinovici model at
T = 7, thanks to the duality relation (3.12). As a consequence of the locality, the half-space
gauging on the bulk Xt goes back to the original Cardy-Rabinovici model via the ST~!
duality (up to the gravitational counter term), and the nontrivial effect takes place only at
the boundary M®). As discussed in ref. [27] for the case of S transformation, the duality
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defect 2(M®)) can be seen as the Chern-Simons coupling on M),

Db 275, [ble i J

X+
iN ~ iN
x Da_i_ Da_ |:827T fIM(?’) CL_/\dCL+eE fM(?’) CL_/\dCL_
X+ X-
—87% [da4]—ST%. [da— N -
x ¢ S la =S el 2X g ) 2K da ). (3.18)

Here, we put a technical assumption that the matter partition functions can be separated
as ZX . [da] and ZX_ [da] for X+ and X, respectively.

mat mat

Since the derivation of (3.18) is almost the same as that of Claim 1, let us explain how

iN ~ iN
the boundary terms [e_ﬁ Jarwy a=ndiy 5 [ a‘/\da‘} appear. In the derivation of duality

. ipN ipN
relation, we replaced e 4= Jene by e (datb)A(da-+b)

. In the presence of the boundary, we
need subtract the boundary Chern-Simons term o Ju® @/da “and the appearance of
the diagonal Chern-Simons term is a new ingredient of the ST? duality defect compared
with the S duality defect in ref. [27]. Note that, on the boundary M®), the U(1) fields
(before S transformation) on both sides have to match: ay|,;s = a—|,;s), so we can
write this Chern-Simons term using the U(1) gauge field a— on X~. When we apply the
S transformation on X, we replace N(da, + b) by the R-valued 2-form field i with the
topological coupling %EAd’dJr, and we gauge away da. In this step, we used en Jdanda _ 1
on closed manifolds, but it produces the off-diagonal Chern-Simons term efg Jare) a=ndas
when the boundary M®) exists.

One may worry that a line operator across M®) could invalidate the above half-space
gauging and ST ! transformation. However, such a line operator, say a Wilson line operator
W (C), can be rewritten as W (C )W (C_) with closed loops C. ¢ XT, C_ C X~. In fact,
when the loop C' consists of open paths Cy ¢ XT and C_ C X, ie., C=Cy +C_, we
can attach paths on M®) with the opposite direction, +v and —v, closing C; and C_:

C=Cy+C_=(Cy+7y)+(—y+0_)=Cy +C_. (3.19)

Therefore, the correspondence of the line operators (3.5) can be used here with this
decomposition. For example, the Wilson loop is transformed as W(C) = W(C)W(C_) —
H-YN(C )W (C-). We understand the matter sector in this sense.”

Based on (3.5), the correspondence of the line operators between Xt theory and X~

Note that the well-definedness of H~/Y (C;)W (C-) can be seen from the boundary off-diagonal Chern-

— N a_ a
Simons term e 27 fM(3) ndas Indeed, the ‘t Hooft line H— /N (C4) introduces a magnetic defect surface
da+ — das+ + 2W’Té(E) attached to C'y. On the boundary M| this defect affects . as day — day + %”5(7).

Therefore, the additional boundary term arising from this defect is e f., a_, which closes the Wilson

—iN a_ a
loop W(C_) in the other side. Therefore, the off-diagonal Chern-Simons term e 27 fM(3> M+ akes
H=YN (0 )W (C-) well-defined.
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theory is as follows.
CR model in X « CR model in X~

(HdaJr-‘rb(C,) — W(iiNHdé+ (Cl)> o (Hda (C,))

Waa,+5(C, 2) — I/N(C ) Waa_ (C) (3.20)

where a is the U(1) field on X+ before ST~! transformation. A genuine line operator can
become a non-genuine line operator, e.g., Wy,_(C) — Hy 1/ N(C, Y)), in this correspondence.
Schematically, this can be expressed as the phenomenon that the sweeping of the topo-
logical defect 2(M (3)) leaves the topological two-surface 3 attached to the line operator
(Waa_(C) = Waa, 1(C, %) = Wda+(0)eif2 b) [27]. We note that the appearance of the
topological two-surface does not matter in the computation of the partition function, since
all the electric matter has charge N and the choice of the topological surface becomes
irrelevant for those lines.

3.2.2 Fusion rules

In this section, we discuss the fusion rule related to the self-duality topological defect, and
we observe its non-invertible nature.

A naive expectation from the SL(2,Z) group structure would suggest 2(M®))3 <
C(M®)) and 2(M©®)) x 2(M®)) < (const.)1. However, due to the half-space gauging
construction, the defect (M (3)) does not obey these naive fusion rules of the group
structure. Let us determine the fusion rule of the defects more precisely.5

Claim 3. Let 2(M®)) be the ST~ self-duality defect, 2(M®B)) be its orientation inverse,
and n(X) be a ZR,] symmetry operator on a two-cycle ¥ C M), Here, 2(M®)) can be
obtained by the half-space gauging of the other side X—. We also introduce the charge
conjugation operator C(M®)).

We have the following fusion rules that involve the duality defects and 1-form symme-
try defects:

7 (M) xn(2) =2 (Ml (%) x 2 (MP) = (1) 2 (MP), (3.21)

V).
> ),

SeHy (M®)Zy)

7 (M®) x 7 (M®) = ;EGH >, )n(z) (3.22)

.@(M<3) = Noo (ME) c(M®) S (1)), (323)

NEHy(M®)Zy)

SIn the original preprint version, the authors were implicitly assuming that the algebra was commutative
and computed the fusion rule only for one of the orderings. In ref. [43], it is pointed out that the actual
fusion rule becomes noncommutative for even N. In the following, we show the correct result of the fusion
rule taking into account the ordering of the symmetry defects.

We thank the anonymous referee for pointing out the discrepancy on this point and drawing our attention.
We also thank Shu-Heng Shao for the discussion on this issue during the conference, “Continuous Advances
in QCD?” at the University of Minnesota.
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Here, (—1)2®) is a sign defined by
(=1)Q®) .= oir fal(E)/\dMa1(2)7 (3.24)
where a1 () € HY(M®): Zy) is the Poincaré dual of ¥. When N is odd or the homology
H*(M®);7) is torsion free, the sign (—1)9®) is trivial: (—=1)9®) = 1. The normalization
constant Nys for 2(Ms)? is given by
X, 0X 5 2P HE(X H,0X 5 Z)
|[HY( X+, 0X+;ZN)|3

x ( 3 o i f“b) . (3.25)

beH2(X+,0X+ZN)

0
Ngs(M(:)’)) — N—3X(X+)/2617ra(x+) ’H (

An important message is that some of the fusion rules involve the summation over
the 1-form symmetry generators, which is quite unconventional compared with the usual
group-like symmetries. Such a non-group-like fusion rules have been observed in the fusion
category symmetry [9-17, 19-22], and also in a recent generalization of the duality symmetry
in 4d gauge theories [26-28].

We postpone the detailed discussion and derivation of these fusion rules in appendix B.
Here, we give a brief sketch of the derivation of the fusion rules.

The first fusion rule follows from the definition of 2(M®)) as the gauging procedure.
The Zg\l,} symmetry operator 7(X) can be absorbed into 2(M®)) and the sign factor,
(—1)Q(E), arises from the discrete f-term in this process depending on the ordering of the
defects. At a first glance, the fusion rules (3.21) may seem to contradict with the other
fusion rule (3.23) by violating the associativity. According to the first rule of (3.21), we have

nx 2 =xP)x 9> =9 x P* =P, (3.26)

but we obtain 17 x 2 = (—1)9 2> when we first apply (3.23), and they give different answers.
However, as firstly revealed in ref. [43], the normalization factor Nys(M®)) contains the
partition function of the U(1) level-N Chern-Simons theory, and thus 2%(M®)) vanishes
whenever M®) contains a surface ¥ such that (—1)9*) becomes nontrivial. Hence, the
fusion rules (3.21) are consistent with the associativity and the other fusion rules.

The second rule can be derived from a parallel discussion with refs. [27, 28]. Naively,
from Claim 2, the gauging in X and X~ would be an identity transformation. A more
careful consideration with slightly separating these defects gives an extra gauging on the
interval M®) x (—e,e). This extra gauging on the interval leads to the right-hand side
of (3.22). There might be a possible local counterterm depending on the topology of M,
but this can be absorbed by the local redefinition of 2(M®).

The third fusion rule (3.23) consists of (1) charge conjugation, (2) sum over ZE&,]
generators on M), (3) the normalization factor. Let us look into each factor.

First, the action of the triple defect 2(M®)3 := 2(M©P)) x 2(MB)) x 2(M®)) on
the line operators can be determined from (3.20) as follows.

(W(C)) (Hl/N(c, 2)) (W—lﬂl/N(C, z)) (W—1(0)>
— — — , (3.27)
H(C) W-NH(C) wW=N(C) H™YC)

which is exactly the charge conjugation, as expected from (ST~!)3 = C.
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Incidentally, the appearance of the charge conjugation can be also observed from the
partition function with Zg\l,} background field as follows. Let T be a QFT with Zg\l,} symmetry.
Let us compute the partition function of ((7/ (Zg\l,])_l) / (Z%])_l) / (Zg\lf])_l under the presence
of background B field. It is given by

2T /@) -/ @) -/ @)

_ /Dlebngg Zﬂbl]e% [ (—b2—b2—b2+2b1 Aby+2b2Ab3 +2b3AB)
:/D61 Zrlbyle & f<b?*32>/2>b2e% sz“bl*B)/Dbge*% J(bs=t2=B)?
x / Dby Zribrle— S JG-B) 500, 4 B) = 2| B]. (3.28)

By completing the square in terms of b3, we can perform the b3 integration explicitly, which
just gives an overall constant. Then, the by integration does not have the quadratic term, and
thus it gives the delta-functional constraint, by = — B, and we obtain the result, which shows
the sign flipping of the Zg\l,} background field. As shown in (3.18), the background field B
coupled to ZE%,] gauge field b is equivalent to the background field of “electric” Zg\l,] symmetry
in terms of ST~ !-transformed gauge field G, . Therefore, the equality (3.28) suggests that
the triple-gauged side theory can be regarded as the charge-conjugated ungauged one.

Second, when we discuss the fusion rule of the duality defects, we must take into account
the boundary condition of the half-space gauging. By slightly separating three ST ! defects,
we notice that the delta-functional constraint for b; appears on the bulk due to the by and
bs path integrals, but by can freely fluctuate on the tiny interval M®) x (—e,e). As a result,
for each nontrivial 2-cycle of M®), we must sum up all the possible ZE\I,] generators. This is
the basic idea behind the formula (3.23) up to the normalization.

Lastly, the normalization (3.25) can be understood as follows.”

X+)/2€i7ro(X+)

Apart from the

counterterms N ~3x( , this constant consists of three factors:

[HO(X*, X+ 2| (JHO(XH0X+ Za) || H2(XH, 0X 5 Zy)|
|[HY( X+, 0X*;ZN)] |[HY X+, 0X*;ZN)]

(|H0(X+7 X" Zy)| >y o fw;) ' (3.29)

1 .
|HY(X+,0X+;ZN)| b H (X T DX HTn)
Each factor can be seen from the third line of (3.28):
/ Dby Zr{by]e or J G157 / Dby ex J 2/ (b1 +B) / Dby e i J (bs—02=B)?, (3.30)

The b3 integral corresponds to the last factor of (3.29). If by = —B is satisfied, the by
integral becomes just [ Dby, which corresponds to the second factor of (3.29). The b;

"We check the X independence of Ngs (M) in appendix B. Incidentally, we note that the normalization
constant becomes trivial Ngs(M®) = 1, if H*(X*,0X*;Zy) is torsion free and the intersection form is in
the same class as those of closed spin manifolds, i.e., the form is symmetric bilinear unimodular even.
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integral is constrained by by = —B from the bs integral. Therefore, only the prefactor
of the Zx gauging contributes, which is the first factor of (3.29). This roughly explains
why the normalization factor (3.25) appears. We have given a rough explanation on the
fusion rules. For the full derivations, see appendix B. As noted above, this normalization
Ngs(M®)) includes the partition function of the U(1) level-N Chern-Simons theory, which
guarantees that the fusion rules are consistent with the associativity [43]. In addition to the
U(1) level-N Chern-Simons theory, we remark that the factor Nys(M®)) also contains the
gravitational Chern-Simons theory e™(X ") as a consequence of the gravitational mixed
anomaly (Claim 2).

Note that the fusion rules, e.g., Z(M®)) x n(¥) = (=1)2®) (M ®), imply the non-
invertibility of 2(M®)). Indeed, 2(M®) x (1 — (=1)2®)y(X)) = 0 cannot be satisfied by
an invertible operation. Therefore, the topological defect constructed from the self-duality

is a noninvertible symmetry.

4 Anomaly matching constraints on dynamics

In this section, we see how the self-duality or the non-invertible symmetry constrains the
dynamics of the Cardy-Rabinovici model. We pay attention to the ST ~! transformation,
which has the fixed point 7, = e . Similar discussions on other self-dualities are presented
in appendix C.

We first show that Claim 2 can rule out the trivially gapped phase by evaluating both
sides of the equality on a K3 surface, so it can be used as the anomaly matching constraint.
Next, we discuss how the conjectured phase diagram of Cardy-Rabinovici model (figure 1)
satisfies the constraint.

4.1 Mixed gravitational anomaly of the ST~! duality on the K3 surface

We show the main claim that the self-duality constructed in the previous section leads to a
constraint on the infrared dynamics.

If the theory is trivially gapped, its low-energy theory with a background gauge field
can be described by an SPT phase. Below, we will see that any partition function of ZE%,]
SPT phases Z7%[B] cannot satisfy the self-duality relation of Claim 2 on a K3 surface,

which excludes the possibility of the trivially gapped phase:

Claim 4 (Mixed gravitational anomaly matching). Let X be a K3 surface. The self-
duality equation of Claim 2 with B = 0 cannot be saturated by the SPT phases with the ZR,]
wi/3

symmetry. In particular, the Cardy-Rabinovici model at T, = e cannot be trivially gapped.

Here, we would like to emphasize that the gravitational factor, especially the signature
dependence, in (3.12) is essential to find this constraint. On the spin 4-manifolds X, the
partition function of SPT states with ZR,] symmetry can be characterized as [39, 40, 44, 45]

Z,[B] = exp (1]1: /X BA B) , (4.1)
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where B is the Zy two-form gauge field, and & ~ k + N is a discrete parameter. For
completeness, we classify SPT states with Zg\lf]
Q5P™(B2Zy) in appendix D.

Let us perform the (Zg\l,} )p gauging to this SPT partition function,

/DbZk[b]GI% fb/\b'f‘i% fb/\B — /Dbelw fb/\b-i—i% fb/\B' (42)

symmetry by computing the bordism group

In order to satisfy the relation (3.12) with an SPT state, this path integral with p = —1
over the dynamical Zy two-form gauge fields b must come back to the SPT state. This
requires that

ged(N, k +p) = 1. (4.3)

Otherwise, this path integral gives an intrinsic topological order with spontaneously broken
ZE&,] symmetry. When gcd(NV,k + p) = 1, we can choose ¢ € Z that satisfies £(k + p) =
1 mod N. We then get

/ Db 2, [blei % J orbtise [onB _ / Dh i) [(b+e8)>—idL [ BAB

_ ( / D ol Mk fw) Z Bl (4.9)

We note that B dependence of (3.12) may be satisfied if we can choose k, £ so that /(k—1) =1
and £k = —¢ mod N. For example, we may choose N = 3, k = 2, and ¢ = 1. Therefore, the
B dependence of (3.12) is not strong enough to rule out the trivially gapped vacuum for
arbitrary N. What is rather important is the overall coefficient,

/Db exp( k—l—p)/ b/\b> = NPo=h Z exp (iN(Z:p)/Xb/\b). (4.5)

beH2(X;ZN)
) i
If this is not identical to N™ 2~ g ¢~ 37X then the trivially gapped phase is ruled out. We
can use the K3 surface to achieve this.
We can indeed show that (see appendix A.2 for the derivation)

[ Db it — (ged (N, k4 ) N2, (4.6)

On the other hand,

NG Rt _ 12 iz (1.7

Therefore, the magnitudes are the same when ged(NV, k + p) = 1, but the phase factors are
different. This proves Claim 4.
4.2 Dynamics of Cardy-Rabinovici model at the ST self-dual point

We have shown that (3.12) excludes the trivially gapped phase, and it can be regarded as
an anomaly matching condition that involves non-invertible ST~! duality symmetry. Let
us discuss how the phase diagram of Cardy-Rabinovici model satisfies this constraint.
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As shown in figure 1, Cardy-Rabinovici model at 7, = ¢™/3 is the intersection point
of three first-order phase transition lines. When 7 is slightly away from 7., 7 = 7, + J7,
the ST! transformation cyclically exchanges three gapped phases; Higgs phase, monopole-
induced confinement phase, and dyon-induced confinement phase. Using these building
blocks, we examine how the self-duality relation (3.12) can be obtained.

For this purpose, we first need to compute the partition functions of these phases, and
we denote them as Ziggs[B], Zmon[B], and Zgyon[B], respectively. The Higgs phase is the
Z topological order described by the level-N BF theory, and confinement phases are SPT

states. Then, the natural guess for these partition functions would be

ZitesB] = / DaDbexp (12]: / b A (da + B)) , (4.8)
Zmon|B] = 1, (4.9)
Zayon|B] = exp @: / BA B) . (4.10)

We note that these are natural candidates to satisfy the mixed anomaly (or global inconsis-
tency [6, 46-51]) between ZE\IZ] and CP at # = 7 [5]. We show that if we set

_x(X) 2mi

ng[B] = Zmon[B] + efr?iU(X)‘,Zdyon[B] + N 2 eTU(X)ZHiggS[BL (411)

then (3.12) is indeed satisfied.
First, let us compute the partition function of the Higgs phase explicitly. Performing
the a integration, b is restricted to Zy two-form gauge fields, and we obtain®

_ |H(X;Zy)| Z o2 [ bAB

P B} = (2]

beH2(XZy)
— NPBo=P1+p2 §(B)
— NX(X)+51—50 5(3)7 (4‘12)

where §(B) is the Kronecker delta in H?(X;Zy), namely, §(B = 0) = 1 and §(B) = 0
for a nontrivial B. Here, we again assume that H*(X;Z) is torsion free. We note that
the partition function of the Higgs phase vanishes unless B = 0 € H?(X;Zy). Physically,
nonzero B requires the existence of the vortex for the gauge field a in the Higgs phase.
Since the BF theory is an effective theory regarding that the vacuum expectation value of
the Higgs field is sufficiently large, the partition function with the vortex configuration is
exponentially small as it costs large action density.

Let us then perform the (Z%),l gauging to these partition functions:

/ Db Ziggs[b] % Jx 2w [ 0B - nx(X) 2, 1), (4.13)
| Db Znnlt) o7 5 [P N 2y ) (4.14)
/ Db Zayon[t] ¢ 117 Jx ¥ H2e [ VB — 18], (4.15)

8We determine the normalization of Zpjegs[B] by the first line of this equation.
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This is consistent with the observation that the ST~! transformation cyclically permutes
these phases. Assuming (4.11), we obtain

(x) i i
205 oy 1Bl = N2 Zayon[B] + 57X Zyo [B] + N~ 72 05 7N . NXO 2, [B]

X(X) 2w

— N5 e 50X (Zmon[B] +e3°NZy L [B]+ N5 e ‘f(X)ZHiggS[B])

= N5 e 37X z7 [B]. (4.16)

Here, we used the fact that o(X) € 16Z on the spin 4-manifolds. This is nothing but the
self-duality relation (3.12), and thus the conjectured phase diagram in figure 1 is consistent
with the new anomaly matching constraint.

Since 7, = ¢™/3 has 6 = 7, we can also check if the above partition function satisfies
the mixed ‘t Hooft anomaly between ZE\I,} and CP. Since CP flips the orientation of the
spacetime, it gives

CP: et [ B e i [ B 5(X) s —o(X). (4.17)

We note that x(X) is invariant under CP. Then, we can readily find that the partition
function (4.11) satisfies

CP : 275 [B] s e 3715w [x BAB 272 1], (4.18)

By adjusting the continuous gravitational 6 term, the first factor on the right-hand side
can be eliminated, and thus we may neglect it. The second factor reproduces the mixed
anomaly between ZE\I,} and CP at 6 = 7 correctly [5], so the partition function (4.11) also

satisfies the anomaly matching of invertible symmetries.

5 Conclusion and discussion

In this paper, we have studied the properties of self-duality of the Cardy-Rabinovici model.
This model does not naively realize the self-duality because of the imbalance between the
electric and magnetic 1-form symmetries. Since the S transformation exchanges electric and

magnetic charges, the dual theory acquires the magnetic ZR,] symmetry while the original

one has the electric ZR,} symmetry.

We consider the Zg\l,}—gauging with the level-p discrete topological term, and then it
turns out that the (ZE\I,} )p-gauged Cardy-Rabinovici model at the complex gauge coupling
7 becomes dual to the original Cardy-Rabinovici model at ST?(7). We can repeat this
(ZE\I,] )p gauging n times with p = p1,...,p,, we can find the duality relation between the
theories at 7 and STP~---STP'(7). When the theory is on the fixed point under this
duality transformation, we can obtain the codimension-1 topological defect by considering
the half-space gauging procedure, which gives the topological self-duality defect. Such
self-duality defects generically form the non-group-like fusion rule, and thus they can be
regarded as generators of a non-invertible symmetry.

As the simplest but nontrivial example, we have discussed the Cardy-Rabinovici model
at T =7 = e™/3 in detail, which is the fixed point of ST —1 transformation. Since we have
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(ST~1)3 = C at the naive level, it is natural to expect that the fusion of three ST~! defects
can be written using the charge conjugation. We confirm that this is partly true, but the
fusion of three ST~! defects does not become the single charge conjugation C. Instead,
it involves the summation of the ZE%,] topological defects over nontrivial 2-cycles of the
3-manifold that supports ST~! duality defects.

What would be most interesting in our findings is the mixed gravitational anomaly.
We find that the partition functions of dual theories do not coincide completely, and,
instead, they are identical with including the specific gravitational counterterms. We
may regard this property as the mixed gravitational anomaly of the non-invertible self-
duality symmetry. Indeed, we have shown that the SPT state with Zg\lf] symmetry cannot
reproduce the signature dependence of the gravitational counterterm on a K3 surface,
and thus the trivially gapped phase is ruled out from the possible ground states. We also
show that the conjectured phase diagram of the Cardy-Rabinovici model satisfies this new
anomaly-matching condition.

It would be an interesting future study if our results can be generalized to the duality
symmetry of other 4d gauge theories. For example, the S and T transformations do not
act as the self-duality for N' = 4 su(N) super Yang-Mills theory [52], but they relate
the theories with the appropriate gauging of 1-form symmetries. Indeed, the idea of the
half-space gauging has been already used to obtain the S-duality defect for N' =4 SU(2)
super Yang-Mills theory at 7 =i in ref. [28], so it would be natural to expect that we can
obtain various ST? dualities for N' = 4 theories from our results.

Another interesting question is whether there exists an ‘t Hooft anomaly that depends
only on the non-invertible self-duality symmetry. In the case of pure Maxwell theory, when
we consider it as the all-fermion electrodynamics, such an anomaly has been found in
refs. [53, 54]. It seems to be quite nontrivial if such anomaly is still present when the matter
fields are included and the self-duality becomes a non-invertible operation.
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A Proofs of main claims

Here, we give proofs of the main claims in this paper, which are omitted to streamline
discussions.

A.1 Proof of Claim 1

In this section, let us prove Claim 1. We shall derive (3.4) with the following steps.
Step 1. Rescaling of the gauge field a — a/N.

Step 2. (77- and) S-dual transformation.
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At the same time, we derive the transformation law of the line operators [statement (11)]
in these steps: (A.11) and (A.30). In Step 2, we follow the discussion given in ref. [41]
especially when we apply the S transformation (see also ref. [42]).

In the following discussion, we fix a UV regularization scheme, and we denote the
dimension of the space of k-forms on X as Bj. For 2-forms, we decompose By = By +
B5 , where Bgi describe the dimension of (anti-)self-dual 2-forms. These quantities enjoy
the relation

X) + o(X)

Bzi=52i+(31—30—51+50)231—30+X( 5 : (A1)

where () are Betti numbers, x(X) is the Euler number and o(X) is the signature.

Step 1. Rescaling of the gauge field a — a/N. Let us begin with the description
of the path integral. The path integral over the U(1) gauge field consists of

1) the sum over the U(1) gauge bundles classified by the Chern class H?(X;Z),
2) the integration over constant holonomies, and
3) the integration over local fluctuations for each bundle.

Accordingly, we decompose the field strength of the U(1) gauge field a as
da = d(da) + m, (A.2)

where da is a globally-defined 1-form and m € H?(X;Z) characterizes the topological sector.
The holonomy integration gives the restriction that the Wilson loop configurations with
nontrivial net winding does not contribute to the partition function, and thus we may
assume that the closed loops C' in the summation ¢ 1o0ps WHN(C) always have a surface X
with 0% = C. We can neglect the integration over constant holonomies after this restriction
as it only gives an overall constant independent of the parameters such as 7 and N. Then,
the space of da has the dimension (B; — 31) — (By — Bo), where By — Sy denotes the dimension
of the local gauge transformations and f; denotes the dimension of the space of constant
holonomies. We then write the U(1)-gauge path integral as

/Da(---): Z /Q%g()ga)(...)

meH?2(X;Z)

A.
da:d(éa)—i—m’ ( 3)

where Qi (X) denotes a complement linear space to Ker(d : {1-forms} — {2-forms}).

Next, we proceed to a computation of Z7 [B] defined in (3.7). From the above

CR/(ZR),
observation, this reads,

|H(X;Z)| PN [ pap i (AR
g m Z Z e 4rm f 27 f
’ beH?(X:Zy) mEH?(XZ)

Zery i, )

x | D(oa) e Shwlder?) > Waurs(C)Haays(C')
Q5 (X) C,C’:loops

da=d(da)+m
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We note that b and m always appear in the combination of b + m. In the integrand of
| D(da), this is almost trivial since b appears in the form of da + b. For the rest, we have
to notice that

o Joro 5L [orB _ (B [(mab)A(mAb)+5L [(mab)AB. (A.5)

Since we are assuming that H*(X;Z) is torsion free, the sum over b and m can be com-

bined into
’HO(X§ZN)\ Bo—23
Y. Z Z (---)= NPT Z (--+) , (A.6)
[HH (X2 )] beH?2(X;Zy) mEH?(X;Z) meH?(X;Z) ‘(mJ“bH%m
and we obtain
zT [B] — Nﬂo—ﬁl Z e47rN fm/\m—f— fm/\B
CR/(ZN)p mEH2(X;7)
—ST d(da)++m
x | D(da) e od@ayml Wilsays 2 (O Ha(ga m(C)- (AT)
Q- (X) C,C":loops

Performing the rescaling of the local fluctuation as da — da/N, the path-integral measure
[ D(6a) gives the overall factor 1/NB1=Bo=b1+50 and we have

1
NBl _BD

Z 647TN fm/\m+2 fm/\B

meH?2(X;Z)

Zery@), [B] =

fST/NQ d(da)+m
X QLD(éa) SECEAREY Wid(sa)+m) (C)H 350y £m) (C")
1 (X) C,C":loops

1 _STH/N G4 & [ danB _
= gy [ Dae ST RS o oW e)
C,C':loops

1 _ o(r+p)/N? i
= 7]\[51—30 /Da e SU(l) [da]+27r fda/\B Z Wda Hda C/) (AS)
C,C':loops

Here, we have used (A.3) and Hy/n(C") = H}V(C”).g We have also used the fact that the

local part d(da) does not contribute to e J dandatgy [danB

, and its first term in the
exponent can be combined with the continuous # angle as 7 + p. Along with this change,

we note that HY (C") should be replaced by H (C"YW~P(C’) due to the Witten effect:
Ny = HY(CHYWP(C) (A.9)

Indeed, since the ‘t Hooft operator inserts a magnetic defect [da — da + 276(X) with
0¥ = (], the integral [da A da is not simply [m A m in the presence of the ‘t Hooft

%Since H;/n(C") represents a defect imposing
/ f/N = 2r Link (C, M®?) & f=2nN Link (C,M®)),
M) M2

it is equivalent to Hy' (C").
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operator. More explicitly, we get!”
etiw Jdande g, oy = oxiw S AR Joo g (o). (A.10)

Therefore, the ‘t Hooft loop HY(C') acquires the electric line W~P(C') in the second
equality of (A.8). This completes the first step.
For the later use, we summarize how the line operators are transformed in this step:
N
Hyansn () (Haal OOy ()
Wi (da+b) (C) Waa(C)

Incidentally, this relation is consistent with the fact that the genuine lines of the level-p
1 N
ZE\,]—gauged model are Wiy (gq44)(C) and HN(da+b)(C’)Wp/(da+b)(C’).

(A.11)

Step 2. (TP- and) S-dual transformation. When we obtain (A.8), we include the
djs](v:rete 0 parameter p into the continuous 6 parameter. This means the discrete f-term
e= [P can be identified with the T? transformation: 6 — 6 + 27p, or 7 — T+ p. We
then implement the S-dual transformation following ref. [41]. We first describe the S-dual

transformation by the BF' coupling up to a constant, and then determine its overall constant

by the computation in the free Maxwell theory.
We consider the following path integral that includes another U(1) gauge field a and
R-valued 2-form field h:
/ DaDhDa e J danh+zs [(da+h)AB =S vy " fdart ) Z da+h Hé\;-i‘h(c ).
C,C":1oops
(A.12)

Here, we require that the 2-form field A includes the magnetic defects caused by the ‘t Hooft
loop HN (C’) so that a is the U(1) gauge field without defects.

We Can see that this quantity is proportional to (A.8) by performing the path integral
of a first. The integration over the additional gauge field a imposes dh = 0 and also the
quantization condition [}, % € Z, which guarantees that W, ~(C) is a genuine line.

da+h
Therefore, it is reduced to
~ ~ 2 ~
~ T A [danht o [(dath)aB ST/ [dath N /
/DaDhDa or J danht g [(dath)AB =Sy, [ ] Z (e da+h(c)
C,C':loops
i (T+4p)/N?
Y / Da o7 MBSy 1SN g oymd (), (A.13)

C,C’:1loops

10Strictly speaking, there is an extra factor because C' can have some disconnected loops (Recall that “the
sum over all possible loops” arises from the sum over worldline configurations {n,}):

e‘l%\’ fdaAdaHda(C) = e“i'ipN fmAerin fC ot R Int(E’E>Hda(C)7

where Int(X, X) f 10> ) denotes the intersection number of X, which can be non-zero when C
contains multiple loops. If C contains multiple loops, say C = C7 + C2 with 937 = C7 and 032 = Cq,
then the intersection number can be a nonvanishing even integer Int(3, 3) = 2Int(X1, X2). Note that, for
H™(C"), the extra factor becomes ™™= — 1 and the conclusion (A.9) is still valid. Note also that the

transformation law (A.11) is understood for a line operator on a single loop.
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and this is identical to the path integral that appears in (A.8) up to the overall constant.
Note that the constant N appearing here has nothing to do with the matter part.!!

On the other hand, we can use the 1-form gauge redundancy to gauge away da
from (A.12):

da+h da+h
C,C’:1oops

e~ ~ . 2 ~
/IDaD?LDCL eﬁ fda/\h-l—ﬁ f(da-‘rh)/\Be_Sé(-Bp)/N [da"rh} Z N (C/)
_ ( / Da) / DaDh o2 @B ST S WO HY (). (A.14)

C,C’:loops

In the derivation, we used'? er Jdanda _ 4 We note that da and B always appears in the
combination of da + B in this expression. Next, we would like to perform the path integral
of h explicitly, and we need to rewrite the loop operators for this purpose.

We show that the Wilson and ‘t Hooft loops for A, W5(C) and H;(C',¥'), can be
represented as the ‘t Hooft and Wilson loops of a, respectively:

WE(C) = Hg p(C), (A.15)
H (O 8) = W (0, 5) = e forowec (445, (A.16)

In order to see (A.15), we express the left-hand side as W+ (C) =exp(i [, h)=exp(i [ 6(Z)AR)
with 9 = C, and thus

o J (B YRRy () = o3 [ (da+B42mi(2) )k, (A.17)

We may absorb 276(X) into the U(1) gauge field a so that da’ = da + 27d(X), but then the
U(1) gauge field a’ acquires the monopole singularity,

/M (da’ + B) = 27 Link(C, Ma). (A.18)

This proves (A.15). To see (A.16), we consider the equation of motion of @ under the
presence of Wy, 5(C",¥'), then
dh = —276(C"). (A.19)

This means that & can be understood as the U(1) gauge field with the monopole singularity
on C’ of magnetic charge (—1), and we find (A.16). Using this correspondence, we can
rewrite the loop operators in (A.14) as

-N
Z WE(C)H%V(C/) - Z Hygy g(C)W +B(C/)
C,C":1loops C,C":1loops

= Z Hda+B d +B(Cl) (A'QO)
C,C":1loops

.~ L [danrn
HRoughly, N1 can be expressed as fDaDh e f My = Nlm Z;€H2<X@(- )
12The U(1) gauge field a has no magnetic defects in this setup, where the 2-form field h is in charge of the
magnetic defects from chiv _@(C"). This guarantees f da Ada € 47%7Z.
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where we have used o, WN(C") = Yo WN(C'™) = S WN(C') in the last line. Then,
the path integral of h becomes a Gaussian integral.
We can now integrate out h:

/ Dh o2 J(da+B)AR S(T;”/N [h]

= ([ om0 ([ oheemie 700

+ _
B 82

i(r+p)\ 2 [(i(F+p)\ 2 )
—\TTp nT+P) o Son” da+ Bl
(P () e

where h is decomposed into the self-dual part hT and the anti-self-dual part b~ with the
rescaling. Combining (A.14), (A.20), and (A.21), we obtain

~ ~ 2 ~

iy e [ danht s [(datm)AB —ST Y [dath] N )

/DaDhDa e3x | danhita: [(da e UM Z da-‘rh H +E(C)
C,C":1loops
2
T+p\ 2 (T+p _g=(rp)” [d;;+B]
:N2( N ) < ) /Dae o Z da+B JH G, 5(C),
C,C’:1loops
(A.22)

where N5 is a constant that is independent of N, the coupling 7, and the matter sector.
Using (A.13) and (A.22), we find the S-dual relation,

i S(T+P)/N d
/Da e37 JdanBg=Syq)" " [dd] > WaalC)HE(C')
C,C":1loops

() (e
M \UN

Lastly, we must determine the constant N3/AN7j. Since both N7 and N> are independent of
the matter sector, we can compute its ratio using the free Maxwell theory,

(T+P)_1 [dg+B]
) / Da e U(l) Z da+B da—i—B(C)
C,C":1loops

(A.23)

BT
_g(rp)/N? 3 (TP 1da]
/Da e Su - 1al _ ﬁffj (T;p) ’ <T +p> /D A RN
This can be done by an explicit computation [41]. Indeed,
/Da e Sg—(WIL)P)/N [da] _ Z o 292N2 fm/\*m—&-l(z-ksgp) fm/\m D(éa)e—ﬁfd(éa)/\*d(éa)
meH2(X;Z) Q1 (X)
- (e%i#)s% o )m (&m%)sﬁ (z5)m
meH?2(X;Z)
i _B1-Bg—B1+80
T 2 1
X <Im Np> / D(a)er [ A0, (A.25)
Q7 (X)
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The Jacobi identity for the theta function guarantees that the sum over topological sectors,
m € H?(X;Z), gives a modular form of weight (85 /2, 85 /2) in terms of T2. Therefore,
the partition function (A.25) is a modular form of weight

B +Bi—Bo—Bi+Bo By +Bi—Bo—Bi+B\  (By By
, ===, (A.26)
2 2 27 2
and we find No/N7 = 1.
Using (A.8) and (A.23) with N3/AN; = 1, we obtain
(T+p)/N i
- [da]+5- | daAB U
Zem i, 1B = Amlsm/pae o ) > Waa(C)Hg,(C")
C,C’:loops
B +8;
N~z Bith ~ S datB)
— o7 o Da e v Z da+B VHiz, 5(C)
0T T .o
Nx(X)/2 ()1
= - — T (A.27)

CR
(r+p)% /2 (74 p)% 2

This is almost identical with (3.4), but the coefficient is UV divergent. To fix this, we
introduce the following UV counterterm to the Maxwell action,

T T B — B
STldal = STy [da] — (B —Bo) In(Im(7)), (A.28)
and then the above duality relation becomes
T (Im(T))(BrBO)ﬂ NX(X)/2 (r4p)-1
Zeryai, B = T\ Bo) 2 5z oo (B
Ve (Im(= (7 +p)7Y) (r+p)% 2 (74 p)/
Nx(X)/2 (r+p)-1
- X(X)+o(X) o) 2CR 7B, (A.29)

(t+p) ©  (T+p) 1

Here, we have used (A.1) to obtain the last expression, and this gives (3.4) of Claim 1. We
note that the UV counterterms are identical on both sides at the self-dual point, 7 = 7, and
p = —1, and thus we can obtain Claim 2 whether or not including the above UV counterterm.

In this step, the line operators are transformed as, from (A.15) and (A.16),

Hy,(C' H-(C' w= (C'
4a(C") — () — a5 (A.30)
Waa(C) WE(C) Hda+B(C)
By combining (A.11) and (A.30), we finally obtain the statement (11) of Claim 1. This
completes the proof.
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A.2 Supplements for the proof of Claim 4

In this appendix, let us show (4.6) including the dependence on the background gauge
field B:

|HO(K 3, Zn)| T Nk [ bAbHA [ bAB

17895 AN )| e 4rm
1 .
|HY(K3;ZnN)| beH2(K3;ZN)

_ 11 .ng(Nv ]{;)E N i
= ) 0 e (ISR | (o))

) (gcd(]j\f, k)B € 2rH?(K3; Z)) , (A.31)
where ¢k = ged(N, k) mod N. We note that such £ can be uniquely determined in modulo
m, so the right-hand side is well-defined. As discussed in section 4.1, it is sufficient
to show this equality for B = 0 to prove Claim 4. However, the B dependence becomes
important for studying other self-dual parameters.

Let us first show that the path integral in (A.31) vanishes unless

exp (igcd(NW /M2 B) _1 (A.32)

for any My C X. For simplicity of notation, let us set d = ged(N, k). In order to see this,
we consider the following trick of the path integral:

/ Dbe i Jx A+ [ 0B / DUDY &I [x (H V)5 [ (V)0 (A.33)

This is the trivial identity since we can eliminate b on the right-hand-side by the redefinition
of b. We then note that

o [(b4 Ny)? _ Ak S4B [y NEINE 2
—ein P (A.34)
As a result, we find
/Dbe‘“ Jicorots [ onB oc/DbDb’eF L4 [ (b GV)NB, (A.35)

Then, the 0 path integral gives the delta functional constraint on %B .
Due to this constraint, we can set B = dB with another Zy two-form gauge field B.
We then find that

iNk iN iNk iNd R
/Dbe k[ oAb [bAB /Dbe k[ oAb+ [ bAB

= [ Dbl i g0

/Dbe

i
4

i [ B (A.36)
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We then obtain the B dependence of (A.31). Therefore, we may set B = 0 in the following
to determine the overall coefficient.

As a preparation, we note the following properties (see section 3 of ref. [55]) of a K3
surface. The cohomology group H*(K3;Z) is torsion free, and it has Sy = 84 = 1, 51 =
B3 =0, Bo =22 = By + By with 85 =3, 3 =19. Thus, x(K3) = 24 and o(K3) = —16.
By writing 711, 71 € H?(X;7Z) ~ 7Z?? as integer-valued vectors, the intersection form can be
expressed as

(f1,M2) =11 - QK3 - Mo,

Qrs=UaUaU® (—Es) & (—Ejg), (A.37)
where U is the hyperbolic matrix and FEg is the Fg matrix:

21000000
12100000
01210000
l]:<0v’ By — 00121000/ (A.38)
00012101

00001210
00000120
00001002

We later use Eg @ (—1) ~ (—1) @ 8(+1), where 8(+1) denotes the 8 x 8 identity matrix.!'?
Let us now compute the left-hand side of (A.31),

3 2
N Z eifl\;-k fb/\b =N Z e%nlng Z e—%(%ﬁ-Es-ﬁ) . (Agg)
beH2(K3Zy) (n1,n2)€Z2, Aezs,
The hyperbolic factor can be easily computed,
ST efW M = ged(N, KN, (A.40)

n1,N2€ELN

and then proving (A.31) can be reduced to the problem to show that the Eg factor becomes

S o WG — ged(N, k)N, (A.41)

13This stems from the following construction of Eg matrix. Let us start with a 9-dimensional space with a
form Q = (—1)®8(+1). We write its basis as {eo, e1,--- ,es}. A vector kK = 3eg+e1+- - - +es has a negative
intersection kT Qk = —1. Tts Q-orthogonal complement space has a basis {el, -+ ,es}: e = e; —e;41 for
i=1,---,7and e§ = eg+eg + e7 + es. In terms of this basis, the intersection form reduces to the Eg matrix:
Es® (—1) ~ (—1) ® 8(+1). Notice that the change-of-basis matrix from {eo,e1, - ,es} to {x,e1, - ,es} is
in SL(9,Z) and is invertible with Z coefficients.
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It is sufficient to show (A.41) for the case gcd(N, k) = 1. Indeed, if ged(N, k) =d > 1,
we can decompose 77 = i’ + dm with 77’ € Z?V/d and m € Zg so that

Y W 5 )

ez, MELY W ELY,

_2mi(k/d) (1= g =
—ged (N,B)® S o (v (37T, (A.42)

=/ ~78
n’EZN/d

If (A.41) is true for gcd(NV, k) = 1, then the sum over 7’ gives (N/d)* = (N/ ged(N, k))*4,
and thus (A.41) for the general case is obtained. In the following, we assume ged(N, k) = 1.

Let us factorize N = 2" N’ with odd N’, and then Chinese remainder theorem gives
7N ~ Zor X Zpn+. Accordingly, we can decompose i € 78 N as

i =Nl +2"m, (A.43)
where £ € 78 and m € ZJ;,. We therefore have,

27r1(2rk) 1

S e GEE) - [ Y TR | |y TG Een) | (A ag)

RneZy; geng meZS

By assumptions, gcd(N'k,2") = 1 and ged(2"k, N') = 1, and thus each factor on the right
hand side has the form of (A.41) with gcd(N, k)=1. Therefore, it is sufficient to show (A.41)
for the cases N = 2" and N = N’ with odd N’ assuming ged(N, k) = 1.

o We shall verify, for ged(2", k) = 1,

S e F A E) — (9n), (A.45)

Rezs,

For r = 0, this is evident, and we can check this for » = 1 by an explicit calculation.
Let us focus on the cases of r > 2. In this case, we can decompose 77 into

i=2""1a + " (ﬁ’ €78 "7, 1) . (A.46)
Substituting this decomposition, we have

S H ) - N oG E) N o BB (A 47)

=78 = 8 = ~78
€Ly n”GZQT_l ' €L

and the summation over 7’ € Z§ gives the restriction that 7" has to be even. Therefore,
we may set 71" = 2 with ¢ € Z5,_,, and we get

Y e HEGAE) _ 98§ o (3080 (A.48)
nezs, fezs,

By repeating this procedure, we obtain (A.45) by induction.
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o For the latter factor, we shall derive the result for odd N’ and ged(N', k) = 1. We
note that % plays the role of 27! for the multiplication in Zy/, and thus we may

change 7 = 27’ in the summation,

Y e WGTE) o Y o R B ) (A.49)

nEZS eZ8

The relation Fg & (—1) ~ (—1) & 8(+1) implies

_2mi(2k) (= o = 2mi(2k) 2
e N (7-Eg-1t) ( P )
A nEZ s

N
8
2mi(2k) 2mi(2k)
Z e N Z e | (A.50)
nEZN/ nEZN/

The sums on the right hand side are known as the quadratic Gauss sum. For odd N’
and ged(2k, N') =1,

27i(2k) o V N’ (N/ =1 mod 4)
dooetam M = (A.51)
nELyy ivVN’  (N'=3 mod 4).

This also ensures that the sum related to the extra factor (—1) does not vanish, and
thus we get

8
wi(2k) — mi(2k)
S o B | ( S e ”2) — (V)L (A.52)

nEZB

This completes the proof of (A.31), and then we obtain Claim 4.

B Detailed discussion on the fusion rule given in Claim 3

B.1 Derivation of (3.21)

Beforehand, it is useful to note that the Zg\l,] background B dependence can be found in (3.6)
for the ungauged side and in (3.7) for the gauged side.
First, let us derive

2 (M) xn(2) =2 (M) (B.1)

with ¥ is a two-cycle embedded in M®). In this product, the symmetry defect n(X) is

in the gauged side, so it can be expressed by n(X) = e fzb, see (3.7). Therefore, from
the Dirichlet boundary condition b|,;3 = 0, n(X) can be completely absorbed by the
defect 2(M®).
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Next, we consider the product with n(X) in the ungauged side:
n(2) x 2 (M) (B.2)
Since these defects are topological, we can slightly deform the configuration so that X
is inside I x M®) ¢ X*. We can regard ¥ € Ho(I x M®);Zy) ~ Hy(M®);Zy), which

corresponds to dy; ~ H>(I x M®) 9(I x M®)); Zy). Here, note that the Poincaré-Lefschetz
duality and shrinking the interval imply

ot (M<3> x1,0 (M<3> x I) ;ZN> ~Hy ), (M<3) I ZN) ~ Hy ), (M(3> ; ZN) ~ [kl (M(3> : ZN) :
(B.3)

Since ¥ is also a two-cycle in X, () can be absorbed by the replacement b — b — Jy..
Then, the discrete 6-term becomes,

o fon _y I [orbt B [onds— I [ Snnds (B.4)

The mixing term [ b A dx, expresses the intersection number between ¥ and dual of b. Since
we can separate them by a continuous deformation, we have [b A dy = 0. This can also be
obtained by [b A s, o« [y b and the Dirichlet boundary condition b|,,@) = 0.

Therefore, we have

() x 2 (M®) = e~ [ 0ug (M), (B.5)
The extra factor can be expressed as
e~ [ 0nom — (L1)R®) (B.6)
We derive this equation below at (B.22). This completes the proof of (3.21).

B.2 Derivation of (3.22)

Here, we consider 2(M®) x 2(M®) and 2(M®) x 2(M®)). We first note that the
self-duality (Claim 2) yields,

—x(X)

. _mig, " iN iN
Zn[Bl]=N"2 e % (X)/DbZCR[b]exp<—27T/Xb/\B+M/){B/\B), (B.7)

HO(X:ZN)|?|H?(X;Z _
[H( \H{V())l(;lzN)(P NI (X))

To evaluate the product 2(M (3)) X P(M (3)), we regularize this product by slightly
separating the hypersurface M®): 2 (Mf’s)) X .@(Mf?), see figure 2. Correspondingly, we
divide X into three parts: (A) X satisfying 0XT, = ME? (B) the overlapping interval
M®) x T (C) X, satisfying 90X, = —Mﬁ).

For each region, we have:

where we have used

(A) : Za[by]esx (S 0rnB—3 [b]),
(B) : ZB[bl]e%(be\bg—%fb%—l—fbg/\B—%fb%),

(C) : ZolboJet= S 2Bz [ 83), (B.8)
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DMY)

dMD)

u® u®

—€

Figure 2. Fusion rule of the duality defect 2(M () and its orientation reverse 2(M®). We
infinitesimally displace those hypersurfaces as 2 (M_(fg)) and 2(M S?’E) ).

where by (resp. bg) is the ZEV] gauge field introduced by Z2(M J(FE)) (resp. 2(M (5))), and

Za, Zp and Z¢ are the partition functions of the respective parts. Here, the background
field B vanishes around M®)| since it should be evaluated in more complicated fusion rules
if B does not vanish.

From (B.7), the expressions become

(A): Zaple ([0 (570),
(B) : Zg[b ]e% ([ bain(ba—b)+ [ banB— fb§)7

(C) : Zcfbless ([ 21 (EB=0), (B.9)

with the Zg\l,] gauge field b on X. By integrating out by, b is fix to B on the (A) region and by
on the (B) region. Since b is fix to B on the (A) region, we canregard b € H*(X[,,0X;Zy)
In addition, it is imposed that b = by on the (B) region. We can fix be on (B) by representing
by =b+ b with ¥/ € H*(X[,,0X.;Zy). Therefore, we have

(A) : Z4[B],
(B) : ZB[b]e%(fbAB—%fb2)7

(C) : ZelbJess (JO+IAE=D), (B.10)

We further integrate out o', which imposes b = B on the (C) region. Since b is fix to B on
both (A) and (C) regions, we can express b € H2(M®) x I,0(M®) x I); Zy). To sum up,
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we obtain, noting the locality of the counterterms x and o,

@(M(?’)) X9<M(3)>: (N X(X )eﬂ'l (X+)) <N_X(X ) Trlo,(X )) (N_X(2X>e_‘r§’io.(X))
|H°(X; Zy)| IR
(/ Dbl/ _Db2> Xz o e
EEHQ(M(J);ZN)

_ <fX+ Dby [x- Db?) Z n(S)e” i [osnes (B.11)

f Db SEHy(MB)ZN)

where [y, Db = HEEAEBVIITCOXTEN] and gy € HA(M®) x 1,o(M®) x 1);Zy)

is the Poincaré-Lefschetz dual of ¥ € Hy(M®) x I; Zy) ~ Hy(M®); Zy).

S+ Db [, Dbo
Db

this prefactor turns out to be exactly the same with the one for the fusion rule of S-duality

The remaining work is to determine the prefactor . We note that

defect discussed in refs. [27, 28], which suggests

(fX+ Dby [y Dbg) O HYM® x 1,oM®) x I);Zy)| 1

— = . B.12
[ Db |[HY(M®) x I,o(M®) x I);Zy)| N (B.12)

As a consistency check, we can confirm the bulk independence of this factor, so it depends
only on the topology of M®). When M) has no nontrivial cycle, i.e., H; (M®);Zy) = {0}
and Ho(M®);Zy) = {0}, we have (W) = + and it is consistent with the
above result. In general, there may be an additional local counterterm depending on the
topology of M. Even for such cases, we can redefine Z(M (3)) so that this local counterterm
of M is absorbed. Therefore, we conclude

.@(M(?’))XQ(M(?’)):% S (e B S oo (B.13)

SeH(M®)ZN)

At (B.22), we will show ¢~ ir i J 0mAn (=1)9®) and it gives the second fusion rule (3.22).
Similarly, we can derive the fusion rule for Z(M ) x 2(M®)). In this case, the interval
(B) is not gauged, so we have

(A) : Za[p]ess ([ rA(B=D)
(B) : Zpblez (fb/\B——fBQ
(C) : Zo[ples (J 2AB-D) (B.14)

where b; is the gauge field on (A), by is the gauge field on (C), and b is the gauge field
on X. Since we can assume that B vanishes around the interval to evaluate the fusion
2(M®)) x 2(M®), a parallel computation leads to

7 (M) x 2 (M) = % Yo n(®). (B.15)

SeH(M®)Zy)
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Xt

X7

X3

M §3) M ;3) M1(3)

\_Y_J

M® x|

Figure 3. Fusion rule of three duality defects 2(M®)), and those hypersurfaces are infinitesimally
displaced as @(Ml(?’)), @(MQ(?’)), and @(Més)).

B.3 Derivation of (3.23)

As above, we split M®) and compute
7 (M) x 72 (M) x 7 (M) (B.16)

where Ml(?’), MQ(S), and M§3) are slightly shifted M), see figure 3. Similarly we define the
regions X;, X, and X so that 0X; = M| ax; = MY, ox5 = M.
Let us evaluate the product @(MI(S)) X @(M2(3)) X @(Még)). Since we know the action
on line operators, we first consider the expectation value (.@(Ml(s)) X 9(M2(3)) X .@(Még)».
The product reads

(2 (M) x 2 (M) x 7 (M)
1

Zer
1

Zig

=Ny

T I [(—b3—b3—b2+2b1 Aby+2baAb3)
/erbl/XJDbQ/)qu?,zm[bl]M J(=vi-03-23

:NO

/ +Dbl/ +Dbz/ Dby 23 [] e’ J (FHH2hnbe) o= [t (g 17)
Xl XQ X3

where Nj represents the counterterm

x(x) _x(xj) _x(xg') o (XF )4 o (X )+ To(x])

No:=N""7z2 2 2 es3 3 3
3x(xT
— N~ X(z )eﬂ'ia(X+) (B.18)

Since X includes Xgr , we can shift by by bs:
3 3 3
(@ (M) x 7 (1) x 2 (),
1
Zer

=N / Dbl/ Dbs ZER[bl]e% J (02 +2b1Ab2) — T (b2)2/ Db o [ b1nbs
Xt X5 X5

(B.19)
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iN
The last factor [ Dbz eir Jbines gives another boundary condition by, ) = 0. From this
3

condition, we can regard by € H2(M(3) x I, 8(M(3) x I);Zy), where M®) x I stands for
the tubular region X3 N X f . Therefore,

(7 (M) x 7 (M) x 2 (M)

1 HO (X},0X5Zy) |
- N[) p= / Dbg
Zir \Ix{ (X3, 09X 2 ) |

T N[ (—b342011b2)  — X [ ()2
x 3 _ Dby B [by] eitx [ (FHHr2nnbe) o= J02° (3 90)
b eH2 (MBI XT,O(MB)XT);Zy) " 2

iN
Note that the cross term between b; and bo, namely ez J binbz i written by the
intersection between the Poincare dual of b; and that of by. However, the dual surface of by
can be continuously deformed in X, from which we can “separate” by from by lying in the

tubular region M®) x I. Thus, we have oo Joanba _ g and
(@ (M) x 2 (M) x 7 (M)

= Nys (M®) ZL 3 20 ] = S0 (B.21)

=
CR b1eH2 (MG x1a(M® x1);Zy)
with

w(xt) |HO (X+,0X*;Zy) P|H? (XT,0XT;Zy) |
) B3 .— nv— 7r10(X+) > y LN s y 4N
Ng:& (M ) N 2 [§] |H1(X+,3X+;ZN)|3

X ( 3 et fb”’) . (3.25)
beH?(

X+0X+{Ly)

The right-hand side of (B.21) is, up to the normalization, the same as that discussed
in [27, 28]. As a result, the Zg\lf} gauge field on M®) x T, by, can be labeled by a ZE(\],} gauge

field on M®), a;, and the discrete 6 term becomes,

e_%fbl/\bl _ e—% fal/\d]\/[a17 (B22>

where dj; denotes the derivative on M) [28]. For the sake of completeness, we briefly
review its derivation.

The Poincaré-Lefschetz duality and shrinking the tiny interval lead to the isomorphism
relating Zg\l,] gauge field by and ZE?,] gauge field a1 (see also (B.3)):

H? (M<3> x 1,0 (M<3> x I) ;ZN) ~ H, (M<3> % I; ZN) ~ M, (M<3>;ZN) ~ [ (M(3>;ZN) .
(B.23)

Since this map is essentially shrinking the interval, it will be locally represented by integration
over the interval [; reducing a 2-form to a 1-form.
Beforehand, we add some remarks on (B.22).
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e We have described an element of cohomology by a differential form. Usually, we does
not have to care about the lift from Zy. Nevertheless, without care of the lift, the
“Bockstein operation” dysa; in (B.22) would vanish. We need to pay attention to the
lift in order to derive (B.22) precisely.

« The Bockstein operation das : HY(M®);Zy) — H>(M®);Z) is trivial unless the
cohomology H?(M ®), Z) has a torsion part. Since we assume that the manifold has
no torsion in the main text, we may restrict ourselves to cases that the separating
hypersurface M (3) also has no torsion. In this case, the same result 67% Jorner _ 1

can be derived by a simple calculation without a care of the lift.

o The factor (B.22) is trivial for odd N. Indeed, for odd N, there exists 27! € Zy,
; ; o 1 N2 a(1)
which leads to e ir J B1AbL — o= 52271 [binbi _ 127157 Jatont— 1. This can

also be seen from a computation of Qgpin(BZN): SPT phases for odd N are classified
by Zy, which implies that the Zx Chern-Simons phase at level N (B.22) is trivial.
For even N, it can provide a nontrivial phase +1. In particular, for N = 2, where the
Bockstein operation becomes the Steenrod square, this factor can be interpreted as

the mod-2 triple intersection number €' Jay rtartian [28].

Let us derive (B.22). We express by € H2(M®) x I, d(M®) x I); Zy) by a 2-form (with
a lift to Z) as,

bl‘B(M<3>><I) =0 (mod 2’/’(’),
dby =0 (mod 2m), (B.24)

where the right-hand side (mod 27) means 27x (an integer coefficient cochain). Remember
that the lift of by € H?(M®) x I,0(M®) x I); Zy) is normalized as [5, by € 2X7Z for a closed
two-surface X in our convention.

We decompose the two-form by as,

by = w®@(t) +dt A D (1), (B.25)

where ¢ is the coordinate of I, and w® (t) and SV (t) are a two-form and one-form on M(®),

respectively. As a representation of the isomorphism, the ZES] gauge field a; on M®) is

given by,
a = j dt gV (t). (B.26)
Then, the Pontryagin square is
% / by A by = % /M(B) _l dt w®(6) A BO (1), (B.27)
Here, we can express w(® as,
w? () = " ar A BV + o dby + w® (—e) (B.28)
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Since - L 7b, is a Z coefficient 3- cocycle, T f[_ ] dby is also a Z coefficient 2-cocycle. Note
also that the last term w(®) (—¢) is a Z coefficient 3-cochain on M®).
Using this expression, we have

N
— dt w® (¢ / / a [ ard Mt
27T/M(3> IO NI =50 | a0 [ A duBD ) A (D)

oL (L) ()

M@ x1 \J[—et] 27 2m
A=\, (N
w € ai
+ 27 o ( 5 > A ( 5 > ) (B.29)
The second term is the integral of the cup product of the Z coefficient 2-cocycle f[ ] 27r

t Nb1

and the Z-coefficient cohomology element -, which should be an integer. Due to the

same reason, the integral of the last term should be an integer.

Thus, we can omit the second and third terms to evaluate the discrete f-term e~ o/ binbr
From (B.26), we obtain
N N
E/bl ANby = E /al ANdyray (mod 271'), (B30)

which indeed gives (B.22).
On the other hand, the external Z%] gauge field by € H2(M®) x I,0(M®) x I); Zy) can
be expressed by the insertion of Zg\l,}

dual ¥ € Ho(M GOIxI;7Z ~). Therefore, the sum and insertion of by field can be represented by

symmetry operator n(X) with the Poincaré-Lefschetz

1

Zer[bi] = > (n(%)) - (B.31)

ZT
CR by eH2(M®) xI,0(M®) xI)Zy) SEHy(M®)Zy)

To sum up, we obtain

(2 (M) x 2 (0”) x 2 (b))

N (M) | o= Y 0 e | (B.32)

CR seH,(M®);Zy)
where (—1)2®) is the phase factor %1,
( )Q(E) o eiﬁ fal /\dMal(E)’ (B33)

and a1(X) is the Poincaré dual of ¥ € Hy(M®): Zy).
Now, we have derived the fusion rule in the absence of the operators,

@(M(g )? = Nys ( ) Z (—l)Q(E)n(E) (without operators).
SEeHy(M®);Zy)
(B.34)
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As explained in the main text, the effect of (M (3))3 on line operators is the charge
conjugation C(M®)). Therefore, we finally obtain

7 (M) = Ny (M®) € (M®) S (—) (), (B.35)

EGHQ(M(B);ZN)

which is the desired result (3.23). As we have noted, (—1)?*) becomes trivial if H?(M®); 7)
has no torsion or if N is odd.
As a side note, let us check the bulk independence of the normalization constant

Nys(M®)) for a torsion free bulk. Although this should hold from the definition of the
defect 2(M®), it is not apparent in the expression (3.25). We shall show

Noa (M XF) = Nga (MP;y+) it ox+ = oy * = M©), (B.36)

where Nys(M®); X+) denotes the normalization constant (3.25) to manifest X+ dependence.
Since X and YT should be connected by cutting and gluing closed manifolds, let us see

Nogs (MP; XH) = Nga (ME;y+) i v+ = X gm, (B.37)

for any closed (spin) manifold M®. Here § denotes the connected sum (preserving
the boundary). Then, we have H2(Y*+, M®);Zy) ~ H2(MW;Zy) @ H2(X T, M®); Zy),
and correspondingly

/b/\b:/bl/\bl—i—/bg/\bg, (B.38)

with H2(M®;Zy)-part by and H2(XT, M®):Zy)-part by. Therefore, under the as-
sumption that H* (M(4);Z) has no torsion, the ratio between Noys(M®):; X+t4M®) and
Nogs (M®); XT) i

Nys (M(3);X+tiM ) JN s ( X+)

Con() | (MW: 2 ) PlH? (M@ 2Zy) |
2 HY (MO Zy)

Z e —i oAb

beH?(MW);Zy)

=1, (B.39)

where we have used ™M) = 1 gi(X MW 9X T Zy)=H (MW Zy) & H(XT,0X 1 Zy)
for i #£ 0,4, and

|H0(M(4);ZN)| bAb M@
|HY(M®; Zy)] el e, (540)

beH2(M®);Zy)

from the locality and the calculation in (A.2). Therefore, although the normalization
Nys(M®) is expressed using X T in (3.25), this indicates the bulk independence of
Nys(M®), as expected from the definition of the defect.
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C Other self-dual parameters

In the main text, especially in section 4, we study the fixed point, 7, = 1+£/§1’ of the ST~!

transformation, and constrain the possible ground states using the mixed gravitational

anomaly. In this appendix, we study other self-dual parameters.

C.1 Fixed point of S transformation: 7 =i

Here, we discuss the fixed point 7 =i of the S transformation (2.29). Using (3.4) of Claim 1,
we obtain

2R Bl = N2 225 B]. (C.1)

Importantly, there is no signature-dependent phase factor. Because of the absence of the
signature dependence, we cannot exclude the trivially gapped phase unlike the case of the
ST~ transformation.

Here, we note that 7 = i has § = 0, and thus there is the CP invariance of the
partition function,

ZiR'[CP - B] = Zi7'[B]. (C.2)

Because of this extra property, we can rule out the trivially gapped phase from the possible
ground states for N > 3 (see also ref. [27]).

In order to see this, let us assume that the ground state is trivially gapped, then the
partition function should take the form of

Z[B] =e'in / BAB, (C.3)

with some k& ~ k + N. Under the CP transformation, k flips its sign, and thus (C.2)
requires that
k = —k mod N. (C4)

When N is odd, £k = 0. When N is even, k =0 or k = % We here note that £k = 0 is
chosen for the conjectured phase diagram of figure 1 since it gives the partition function of

the monopole-induced confinement phase (4.9), Zmon[B] = Z0[B] = 1. However, under the
(Zn)o gauging, it gives

/Dbzmon[B]e% JonB _ /Dbzmon[B]e% JonB o 5(B), (C.5)

and the partition function vanishes unless ei J my B 1 for any closed 2-submanifolds My C X.
This implies that all the Wilson loops are deconfined for the transformed theory, which
can be identified as the Higgs phase. Indeed, figure 1 predicts that the S-dual point 7 =i
consists of the monopole-induced confinement phase and the Higgs phase, and the above
result is consistent with the observation. Especially for odd N, k = 0 is the unique choice
of the SPT state consistent with the CP invariance, and thus the S-duality relation (C.1)
excludes it from the possible ground states.
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Let us then continue the discussion for the even N case. Since the choice £k = 0 is

inconsistent with the S-duality relation, we must choose k = % as a possible SPT state.
We need to check if (C.1) can be satisfied:
/ Db Zyolbles S L N3 2, (B). (C.6)

This equality is possible only if ged(N, %) =1, i.e. N = 2. That is, when N > 3, we can
exclude the trivially gapped phase from possible ground states by using (C.1) and (C.2).
When N = 2, we may have a trivially gapped state that satisfies both anomaly matching
conditions. If it is trivially gapped, the partition function is given by the level-1 SPT
action with Z[QH symmetry assuming that the UV regularization is consistent with the
relations (C.1) and (C.2).

C.2 Fixed point of ST 1ST2S transformation: 7., = ‘f\/"%‘

The ST~1ST?2S transformation gives

O R R oA N

and the fixed point in the upper half-plane is given by

_ V3 +i

Tox = . C.8
- (C3)
In the vicinity of the fixed point, this gives the %’r clockwise rotation,

Tew + 0T 5 Ty + & 5 67, (C.9)

We can also check that (ST~1ST?S)3 = C. According to figure 1, this is the point where
the monopole (n,m) = (0, 1) condensation, the dyon (n,m) = (—1,1) condensation, and
exotic dyon (n,m) = (—1,2) condensation phases meet. This exotic dyon condensation
phase is called the oblique confinement phase [4]. When N is even, it is described by the
Zs topological order since WN/2 is deconfined. For odd N, the oblique confinement phase

is an SPT state with ZE%,] symmetry [5].

Let 7 be a 4d QFT with Z%] symmetry, then we consider the following partition function,

Z((T/(Z%])O)/(Z%IL)/(Z%])71 [B]

- / Dby DbyDby Z7 [by] etr J (B-08) 450 [(Gr1nbatbarbatbanB), (C.10)
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We can confirm that this is consistent with the naive relation (ST_15T2S)3 = C as follows:

iN 2_ 12 12 312 "2 312
/951,2,395'1,2,395/1,,2,3ZT [by] e (2630242642~ b}, 2 +2b5 2 by )

xe% (b1Aba+ba Abs+b3 AbY b Abl+by Ab+by AbY +bY Ably +bly AbY +b4 AB)
iN 2 2 iN
— NQX/Dbl 9 SDb/nggZT [bl] ellT-r f(Qb%—‘rbg-‘—bé —bg )—0—127 f(bl/\b2+bg/\b3—b3/\b{3—bé/\bg—l—bg//\B)

iN 2 2 2 iN
— N3 [ Dby g DYDY 27 () O O A I

=N7% / Dby Dby Z7 [by] e2r | (1/b24021B)

= N3 2[-B]. (C.11)

In the first line, we can perform the b} and b path integrals, which give the constraints
f, = —bs and b = —bh, respectively. Therefore, the b5, and b} path integrals becomes trivial,
and we obtain the second line. By completing the square in terms of b3 in the exponent, we
obtain the third line, and thus the b3 path integral just gives an overall constant. Moreover,
since the quadratic term of b4 disappears in the above process, its path integral gives the
constraint b4 = bg, which gives the fourth line, and we obtain the result.
By applying (3.4) of Claim 1 repeatedly, we find

ZT

((CR/(ZE&)@/(%&h)/(zw)ﬂ[B ]

Xx+to X—a

RO ST )

XxX+to xX—o

= NX(S(7)- ST?S (7)) (S(T)~ST25(T))4ZCSZ?Z(Z%> |B]

—1

= N7 (S(r)-ST28(r) - STT'ST?S (1)) * (S(7) - ST*S (7) - ST'ST?S (7)) *

+o —0
X Xro X

ST713T2S(T) [B}

x Zo% (C.12)
We then obtain that

z7 Bl= N¥3r— 1) 3r - 1) 25 1B C.13

(cr /@) @y, Bl = N2 BT =17 (37 = 1) cr 1Bl (C13)

Substituting 7 = Ty, we find the relation (3.15) as 37 — 1 = e%i, and let us recapitulate it
here for convenience:

o (B] = N#F e R0 255 1) (C.14)
(Cr/(@h o)/ (@V))2) /(2 -1 cr Pl .

Because of the phase factor that depends on the signature o(X), the SPT state can be
ruled out from the possible ground states using the same logic for Claim 4.
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Next, let us confirm if the phase diagram 1 is consistent with the above transformation.
Let us assume that the partition function of the monopole-induced confinement phase is
given by the level-0 SPT action (4.9), Zmon[B] = 1. Then,

/Dbl 3 Zmon [b1] e % J (B30 EE [ (b1nba-+ban0s +5305)
_ Nﬁo 51+52/Db2 35 bz)e4w f( 2b3— b2)+ (b2Ab3+b3AB)

— ]\fX/Dbgemr J(=03)+5} [bsnB

= N2eir ] B = N5 Zgy0n [B]. (C.15)
Therefore, we obtain the level-1 SPT action, which is nothing but the partition function
of the dyon-induced confinement phase (4.10). Applying the same prcedure to Zqyon[B],
we get

/Dbl 2,3Zdyon [by]e'tr J (W3=bR)+ 55 [ (bunba-+banbatbanB)
= /Db1236% [ ((b1-+b2)2+(bo+b3)2—263)+ X [ (byAB)

— NX / Dbgein J 23+ [(bsnB), (C.16)

The result of this path integral depends on whether N is even or odd. When N is even,

this path integral vanishes unless e i % — 1 for any closed 2-submanifolds My C X,
which means that the charge % Wilson loop is deconfined. When N is odd, this gives the
level- Y- SPT action. The result is consistent with the observation in ref. [5] that the
oblique confinement phase is the Zs topological order for even N and the SPT state for odd
N. The level—% SPT action for odd N has been derived from the global inconsistency
argument [5]. Therefore, we can define'*

Zoblique [B] = N_X/2 /Db edr (=26%)+ lN f(b/\B

eix st [ BAB (odd N)
- (C.17)
252/2e4w2fBAB5(NB) (even N)

as a natural candidate for the partition function of the (—1,2)-dyon-condensed state.
Based on the transformation shown above, the following linear combination of partition
functions of these phases

2mi 27i (

273 [B) = Zuon[B] + ¢35 7% Zyon[B] + ¢ 5 7 Z tique B (C.18)

satisfies the constraint (C.14). Here we have used o(X) € 16Z (Rokhlin’s theorem),

—%io’(X) _ 271'1

which yields e e 30X, Again, this indicates that the new anomaly matching

1 We can also understand this expression as the S-duality transformation from the (2, 1)-dyon-condensed

iN _opR2
state e 4™ f< 257 Hence, it is natural that the resulting phase is the (—1,2)-dyon-condensed state.
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constraint (C.14) is consistent with the conjectured phase diagram. One can also check that
the combination (C.18) reproduces the mixed anomaly between Z%] and CP, up to a pure
gravitational counterterm:

27i

CP : 253 [B] e~ 50X i1x [x BAB 27w 5], (C.19)

D Computation of the bordism group Q;°™(B?Zy)
In this appendix, we derive
Q" (B*Zy) ~ 20 Ly, (D.1)

where B2Zy = K(Zy,2) is the second Eilenberg-MacLane space. This shows that the
SPT action with ZE&,} symmetry is classified by Zy, and thus we can confirm that the

PN
we k/B/\B (D.2)
47

with k& ~ k 4+ N, characterizes those SPT phases. This result was used to derive Claim 4

topological action,

at (4.1) and for similar discussions in appendix C.
We can approximate the spin bordism group by using the Atiyah—Hirzebruch spec-
tral sequence,'®

in Spin
B2, =H, (BZZN; QPP (pt.)) = QPN(B2Zy). (D.3)

The bordism group of a point Qgpin (pt.) is well-known, e.g. [56, 57],

¢ o1 2345

: (D.4)
O (pt)| Z Zy Ty 0 Z 0
The homology Hy(B?Zy;7Z) is given by!6
d 01 2 3 45
(odd N), (D.5)
Hy (B*ZN;Z)|Z 0 Zy 0 Zn O
d 01 2 3 45
(even N) . (D.6)
Hy (B*Zn;Z)| 2 0 Zn 0 Zon Zo

We then have the E» pages for odd N (table 1) and even N (table 2). For odd N, there
are no differentials for low degrees, and we immediately obtain (D.1) for odd N.

15Rigorously speaking, the Atiyah—Hirzebruch spectral sequence only determines the bordism group up to
extension. In the calculation below, we will see that the nontrivial elements of the £ page are Egy ~ Z
and E{G ~ Zy, which implies 0 — Z — Q5P™(B2Zn) — Zn — 0. In general, a possible extension is Z @ Z,
with k|N. However, we know that there are independent Z corresponding to the signature o(X) and Znx
corresponding to % f B A B. This guarantees (D.1).

51n section 3.5 of [57], Hd(B2Zpk ,Z) for prime p is provided. For a general integer N = p}fl .- ~pfz, we
have B?Zy ~ B2Zp;1C1 X oo X B2Zp;2.z (from the definition of Eilenberg-MacLane space) and (D.6) from the

Kiinneth formula.
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4 Z 0 Zyx 0 Zn O
3 O 0 0 O 0 o0
2 |Z, 0 0 O 0 O
1 Zs 0 0 0 0 O
0 Z 0 Zn 0 Zny O
g/p| 0 1 2 3 4 5

Table 1. E5 page for odd N.

4 Z 0 Zyn 0 Zon Lo

3 0O 0 O 0 0 0

2 Zo 0 Zo Zo Zo Zio D Zo

1 Zo 0 Zo Zo Zo Lo D Zo

0 Z 0 Zn 0 Zon Zo
gp| 0 1 2 3 4 5

Table 2. F5 page of even N.

For even N, the computation is more complicated. The nontrivial differentials of the
FEs page are:

dZ,O . E§70 — ZQN — Eg,l — ZQ,
i, B}, =7y — E3y =17,
dZo:ESg =17y — E3, =1y (D.7)

We introduce several technicalities to evaluate these differentials.

First, we note the ring structure of the mod-2 cohomology. For N = 2% there is
a well-known description by Serre [58]. This Serre’s description yields H*(B?Zgs; Zs) =
Zolug, 6st2, Sq*ds10], where 1o € H?(B?Zas; Zas) is the fundamental class of the Eilenberg-
MacLane space, uy € H?(B?Zgs;7s) is its mod 2 reduction, 8 : H?(B%*Zgs; Zos) —
H3(B%Zs;7s) is the connecting homomorphism associated to 0 — Zgs — Zgst1 —
Zo — 0, Sq? : HY(B?Zgs;Zs) — H'T2(B?Zas;7s) is the second Steenrod square, and
Zo[ua, 6st2, Sq%ds10] stands for the Zs polynomial algebra on generators (usg, 8st2, Sq?dsto).
For a general integer N, we factorizes N into prime factors as N = 2° x (odd). Then,
from (D.6) and the Kiinneth formula, the mod-2 cohomology essentially stems from the 2°
factor: HY(B?Zy;Zs) ~ HY(B?Zgs; Zs) at least for d = 0,1,2,3,4,5. This determines the
cohomology structure which we will use.

Second, the differentials d? ; and d2 ; are given by [59]

A2 Hy (B*Zn;Z) — Hy s (B*Zy; Zs)

¢ SqZop (&), (D.8)
&, : H, (B2ZN;Z2) — H, (BQZN;ZQ)
¢~ Sq2 (€), (D.9)
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where p : H,(B?Zy;Z) — Hy(B*Zx;Zs) is the mod-2 reduction, and Sq? : H,(B*Zy;Zs) —
H,_5(B?ZN;Zs) denotes the dual second Steenrod square.!”

Now, let us look into each differential:

o di70 : EZ}O - ZQN — E%,l - ZQ.

We note the following properties:

— The generator of E2271 = Hy(B*ZN; 7o) ~ Zs is the dual of uy € H?(B%*Zy; Zs).
The generator of Hy(B%Zy;Z2) ~ Zs is the dual of ug Uug = Sq?uy €
H*(B?Zy;Zs). Therefore, the dual Steenrod square Sq2 : Hy(B?*Zy;Zs) —
H(B?Zy;7s) is a bijection.

— Since H3(B%*Zn;Z) = {0}, Hy(B?Zy;Zs) ~ Zs consists of the mod 2 reduction
of Hy(B?Zx;7Z). Thus, the mod 2 reduction p : Hy(B*Zy;Z) — Hy(B*Zy; Zs)
is nontrivial and surjective.

These properties imply that the map dio : Eio = Zon — E%l = Zs is the nontrivial
one. We obtain the element of the E3 page as Eio = ker dio ~ ZN.

° d?l,l : EZ,I - Z2 — E2272 — ZQ.

As above, this map is bijective. These elements are “killed” by the differential. We
have E3 , = E222/ im d3 ; ~ {0}.

2 .2 2
o d570 . E570 - Z2 — E371 - ZQ.

We can evaluate this differential similar to d?w, but Hs(B?Zy; Zs) ~ 7 & 7o makes
the situation more complicated. Let us consider p and Sq? separately.

— The mod 2 reduction p : Hs5(B?Zy;7Z) — Hs(B?Zy;Z2). The generators of
Hs(B%Zn; 7)) ~ Zy ® 7o are the duals of Sq?6s12 and ug U dst0. We need to
determine which generator im p corresponds.

To this end, let us consider the exact sequence associated to 0 — Zos X2,
Loer1 2292 7, 5 0:

(s) (s)
H5(B2Zy; Zgorr) £ Hs(B2Zn: Zo) S Hy(B*Zy; Zos), (D.10)

where ,0(5) is the mod 2 reduction and §®) is the connecting homomorphism. By
considering the mod-2°*! reduction and the mod-2 reduction from Hy(B%Zy;7Z) ~
Zo to H5(B*Zy;Zgst1) ~ Ly ® Zgst1 and Hs(B?Zy;Zs) ~ 7o @ Za, we no-
tice that p = p(®) o (¥, where p\) : H5(B?Zy;Z) — Hs(B?*Zy; Zoys+1) is the
mod-25T! reduction. Thus, we have imp C imp(®). On the other hand, the

"The dual Steenrod square is defined as follows. The Steenrod square is defined in terms of the
cohomology H*(B%Zy;Zs). Note the relation H*(M;Zs) ~ Hom(Hy(M;Zy),7Z2) ~ Hy(M;Zs) from the
universal coefficient theorem, which yields the Kronecker pairing (-,-) : HY(M;Z2) x Haq(M;Z2) — Za. The
dual Steenrod square is characterized by

(a,8¢2B) = (Sa® @, B) for a € H * (M;Zs), B € Ha(M;Zs).
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4 Z 0 Zy 0O * %
3 o 0 0 0 0 O
2 |Zs 0O 0 0o * %
1 (Z, 0 0 0 0 *
0 |Z 0 Zy 0 Zy O
g/p| 0 1 2 3 4 5

Table 3. E5 page for even N. Only elements related to pr m(Bzz ~) are shown.

connecting homomorphism §(*) is nontrivial. Indeed, we know there is an ele-
ment & € Hy(B%Zn;Zs) dual to ug U §sta. We can rewrite this element as'®
U U Lo = O (%) with the connecting homomorphism d, : HP(B?*Zy; Zos ) —
HPTY(B2Zx; Zs). Therefore, by taking the Kronecker pairing, we have

U
1= (uz U dyt2, &5) = (” 5 ”,5%) , (D.11)
which yields 6(*)&5 # 0. From the exactness of the sequence (D.10), the element
&5 dual to us U 8419 is perpendicular to im p(®). Therefore, we have imp =
im p(®) ~ Zs, and its generator is dual to Sq2dsts.

— The (restricted) dual Steenrod square Sq? : im p — H3(B?Zx;Zs) is bijective.
The generator dual to Sq¢?dsto is mapped to an element dual to dsto, which is
the generator of H3(B%*Zy; Zs).

We have seen that the differential d%,o =Sq2op: E§70 =Zy — E:%,l = Zs is bijective.
Therefore, the corresponding element of the F3 page is Eg”l = E§71 /im d%,o ~ {0}.

We can also see that d%,o =SqZop: E%,o — Eal is trivial and that d%yl =Sq?: EEQ,J —
E§,2 is surjective. Now, we can “turn the page” and have the F5 page as table 3. It would be

clear that no higher differentials are relevant to pr Z'"(BQZ ~). This completes the derivation
of (D.1) for even N.
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