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A B S T R A C T   

Biological tissues acquire various characteristic shapes through morphogenesis. Tissue shapes result from the 
spatiotemporally heterogeneous cellular activities influenced by mechanical and biochemical environments. To 
investigate multicellular tissue morphogenesis, this study aimed to develop a novel multiscale method that can 
connect each cellular activity to the mechanical behaviors of the whole tissue by constructing continuum-based 
particle models of cellular activities. This study proposed mechanical models of cell growth and proliferation that 
are expressed as volume expansion and cell division by extending the material point method. By simulating cell 
hypertrophy and proliferation under both free and constraint conditions, the proposed models demonstrated 
potential for evaluating the mechanical state and tracing cells throughout tissue morphogenesis. Moreover, the 
effect of a cell size checkpoint was incorporated into the cell proliferation model to investigate the mechanical 
behaviors of the whole tissue depending on the condition of cellular activities. Consequently, the accumulation of 
strain energy density was suppressed because of the influence of the checkpoint. In addition, the whole tissues 
acquired different shapes depending on the influence of the checkpoint. Thus, the models constructed herein 
enabled us to investigate the change in the mechanical behaviors of the whole tissue according to each cellular 
activity depending on the mechanical state of the cells during morphogenesis.   

1. Introduction 

Morphogenesis is a dynamic process of tissue formation in response 
to mechanical forces generated by cellular activities, such as prolifera-
tion, hypertrophy, apoptosis, and contraction (Green et al., 2015; Heer 
and Martin, 2017; Matejčić and Trepat, 2022; Trubuil et al., 2021). 
Through morphogenesis, biological tissues acquire various character-
istic shapes depending on spatiotemporally heterogeneous cellular ac-
tivities, which are affected by mechanical and biochemical 
environments (Chanet et al., 2017; Felsenthal and Zelzer, 2017; Green 
et al., 2015; Heer and Martin, 2017; Shwartz et al., 2012). Because of the 
complicated regulation mechanism of the mechanical behaviors of the 
whole tissue via microscopic cellular activities, a comprehensive un-
derstanding of this multiscale mechanism of morphogenesis through in 
vivo and in vitro experiments has been challenging. 

To examine the mechanism of morphogenesis, modeling and simu-
lation approaches aid in determining effective strategies (Montes-Olivas 

et al., 2019; Osborne et al., 2017). One of the major strategies is discrete 
modeling of each cellular activity using vertex models, subcellular 
models, and cellular Potts models (Alt et al., 2017; Jamali et al., 2010; 
Voss-Böhme, 2012). Although these models effectively express micro-
scopic cellular activities, quantitative evaluation of the mechanical be-
haviors of the whole tissue is challenging because the constitutive 
relationship at the tissue level cannot be specified in discrete models. 
Another strategy is the modeling of tissue morphogenesis based on 
continuum mechanics (Conte et al., 2008; Takeda et al., 2019; Vaca--
González et al., 2018). Using the finite element method (FEM), which 
incorporates the constitutive law of tissues, these models can effectively 
evaluate the mechanical behaviors of the whole tissue as a continuum 
body. However, evaluating the spatiotemporally heterogeneous cellular 
activities at a single-cell level is difficult in FEM. Therefore, a novel 
approach using a multiscale model that can connect each cellular ac-
tivity to the mechanical behaviors of the whole tissue is indispensable. 

The material point method (MPM) is a promising strategy for the 
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multiscale simulation of tissue morphogenesis. It is mainly used in 
geotechnical engineering and graphics (Bardenhagen and Kober, 2004; 
Charlton et al., 2017; Pan et al., 2021; Stomakhin et al., 2013; Yama-
guchi et al., 2021). The MPM is a hybrid method that combines the 
advantages of both Lagrangian and Eulerian methods, in which physical 
domains are represented by discrete Lagrangian material points, 
whereas the equilibrium equation based on continuum mechanics is 
solved using Eulerian background grid nodes. By assuming a discrete 
material point as a biological cell and incorporating cellular activities as 
behaviors of a material point, each cellular activity will be connected to 
the mechanical behaviors of the whole tissue. 

To develop a multiscale method of investigating multicellular tissue 
morphogenesis that can connect each cellular activity to the mechanical 

behaviors of the whole tissue, we aimed to extend the MPM by con-
structing continuum-based particle models of cellular activities. We 
constructed cell growth and proliferation models to represent cellular 
activities contributing to tissue morphogenesis. To show the validity of 
the proposed models, we simulated cell hypertrophy and proliferation 
under both free and constraint conditions. Moreover, to demonstrate the 
potential of the method to simulate tissue morphogenesis depending on 
the condition of cellular activities, we incorporated the effect of a cell 
size checkpoint (Liu et al., 2018; Xie and Skotheim, 2020) into the cell 
proliferation model and examined the effect of the checkpoint on the 
mechanical behaviors of the whole tissue. 

Fig. 1. Concept of the material point method (MPM) and the cell proliferation model. (a) The physical domain and its boundary in the MPM. (b) A cell cycle 
composed of S (DNA replication), G2, M (mitosis), G1, and G0 (quiescence) phases. (c) Placement of points after the division in the cell proliferation model. (d) 
Implementation of the cell proliferation model. Change in the average cell volume Vp and number of cells Np according to the cell proliferation are graphed. 
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2. Materials and methods 

2.1. Material point method 

Let Ω0 and Ω be the physical domains in the initial and current 
configurations, respectively, of a biological tissue composed of 
numerous cells, which was modeled as a continuum body. The boundary 
of the current configuration ∂Ω is exclusively divided into the Neumann 
boundary ∂Ωσ and Dirichlet boundary ∂Ωu, as ∂Ω = ∂Ωσ∪ ∂Ωu. The 
prescribed surface traction force vector t is imposed as t = σn = t on ∂Ωσ , 
and displacement vector u is imposed as u = u on ∂Ωu, where variables t,
u, σ, and n are the surface force vector, displacement vector, Cauchy 
stress tensor, and outward unit normal vector on the boundary, 
respectively. The body force vector b is assumed to act over the current 
physical domain Ω. Tissue deformation caused by cell growth and pro-
liferation was assumed as a quasi-static process. Therefore, the principle 
of virtual work can be expressed as 
∫

Ω
σ∶δεdv =

∫

∂Ωσ

t⋅δuds +
∫

Ω
b⋅δudv, (1)  

where δu and δε are the virtual displacement vector and first variation of 
the Euler–Almansi strain tensor and dv and ds are infinitesimal volume 
and surface elements in the current configuration, respectively. 

To investigate the mechanical behaviors of the whole tissue caused 
by each cellular activity in morphogenesis based on continuum me-
chanics, we employed the MPM (Bardenhagen and Kober, 2004). In the 
MPM, the physical domain and its boundary are represented by material 
and boundary points, respectively (Fig. 1 (a)). A material point p pos-
sesses the position vector xp, deformation gradient tensor Fp, and vol-
ume Vp. A boundary point pb possesses the position vector xpb, 
deformation gradient tensor Fpb, and area apb. By using these points, 
each term in Eq. (1) is discretized as follows: 
∫

Ω
σ∶δεdv ≈

∑

p in Ω
σp∶δε

(
xp
)
Vp, (2)  

∫

∂Ωσ

t⋅δuds ≈
∑

pb on ∂Ωσ

tpb⋅δu
(
xpb

)
apb, (3)  

∫

Ω
b⋅δudv ≈

∑

p in Ω
bp⋅δu

(
xp
)
Vp, (4)  

where subscripts p and pb are assigned to variables of the material point 
p and boundary point pb, respectively. In this study, we considered a 
material point as a single-cell so that we can explicitly represent cell 
growth and division. 

The displacement field u(x) at position x is discretized by Eulerian 
grid nodes as 

u(x) ≈
∑

g
ugNg(x), (5)  

where ug is the displacement vector at grid node g and Ng(x) is an 
interpolation function for the grid node g. To suppress numerical 
instability, quadratic extended B-splines (EBS) (Yamaguchi et al., 2021) 
defined on a regular background grid with grid spacing h were chosen 
for the interpolation function Ng(x). The occupation parameter, CC, 
which is used to activate/inactivate the EBS on the grid nodes near the 
boundary of the physical domain, was chosen as CC = 0.85. To impose 
the Dirichlet boundary condition for u (u = u on ∂Ωu), Nitsche’s method 
was employed (Yamaguchi et al., 2021). The penalty parameter for 
Nitsche’s method, β, which is used for the penalty term similar to that in 
the standard penalty method, was set as β = 1.0× 103E

h, where E is 
Young’s modulus. 

The mechanical behaviors of the whole tissue, depending on each 

cellular activity, were calculated for the discrete time increments Δt. 
The principle of virtual work, Eq (1), was solved using the state variables 
of material and boundary points at time t with respect to the displace-
ment at grid nodes ug using the Newton–Raphson procedure. After the 
calculation, the position xp, deformation gradient Fp, and volume Vp of 
the material point p at time t + Δt were calculated according to 

xt+Δt
p = xt

p +
∑

g
ugNg

(
xt

p

)
, (6)  

Ft+Δt
p =

⎛

⎝I +
∑

g
ug ⊗

∂Ng

(
xt

p

)

∂x

⎞

⎠Ft
p, (7)  

Vt+Δt
p = det Ft+Δt

p V0
p (8) 

The position xpb, deformation gradient Fpb, and area apb of the 
boundary point pb at time t + Δt were calculated according to 

xt+Δt
pb = xt

pb +
∑

g
ugNg

(
xt

pb

)
, (9)  

Ft+Δt
pb =

⎛

⎝I +
∑

g
ug ⊗

∂Ng

(
xt

pb

)

∂x

⎞

⎠Ft
pb, (10)  

at+Δt
pb nt+Δt

pb = det Ft+Δt
pb

(
Ft+Δt

pb

)− T
a0

pbn0
pb (11)  

Here, superscripts t, t + Δt are assigned to the variables at time t, t+ Δt, 
respectively. The values V0

p , a0
pb, and n0

pb indicate the volume, area, and 
outward unit normal vector in the initial configuration Ω0, respectively. 

2.2. Cell growth model 

To express cell growth in tissue morphogenesis, we constructed a cell 
growth model for the MPM based on the theory of finite growth (Himpel, 
G., Kuhl, E., Menzel, A., & Steinmann, 2005; Takeda et al., 2019). In this 
study, we assumed a multiplicative decomposition of the deformation 
gradient at material point p as 

Fp =Fe
pFg

p, (12)  

where Fe
p and Fg

p are an elastic part and a growth part of the deformation 
gradient, respectively. The isotropic growth of a composing cell was 
imposed by setting the growth part of the deformation gradient at the 
corresponding material point Fg

p as 

Fg
p = θI, (13)  

where θ and I are growth stretch and the second-order identity tensor, 
respectively. 

The biological tissue was modeled as a hyperelastic material 
following the compressible neo-Hookean model (Chagnon et al., 2015; 
Himpel, G., Kuhl, E., Menzel, A., & Steinmann, 2005), in which strain 
energy density Ψ is expressed as, 

Ψ =
λ
8
ln2I3 +

μ
2
(I1 − 3 − ln I3) (14)  

In this equation, μ and λ are Lame’s constants, I1 and I3 are the first and 
third invariants of the elastic part of the right Cauchy–Green tensor, 
Ce

p = Fe
p

TFe
p, respectively. According to this theory, an increase in the 

volume at the material point is represented by increasing the growth 
stretch θ. 

Y. Yokoyama et al.                                                                                                                                                                                                                             



Journal of the Mechanical Behavior of Biomedical Materials 142 (2023) 105828

4

2.3. Cell proliferation model 

To express cell proliferation in tissue morphogenesis, we constructed 
a cell proliferation model for the MPM by combining the unidirectional 
growth and division of material points. The state of each proliferative 
cell was classified into S (DNA replication), G2, M (mitosis), G1, and G0 
(quiescence) phases (Fig. 1 (b)). Let ±ns be unit normal vectors of the 
plane of division for a material point p (Fig. 1 (c)). For Tcycle, total 
duration of S, G2, M, and G1 phases, a cell was assumed to grow uni-
directionally and constantly by updating the growth part of the defor-
mation gradient at the corresponding material point Fg

p as 

Fg
p = (I + (θ − 1)ns ⊗ ns )Fg

p pre, (15)  

where Fg
p pre is the growth part of the deformation gradient before the 

onset of the S phase. The growth stretch θ increased from 1.0 to 2.0 at a 
constant rate within Tcycle. 

In the M phase, mitosis was modeled as a division of the material 
point p into two material points p′ and p′′ at the time point of Tcycle

2 after 
the onset of the S phase (Fig. 1 (d)). Here, the position, deformation 
gradient, and volume of the new material points were provided as 

xp′ = xp − d− ns, xp′′ = xp + d+ns, (16)  

Fp′ =Fp,Fp′′ = Fp, (17)  

Vp′ =
1
2

Vp,Vp′′ =
1
2
Vp, (18)  

where d− and d+ are the distance between the new material points and 
the original material point (Fig. 1 (c)). To determine d− and d+, we 
considered a three-dimensional Voronoi diagram constructed using all 
material points as generating points, which expresses cell shapes. In this 
diagram, new material points p′ and p′′ were positioned at the middle 
point of the original material point p and Voronoi or Dirichlet boundary 
in the negative and positive ns directions from the original material 
point, respectively (Fig. 1 (c)). If a material point had no adjacent 
Voronoi nor Dirichlet boundary in either − ns or +ns directions, a new 
material point for the corresponding direction was placed to satisfy 

d+ = d− , (19)  

using the distance in the other direction. If a material point has neither 
adjacent Voronoi nor Dirichlet boundary in both − ns and + ns di-
rections, new material points were placed by setting 

d+ =
1
4

̅̅̅̅̅
Vp

3
√

, d− =
1
4

̅̅̅̅̅
Vp

3
√

, (20)  

where we assumed the representative length of material points to be 
̅̅̅̅̅̅
Vp

3
√

. 
After a cell cycle, the cell goes into the quiescent G0 phase to wait for 

the onset of the next cell cycle. The length of the G0 phase was assumed 
to follow an exponential distribution with the rate parameter λ. 

Fig. 1 (d) presents an example of cell proliferation in a cubic tissue 
placed on a plane with a slip boundary condition. All composing cells 
proliferated simultaneously with the same plane of division by setting ns 

as a unit vector along the z-axis. In this case, the number of cells Np was 
exactly doubled, and the volume of each cell Vp after the cell cycle 
(t= Tcycle) was the same as the initial volume (t = 0). 

2.4. Parameter setting 

In this study, Young’s modulus and Poisson’s ratio were chosen as 
E = 1.0 kPa and ν = 0.4, respectively, by considering the order of the 
values of chondrocytes (Luo et al., 2016; Trickey et al., 2006). The 
length of a cell cycle Tcycle was set to 1 day. 

2.5. Grid spacing dependency 

In the MPM, the principle of virtual work, Eq (1), is solved for the 
displacement specified on background grid nodes. Therefore, the accu-
racy of the simulation mainly depends on the grid spacing h, and the 
smaller value of h enables a more accurate analysis. Under the condition 
with the same value of h, the larger value of the number of material 
points per grid spacing, Np/h, makes the analysis more accurate 
(Yamaguchi et al., 2021). A too small value of Np/h even leads failure 
simulation. Thus, Np/h = 5–10 was used in a previous study (Yamaguchi 
et al., 2021). In the present study, we set the representative length of 
material points, which corresponds to the material point spacing in the 
initial condition, to Lp = 10 μm, as the size of the same order as bio-
logical cells. 

Accordingly, we examined the dependency of the simulation on the 
grid spacing h by conducting simulations of large deformation of 
growing multicellular tissues. In this study, the initial shape of the whole 
tissue was set as a sphere with a diameter of 500 μm , composed of 
regularly distributed 6.6 × 104 material points and covered by 2.6 × 103 

boundary points. The tissue grew isotropically according to the increase 
in the growth stretch θ depicted in Eq. (13), with the surface of the lower 
half fixed. We set the grid spacing h as 33 μm (Np/h = 3.3), 50 μm (Np/h =

5.0), 75 μm (Np/h = 7.5), and 100 μm (Np/h = 10) and compared the 
shape of the whole tissues when θ = 1.4 (Fig. 2 (a–d)). As a high- 
resolution reference, another simulation, in which the representative 
length of material points Lp was set to 5.0 μm and the grid spacing h was 
set to 25 μm (Np/h = 5.0), is also illustrated in Fig. 2 (e). In this case, the 
tissue was composed of 5.2 × 105 material points and covered by 2.6 ×

103 boundary points. As a result of the high-resolution simulation, the 
unconstrained upper half of the tissue demonstrated a hemispheric 
shape with a constant curvature (Fig. 2 (e)). By comparing the results for 
Lp = 10 μm (Fig. 2 (a–d)) with the result for Lp = 5.0 μm (Fig. 2 (e)), the 
results with h = 33 and 50 μm are considered sufficiently accurate (Fig. 2 
(f, g)). As the grid spacing h increased to 75 or 100 μm, the tissue shape 
became distorted, indicating less accuracy (Fig. 2 (c, d)), although Np/h 

was in the range of 5–10. Therefore, we chose h = 50 μm (Np/h = 5.0) for 
all the following simulations. 

Fig. 2. Dependency of tissue shapes on the grid spacing h. (a–e) Outer shapes of 
growing tissues at θ = 1.4 with grid spacings of (a) 33, (b) 50, (c) 75, (d) 100, 
and (e) 25 μm. The representative length of material points Lp is 10 μm for (a–d) 
and 5 μm for (e). (f) Outline of the tissues. (g) Magnified image of the boxed 
area on (f). 
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3. Results 

3.1. Verification of cell growth and proliferation models 

To verify the constructed models of cell growth and proliferation, we 
simulated cell hypertrophy and proliferation in a cubic tissue placed on a 
plane with a slip boundary condition (Fig. 3). In the initial state, the 
edge size of the cubic tissue was set to 200 μm. The tissue was composed 
of regularly distributed 8.0 × 103 material points and covered by 2.9×
103 boundary points. Fig. 3 (a) depicts the results of cell hypertrophy 
simulation based on the cell growth model, in which cells in the tissue 
grew isotropically with the same rate of increase in growth stretch θ 
presented in Eq. (13). The isotropic growth of the whole tissue and 
uniform volume expansion of composing cells Vp were successfully 
simulated. In this study, the value of internal residual stress was negli-
gible, indicating that the free boundary condition was properly imposed 
in the simulation. Fig. 3 (b) presents the result of the cell proliferation 
simulation, in which cells in the tissue proliferate with random planes of 
division at random timings with the rate parameter λ = 1.0/day/cell. As 
illustrated in Fig. 3 (b), the generation (top) and cell volume Vp (middle) 
became heterogeneous, and the strain energy density Ψp (bottom) 
sporadically concentrated at a single-cell level because of random pro-
liferation. In the random proliferation, the number of cells Np and the 
total volume of the tissue Vtot increased exponentially (Fig. 3 (c, d)) and 
the average strain energy density Ψ ave increased linearly (Fig. 3 (e)). 
These mechanical behaviors of the whole tissue were independent of the 
random selection of division planes and timings (data not shown). 
Accordingly, cell hypertrophy and proliferation were successfully 
expressed, and the mechanical behaviors of the whole tissue were 
examined by the simulation based on our constructed models. 

3.2. Simulation of tissue morphogenesis 

Considering the condition of tissues growing in vivo where the tissue 
of interest is partially constrained by surrounding tissues, such as 
immature bone tissue covered by calcified bone collar (Kronenberg, 
2003), we simulated proliferation under a constraint condition, as is the 
case illustrated in Fig. 2. Again, the initial shape of the whole tissue was 
set as a sphere with a diameter of 500 μm, composed of regularly 
distributed 6.6 × 104 material points and covered by 2.6× 103 boundary 
points. The cells that composed the tissue proliferate with random 
planes of division at random timings with the rate parameter λ =

1.0/day/cell. Fig. 4 (a) presents the simulation result with the surface of 
the lower half fixed. Because of the constraint condition, cells with 
relatively large volume Vp were observed only in the upper half of the 
tissue (red cells in Fig. 4 (a)). 

To depict the potential of the proposed method of investigating the 
mechanical behaviors of the whole tissue depending on the condition of 
cellular activities, the effect of a cell size checkpoint (Liu et al., 2018; Xie 
and Skotheim, 2020) was incorporated into the cell proliferation model. 
Cell size is known to be maintained by regulating the timing of cell di-
vision (Lloyd, 2013). Although the mechanism underlying this regula-
tion remains controversial, several lines of evidence suggested a possible 
mechanism that cells should reach a critical size before passing the de-
cision point for entry into the S phase from the G1 or G0 phase, which is 
called a cell size checkpoint (Fig. 1 (b)) (Liu et al., 2018; Xie and Sko-
theim, 2020). To evaluate the effect of this checkpoint on tissue 
morphogenesis, we assumed that if the volume ratio of the material 
point p to the initial cell volume, Je

p = det Fe
p, is smaller than or equal to a 

threshold Je
th (Je

p ≤ Je
th), the corresponding cell cannot enter the S phase 

and stay at the G1 or G0 phase until Je
p becomes larger than Je

th. 
Based on this checkpoint model, we simulated random proliferation 

with a checkpoint of Je
th = 0.9 (Fig. 4 (b)) under the same mechanical 

condition as in Fig. 4 (a). To highlight the effect of the checkpoint on the 
mechanical behaviors of the whole tissue, the results of the simulation of 

random proliferation without a checkpoint (Fig. 4 (c): the same simu-
lation as Fig. 4 (a)) and isotropic hypertrophy (Fig. 4 (d)) were pre-
sented. As intended, the proliferation in the constraint lower half of the 
tissue was suppressed by the influence of the checkpoint, whereas cells 
actively proliferated in the free upper half, as indicated by the distri-
bution of the cell generation in Fig. 4 (b). Conversely, in cells without 
the checkpoint, the cell generation was almost uniformly distributed 
over the tissue (Fig. 4 (c)). Because of this difference in cellular activ-
ities, the accumulation of strain energy density was suppressed in cells 
with checkpoint (Fig. 4 (b)), whereas in cells without checkpoint, the 
strain energy density accumulated at a single-cell level, especially in the 
lower half of the tissue (Fig. 4 (c)). In hypertrophic cells, moderate 
accumulation of strain energy in the lower half was observed (Fig. 4 (d)). 
Consequently, when the cells proliferated to reach the number of cells 
Np ∼ 2.2× 105, which corresponds to 1.53 times the number of cells in 
the initial condition, the whole tissues acquired different shapes 
depending on the influence of the checkpoint (Fig. 4 (b, c)). This trend 
was quantitatively examined and illustrated in Fig. 4 (e–g). As the Je

th 
became larger, the increasing rate of the number of cells became lower 
(Fig. 4 (e)), and when compared with the tissues composed of the same 
number of cells, the total volume and average strain energy density 
became larger (Fig. 4 (f)) and smaller (Fig. 4 (g)), respectively. 
Furthermore, these models enabled tracing cells, containing history in-
formation, in the growing tissue (Videos 1, 2, and 3). Taken together, 
these results indicated that the constructed models enabled us to 
investigate the change in the mechanical behaviors of the whole tissue 
according to each cellular activity depending on the mechanical state of 
the cells during morphogenesis. 

4. Discussion 

In this study, we developed a multiscale method to investigate 
multicellular tissue morphogenesis by constructing continuum-based 
particle models that can connect each cellular activity to the mechani-
cal behaviors of the whole tissue. Cell growth and proliferation were 
explicitly expressed in our models by volume expansion and cell divi-
sion. These models enabled us to examine the mechanical state of cells 
that compose the tissue and trace these cells throughout tissue 
morphogenesis. Incorporating the effect of a checkpoint on a cell cycle 
into the proliferation model revealed the dependence of the mechanical 
behaviors of the whole tissue on the condition of cellular activities. 

To evaluate the mechanical behaviors of the whole tissue during 
morphogenesis, various mathematical models of the underlying multi-
cellular dynamics based on continuum mechanics have been proposed 
and combined with numerical methods such as the FEM (Giorgi et al., 
2014; Lipphaus and Witzel, 2019; Vaca-González et al., 2018). However, 
methods based on FE mesh discretization barely take into account the 
effect of spatiotemporally heterogeneous cellular activities despite the 
importance of the heterogeneity of cellular activities for the formation of 
characteristic tissue shapes. Thus, to take into account the heteroge-
neous cellular activities at a single-cell level in the continuum-based 
analysis, we employed the MPM, a continuum-based particle method. 
A mixed formulation coupling the mass growth and massive deforma-
tion based on MPM for simulating growth-induced large deformation 
behavior of incompressible soft materials has been proposed previously 
(Zhang et al., 2021). In the present investigation, we extended this 
method by developing the models of the growth and division of indi-
vidual cells with an increase in the number of cells in the tissue. The 
proposed models analyzed the mechanical behaviors of the whole tissue 
owing to individual cellular activities based on the theory of continuum 
mechanics. 

The MPM based simulation can evaluate the mechanical state of each 
cell that composed the growing tissue. Therefore, it allows us to consider 
cellular activities depending on their mechanical state. In this study, we 
investigated the effect of a checkpoint on a cell cycle that depends on the 
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Fig. 3. Cell hypertrophy and proliferation simulation. (a) Change in the cell volume Vp in the growing tissue because of uniform cell hypertrophy. (b) Change in the 
generation, volume Vp, and strain energy density Ψp of cells in growing tissue caused by random proliferation. (c) Change in the number of cells Np, (d) total volume 
Vtot, and (e) average strain energy density Ψave of the growing tissue caused by random proliferation. Dotted orange lines are exponential approximations Np =

7500e0.36t in (c), Vtot = 7.7 × 106e0.31t (μm3) in (d) and a linear approximation Ψ ave = 0.095t − 0.029 (kPa) in (e), fitted for 2.0 ≤ t ≤ 4.0. 
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Fig. 4. Simulation of cell proliferation under a constraint condition. (a) Change in cell volume Vp in the growing tissue caused by random proliferation. (b–d) Cell 
generation, strain energy density Ψp, and outer shapes of the tissue under (b) cell proliferation with a checkpoint when Np ∼ 2.2× 105, (c) cell proliferation without a 
checkpoint when Np ∼ 2.2× 105, and (d) cell hypertrophy at θ = 1.5. (e) Change in the number of cells Np depending on the checkpoint on a cell cycle. (f) Total 
volume Vtot and (g) average strain energy density Ψave of the tissue against the number of cells Np in the tissue, for 5 days, depending on the checkpoint on a cell cycle. 
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volume ratio to the initial cell volume (Fig. 4). The cell growth and 
proliferation models also enabled tracing cells, having information 
regarding history of division, in the growing tissue (Video 1,2, and 3). 
Therefore, future extension of the proposed models will allow us to 
consider cellular activities depending on the history of cell differentia-
tion according to mechanochemical coupling. With these extended 
models, we would understand the multicellular tissue morphogenesis 
mechanically. 

Supplementary video related to this article can be found at https:// 
doi.org/10.1016/j.jmbbm.2023.105828 

One potential application of these models is to simulate the dynamics 
of multicellular interactions during bone morphogenesis. In developing 
bone tissue, resting chondrocytes differentiate into proliferative and 
hypertrophic chondrocytes and form a growth plate (Felsenthal and 
Zelzer, 2017; Galea et al., 2021; Green et al., 2015; Kronenberg, 2003; 
Vendra et al., 2018). The resultant bone morphology is determined 
through the movement of the growth plate with the formation of a 
calcified bone matrix under mechanical loading. The proposed models 
will investigate the mechanical behaviors of the growing bone tissue 
caused by cell hypertrophy and proliferation affected by both mechan-
ical and biochemical environments. Such an investigation will lead to an 
understanding of the mechanism which determines the bone shapes 
through multicellular activities. Thus, the proposed models reveal the 
fundamental biological mechanisms that form physiological and func-
tional tissue shapes, such as bone shapes by regulating cellular activities. 

Another possible application of the models is simulating growing 
organoids (Dahl-Jensen and Grapin-Botton, 2017; Montes-Olivas et al., 
2019). The growth simulation of multicellular organoids based on the 
proposed models will predict changes in their shape under various me-
chanical conditions of the growth environment. Such an investigation 
will offer strategies to regulate organoid morphologies by changing the 
mechanical environment properly during sequential self-organization 
events. Thus, this study progresses biomedical engineering and regen-
erative medicine by making organoids with desired shapes and 
functions. 

Not only cell proliferation and hypertrophy but also cell sorting 
(Townes and Holtfreter, 1955) and extrusion to eliminate apoptotic cells 
(Katoh and Fujita, 2012) are important for the development and ho-
meostasis of biological tissues, such as embryonic epithelial tissues. The 
proposed mechanical models can analyze cell displacement according to 
the whole tissue deformation by considering the biological tissue as a 
continuum body. Although this assumption of continuum mechanics is 
reasonable when we consider matrix-rich tissues such as growing bones, 
incorporating local cell rearrangement into the proposed models will 
enable us to express various phenomena (e.g., cell sorting). When such 
an extension of the models is achieved, the proposed simulation models 
are validated by comparing tissue morphologies and cell movements 
obtained by the computational analysis based on our models with those 
observed in in vitro experiments. A growing number of studies proposing 
three-dimensional culture systems of proliferative cancer cells (Yuan 
et al., 2023) and hypertrophic chondrocytes (Kim et al., 2022) in vitro 
may help validate the proposed models. 

The proposed cell growth and proliferation models provide a 
powerful framework for the investigation of tissue morphogenesis 
influenced by cellular activities from a mechanical aspect. Thus, further 
extension of these models may help us understand the regulation 
mechanism of tissue morphologies in mechanical and biochemical en-
vironments and expand the field of developmental biology. 
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