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CRYSTAL STRUCTURE ON LOCALIZED QUANTUM COORDINATE RINGS 

TOSHIKI NAKASHIMA 

DIVISION OF MATHEMATICS, SOPHIA UNIVERSITY 

1. INTRODUCTION 

The article is a summary of [12]. Let R be a quiver Hecke algebra associated with a simple Lie 

algebra g and R-gmod the category of finite-dimensional graded R-modules. We se改 (R-gmod)to 

be the Grothendieck ring of R-gmod. It is well-known that the unipotent quantum coordinate ring 
竺q(n)is categorified by X(R-gmod). The basic theory of localizati~n for the monoidal category 

R-gmod of R-gmod is initiated by [5] and its Grothendieck ring知恥mod)defines the localized 
, - -- 9 

(unipotent) quantum coordinate ring.1lq(n). In [11], Lauda-Vazirani defined certain crystal structure 

on the family of simple modules of R-gmod and they have shown that this crystal is isomorphic to 

the crystal B(oo) of the nilpotent half of U q(g). In this article, considering the family of self-dual 
, --———‘ 

simple module Ja(R-gmod) of the localized category R-gmod, we define a crysは1structure of丸q(n)

and show that it is isomorphic to the cellular crystal尉 whichis defined to a reduced word for 

the longest Weyl group element w0. This result can be seen as a localized version of the result by 
Lauda-Vazirani. 

2. PRELIMINARIES 

Let g = n④ t ④ n_ =〈e;,h』〉iEI:=(1,2,・・,n)be a simple Lie algebra associated with a Cartan 
matrix A = (aij)i,jEI where {e;, f;, hd;EJ are the standard Chevalley generators and n =〈ei〉iE/(resp. 

t =〈h加，n_=〈fl〉iEI)is the positive nilpotent subalgebra (resp. the Cartan subalgebra, the negative 
nilpotent subalgebra). 

Let {a加 bethe set of simple roots of g and〈,〉 apairing on t x t* satisfying aij = 

(〈h匹j〉)i,jEI• We also define a syrrnnetric bilinear form (,) on t* such that (ai, ai) E 2Z>o and 

〈h』〉＝冑 for,lEt*. 

Let p := {,l E t*|〈hi,A〉EZ for any i E /} be the weight lattice and P + := {,l E P I〈h;,.:i〉>

0 for any i E /} the set of dominant weights. Set Q:＝EBiE/Zai (resp. Q+ := LiEI z~郎）， which

is called the root lattice (resp. positive root lattice). For an element /J＝L miai E Q+ define 

l,B|＝Li加， whichis called the height of /J. Let W =〈S;I Si〉iEIbe the Weyl group associated with P, 
where Si is the simple reflection defined by s;(,l) =,l -〈hi,;i〉a;(,l E P). 

We denote the dual weight lattice of P by P* := {h E t I〈h,P〉cZ}. Let Uq(g) :=〈ei,f;, qりiEl,hEP'
be the quantum algebra associated with g with the defining relations (see e.g.,[1, 2]) and U訊g):= 

〈fl〉iEI(resp. u;(g) :=〈e;〉iEI)the negative (resp. positive) nilpotent subalgebras of Uq(g). We also 

define the Z-form u;rnn-1l(g) of u;;(g) as in [5]. Set q; := q<a;.a;)l2, [nli = (q7 -q-;1)/( 
Z[q,q-'] 

q; -q-;'), 

[n]d := ITo:c;k:c;n[kli and炉：＝汀／lnli!forXi = f凸 fori E /, n E Z~o-
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Now, let us define the (unipotent) quantum coordinate ring.:l{q(n) by 

叩 n)＝任八(n)/3 .:l{q(n)/3 :＝ HomQ(q)(U; (g)""'./3，Q(q)) 
/3EQ_ 

Note that U孔(g)=.:l{q(n) as a Q(q)-algebra. The Z-form.:l{(n)z[q．炉1is defined as in [ 5]. 

3. CRYSTAL BASES AND CRYSTALS 

3.1. CrystalBase of u-;; (g)=.:l{q(n). Let us define the crystal base (L(oo), B(oo)) of u-;;(g)([l]). For 

i E / the operator e; E End(u-;; (g)) is defined by the formula 

叶(PQ)= e;(P)Q + qt俎〉Pe;(Q), e;(h) = 8;,j, 叶(1)= 0, 

for any PE砧(g)/3，QE Uq(g), i, j E /. By the fact that for p E Uq(g)/3，there exists the following 
unique decomposition 

(3.1) p = Llk)pn, 

k;c:O 

where Pn E Ker(e;) n u;(g)/3+ ko:,• And define the operators e;,f; E End(Ui(g)) on PE u;(g)/3by 

using the decomposition (3.1) 

e;P = I lk-1)凡，炉 ＝こfi(K+l)凡，
k>O k;:,,O 

which are called Kashiwara operators. Now, set 

L(oo) ：＝こ紘・ •./;,uoo, B(oo) =｛几..．几UoomodqL(oo) I k ~ 0, i1, ・ ・ ・, ik E /} ¥ {0}, 
k;:,,O,i,,…,ik€I 

£ぅ(b)= max{k : e~b * 0}，り,;(b)= s;(b) +〈h;,wt(b)〉，

where Uoo = 1 E Uq(g) and A c Q(q) is the local subring at q = 0. 

Theorem 3.1 ([l]). A pair (L(oo), B(oo)) is a crystal base of U;;(g). Indeed, we obtain 

為L(oo)c L(oo）， f;L(oo) c L(oo), 

e;B(oo) c B(oo) LJ {0}, f;B(oo) c B(oo) LJ {0}, 

wt(e;b) = wt(b) + a; for bぷbE B(oo), wt(f;b) = wt(b)-a; for b,f;b E B(oo), 

8i(eib)＝ 街(b)-1伶（みb)＝s;(b)+ 1, for bふbE B(oo), 

s;(f;b) = r.p(b) + 1伶(f;b)＝伶(b)-1, for b,f;b E B(oo), 

仙＝ b’ ←⇒勘 '=b, forb,b'EB(oo) 

3.2. Crystals. We shall introduce the notion crystal following [2], which is a combinatorial object 

obtained by abstracting the properties of crystal bases in Theorem 3.1. 

Definition 3.2 ([2]). A 6-tuple (B, wt,｛叫，｛叫，｛引，｛f;});EI is a crystal if B is a set and there exists a 

certain special element O outside of B and maps: 

(3.2) wt: B→ P, 8i : B →Z LJ {-oo}, 佑： B →Z LJ {-oo} (i EI), 

(3.3) e;: B LJ {0}→B LJ {0}, f; : B LJ {0}→B LJ {0} (i E I), 

satisfying : 

(1) r.p;(b) = s;(b) +〈h;,wt(b)〉．

(2) If b, e;b E B, then wt(e;b) = wt(b) + a;, S;(e;b) = S;(b) -1,伶（8ib)＝伶(b)+ 1. 
(3) If b,f;b EB, then wt(f;b) = wt(b) -a;, s;(f;b) = s;(b) + 1,伶(f;b)＝伶(b)-1. 
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(4) For b,b'EB and i E /, one has /;b = b'iff b =釉＇．

(5) If伶(b)＝哄 forb E B, then釉＝ /;b= 0 and訓0)＝細） ＝0. 

Here, a ccrystal graph of crystal Bis a /-colored oriented graph defined by b一b'⇔ /;(b)= b'for 
b,b'EB. 

Definition 3.3 ([2]). For crystals B1 and B2,'P is a strict embedding (resp. isomorphism) from B1 

to B2 if甲： B1LJ {0}→ B2 LJ {0} is an injective (resp. bijective) map satisfying that甲(0)= 0, 
wt('P(b)) = wt(b)，孤'P(b))= s;(b) and伶（甲(b))＝cp;(b)for any b E B1 and'P commutes with all 

函'sand/;'s,. 

We obtain the tensor structure of crystals as follows([l, 2]): 

Proposition 3.4. For crystals B1 and B2, set 

B1R恥＝ ｛b1 Rb2 := (b1,b2) I b1 E Bi, b2 EBサ(=B1 xBガ．

Then, B1 18> B2 becomes a crystal by defining: 

(3.4) wt(b1 R bガ＝ wt(b1)+ wt(b2), 

(3.5) s;(b1 R b2) = max(s;(b!），街(bガー〈h;,wt(b1)〉），

(3.6) <p;(b1 R b2) = max(<p;(b2), <p;(b1) +〈h;,wt(b2)〉），

(3.7) 

(3.8) 
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if cp;(b1) ~ s;(bガ
if伶(b1)＜街(bガ，

if cp;(b1) > s;(b2) 
if伶(b1)~ s;(bz). 

Example 3.5. For i E /, set B; := {(n); In E Z} and 

wt((n);) = naゎ s;((n);)= -n, cp;((n);) = n, 
sj((n);) = cpj((n);) = -oo (i * j), 
引(n);)= (n + l);, /;((n);) = (n -1)1, 

も((n)i)＝八(n);)= 0 (i * j). 
Then B; (i E /) possesses a crystal structure. Note that as a set the crystal B; can be identified 

with the set of integers Z. 

3.3. Explicit structure of the crystal B;1 R ・ ・ ・ R B;m. Here we shall describe an explicit structure 

of tensor product of B;'s. Fix a sequence of indices i = (i1, • • •, im) E 1m and write 

伽・・・心） ：＝汀(O);,R・・・Rだ(O);m= (-x1);1 R ・ ・ ・ R (-xm)伽 9

where if n < 0, then介(O);means e戸(O);.Note that here we do not necessarily assume that i is a 

reduced word though later we will take i to be a reduced longest word. By the tensor structure of 

crystals in Proposition 3.4, for the sequence i as above, we can describe the explicit crystal structure 

on恥：＝ B;,R・・・R凡 asfollows: For x = (xぃ・・ ・,Xm) E恥， define

叫） ：＝秋＋こ〈h;,,a虎 j

j<k 

and for i E / define 

cf(il(x) := maxい(x)l1 :c;; k :c;; mandh = i}, 

炉） ＝訊）（x):= {k 11 :c;; k :c;; m, ik = i,びk(X)＝戸(x)},

甜＝甜(x):= max炉（x), 初＝副(x):= min炉 (x).
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Now, the actions of the Kashiwara operators e;』andthe functions s心;and wt are written explic-
itly: 

(3.9) 加）k:= Xk＋令，甜’ 訊X)k:= Xk -Ok,iii~'' 

(3.10) wt(x) :=—文叩恥叫x) ：＝戸(x)，伶(x) ：＝〈h;, wt(x)〉＋叫x).

Define the function/3 
(i) 

k 

k=l 

on恥 by:

(3.11) 附（x):=咋(x)一びk(X)= Xいこ〈hl9叫 め ＋ Xp,
k<j<k+ 

for X = (xi, ・ ・ ・, Xm) E 耐， wherefork E [l,N], k+ (resp. k―)is the minimum (resp. maximum) 
number j E [l, N] such that k < j (resp. l < k) and ik = ij if it exists, otherwise N + I (resp. 0). Here 

one knows that副(x)and副(x)are determined by帽(x)11 :-,; k :-,; N, ik = i}. 

3.4. Braid-type isomorphism. We shall introduce some isomorphism of crystals, called "braid-
type isomorphism". 

Set cij :=〈h;,aj〉〈hj,c坊〉， CI:＝ -〈hi,aj〉andc2:＝ー〈hj,ai〉.Inthe sequel, for x E Z, put 

ぷ：＝｛x ifx > O, 
0 if X < 0. 

(k) 
Proposition 3.6 ([13]). There exist the following isomorphisms of crystals¢):'(k = 0, 1, 2, 3) 

(1) If Cij = 0, 

(3.12) 鉗： Bi⑭ Bi→Bj@Bゎ

where埒((x)澄 (y)j)=(y）茂(x);.

(2) If Cij = 1, 

(3.13) 
(l) ~ 

¢.. ： BiRBjRBi一BjRB;RBj,
I] 

where 

(I) 
¢ij (（X)lR(y）j c (z);) = (z + (-x + y -z)山c(x+z)浚 (y-z-(-x+ y-z)+)1. 

(3) If Cij = 2, 
(2) 

(3.14) c/J)? : B澄 BjcB澄 Bj→ Bj⑭ B浚 Bj⑭ Bi,

(3.15) 

(3.16) 

(3.17) 

(3.18) 

where鉗isgiven by the following: for (x);c(y）疫(z);c(w)jwe set (X)冷(Y);c(Z)冷(W);:= 

鉗((x)，奴 (y)茂 (z)澄 (w)か

X = w + (-c2x + y -w + c2(x -c1y + z)ふ，
y x + c1w + (-x +z-c1w + (x-c1y +z)+)+, 

z y-(-c2x + y-w + c2(x-c1y + z)+)+, 

W = z-c1w-(-x+z-c1w+(x-c1y+z)＋）＋・

(4) If C;j = 3, the map 

(3. 1 9) （3) ¢.. ： BiRBOBiRBOB, ®B ―→B•®Bi®BOB澄 BOBl9
l] 
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is defined by the following: for (x); 181(y）茂(z);181 (u)j 181 (v)澄 (w)jwe set A := -x+ c1y-z, 

B := -y+c2z-u, C := -z+c1u-v andD := -u+c2v-w. Then (X)j181(Y)ic(Z)澄 (U)澄

(V)冷（W)i:=鉗((x)廣 (y)j181 (Z)i 181 (u)茂 (v)虔 (w)j)is given by 

X
Y
z
u
v
w
 

w + (D + (c2C + (2B＋ん）よ）十9

x + c1w + (c1D + (3C + (2c1B + 2Aふ）＋）十9

y+u+w-X-V, 

x+z+v-Y-W, 

u -w -(2D + (2c2C + (3B + c2A+)+)+)+, 

v -c1w -(c1D + (2C + (c1B + A+)+)+)＋・

(k) _.,(k) 
They also satisfy ¢. o ¢. ＝ id. 

lj'Jl 

We call such isomorphisms of crystals braid-type isomorphisms. 

We also define a braid-move on the set of reduced words of w E W to be a composition of the 

following transformations induced from braid relations: 

... ij ・..→.．．ji・・・(cij= 0), 

... ijij ・..→.．．jiji・・・(cij= 2), 

iji...→.．．jij・・・(cij= 1), 

... ijijij ・..→ .．．jijiji・・・(cij= 3), 

which are called by 2-move, 3-move, 4-move, 6-move respectively. 

3.5. Cellular Crystal Bi = l8砂••;, = Bii 181 ・ ・ ・ 181 B;,-For a reduced word i = i1 i2 ・ ・ ・ ik of some Weyl 
group element, we call the crystal恥：＝ B;,181 ・ ・ ・ 181 B;, a cellular crystal associated with a reduced 

word i. Indeed, it is obtained by applying the tropicalization functor to the geometric crystal on the 

Langlands-dual Schubert cell図， wherew = s;, ・ ・ ・ s;, is an element of the Well group W ([14]). 

It is immediate from the braid-type isomorphisms that for any w E Wand its reduced words i1 ・・・ii 
and ji ・ ・ ・ j1, we get the following isomorphism of crystals: 

(3.20) B;, R"・RB;, ~ Bh ®"·®Bj,• 

3.6. Half potential and the crystal B(oo). For~ Laurent polynomial </J(xぃ•.．， Xn) with positive 

coefficients, the tropicalization of </J is denoted by </J := Trop(</J), which is given by the rule: Trop(ax+ 

by)= min(x,y) with a, b > 0, Trop(xy) = x + y and Trop(x/y) = x -y and Trop(c) = 0 for c > 0. In 
[10], the crystal B(oo) has been realized as a certain subset of Bi defined as follows: 

Theorem 3.7 ([10, Theorem 5.11]). Define the subset of恥：

固）研），0i= ｛x= （功，・・・ ，知） EBi I cii<+)(x) ~ O}, 

where B；；；゚ isa certain geometric crystal,<I>(+) is a tropicalization of the half potential研） whichis 

a Laurent polynomial with positive c~efficients in N variables and E>i is a certain positive structure 

on the geometric crystal R；；；゜ •Then, (Bふ）o（＋）絨~ B(oo). 

Remark 3.8. To define the crystal structure on (R；；；。）炉），e;,it is supposed that if恥¢ 国）屈）絨9

then恥＝ 0.Thus, in this sense, the embedding B(oo) ~ (Rら）釘，0；⇔恥 isnot a strict embedding. 
In [15, 14], it has been given the strict embedding of B(oo)←恥， whichis called "Kashiwara 

embedding" and the method to describe the image of this embedding, called "polyhedral realization". 
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3.7. Subspace引i.The object'}{iwill play a significant role for this article. 

Fix a reduced longest word i = i1 ・ ・ ・ iN and take the function f3¥)(x) = Xk + bk<j<k+〈hh叫切＋

Xk+ (I :,:; k :,:; N) as in (3.11). In what follows, let us identify the Z-lattice zN with Bi and then we 

define the summation of elements x = (x1,・・・ぶN)andy =(y1,・・・,YN)byx+y=（ふ＋Y1,・・・ ，籾＋

YN) as a standard one in zN. Here, we define the subspace'lliczNby 

(3.21)'lfi := {x E Z州＝恥）1/3¥l(x)= 0 for any k such that e :,:; N} c IB,i・

The following result was presented in [10]: 

Proposition 3.9 ([10]) . Fori = i1i2 • • • iN, k = I, 2, • • •, Nanda fundamental weight A;, set 

(3.22) hり：＝〈hik,Sik+1.．． siNAi〉 and h; := (h門，h戸，．．．，h;N))E IB,i 

Then, we obtain that {h1, ・ ・ ・,h刈isa Z-basis of'lli, namely, 

( 3.23)'lli  ＝Zh1① Zh2①...①Zhn. 

Example 3.10. In g = G2-case. Set a12 = -1 and a21 = -3. Taking a reduced longest word 
i = 121212, one has 

(i) 
f3 (） 

(i) 
1 x = Xl —ゃ＋巧，凡 (x) =ゃー 3巧＋ X4, 開(x) ＝巧—凶＋ X5, /3加） ＝凶— 3巧＋ X6.

By the formula (3.22), one gets 

h1 = (1,3,2,3, 1,0), h2 = (0, 1, 1,2, 1, 1). 

Then the solution space'}{i of /3ii)(x)＝閑(x)= f3屈~)(x) ＝閲(x) = 0 is given by 

U. = {c1h1 + c2h2 = (c1心＋ 3c1,c2 + 2c1, 2c2 + 3c1心 ＋ c1,c2)I c1,c2 E Z}. 

(k) Lemma 3.11. The braid-type isomorphisms are well-defined on'lli, that is, <fJ):（苅） ＝ ％， where 

i'is the reduced word obtained by applying the corresponding braid-moves. We also obtain the 
following formula: 

(1) Foranyh = (・・・ ,x,y,・・・） ＝ • ・ • 18) (-x); 18) (-y)j 18) • • • E 判， assume that aij = aj; = 0. 
(0) Applying the braid-type isomorphism </J)? on (x,y) in h, we have 

(3.24) 埒(h)= (・・・ ,y,x,・・・） ＝・・・ 18)(-y)j 18) (-x); 18) • • • E <J{,,, 

(2) Foranyh=(・・・ ,x,y,z,・・・） ＝・・・R(-x)澄 (-y)澄 (-z);18> ・ ・ ・ E'}{i，assume that aij = a ji = 
(1) -1. Applying the braid-type isomorphism </J;~'on (x, y, z) in h, we have 

(3.25) 鉗(h)=(・・・ ,z,y,x,・・・） ＝・・ ・ 18> (-Z)j 18> (-y); 18>(-X)j 18> ・ ・ ・ E <J{,,, 

(3) Forh = (・・・,x,y,z,w,・・・) = ・・・R(-x);R(-y)jR(-z);R(-w)r・ E'}{i，assume that 

aij ・ aj; = 2. Applying the braid-type isomorphism紛on(x, y, z, w) in h, we have 

(3.26) 鉗(h)= (・ • • , w,z,y, x,・・・） ＝・ ・ ・ 18> (-w)j R (-z); R (-y)j R (-x); R ・ ・ ・ E'lli' 

(4) Forh = (・ • • ,x,y,z,u, v, w, •・・） ＝ • •·®(-x);®(-y)冷 (-z)冷 (-u)澄(-v)冷 (-w)r • • E 1{,,, 

assume that aij ・ aj; = 3. Applying the braid-type isomorphism </Jびon(x, y, z, u, v, w) in h, 

we have 

(3.27) 紛(h)= (・ ・・ , w, v,u,z,y,x,・・・） ＝・• • 18> (-w)j R (-z); R (-y)j R (-x); R • • • E'}{i， 

In [10, Sect.SJ, we have shown the following statements under the condition "Hi", where we omit 
the explicit form of Hi since we do not need it here. But, we succeed in showing the following 
proposition without the condition Hi since in [10] we have shown that there exists a specific reduced 
longest word i0 satisfying the condition Hio for each simple Lie algebra g and we got Lemma 3.11. 
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Proposition 3.12. Let i = i1i2・・・籾 bean arbitrary reduced longest word. Here if the crystal B(oo) 

is realized in恥 asin 3.6, we shall denote it by B(oo)i to emphasize the word i. For h E 1-li, define 

が（oo)i:= {x + h E Z汽＝恥）IxE B(oo)i} c Bi. 

(1) For any x + h Eが（oo)iand i E /, we obtain 

(3.28) 訊x+h)＝ら(x)+ h, f;(x + h)＝爪x)+ h. 

(2) For any h E⑭ we have B(oo)i nが（OO）i# 0. 

(3) 

]Bi= uが(oo)i
hE苅

Remark 3.13. In the setting of the half-potential method in [10], as mentioned in Remark 3.8, the 

crystal B(oo) is realized as a subset of Jai and it is supposed that e;x = 0 ifふx¢ (3)似＋），0i三 B(OO）．
Wo 

At the statement (2), since x E B(oo)i is considered as an element of訊恥isalso considered as an 

element in Jai. That is, even if為x~ B(oo), we consider that e;x E Jai and then it never vanishes. 

It is immediate from this proposition that one has the following theorem: 

Theorem 3.14 ([10]). For any simple Lie algebra g and any reduced word i必・ • • ik, the cellular 
crystal E砂•••;, = B;1 R B;2 R ・ ・ ・ R B;, is connected as a crystal graph. 

4. QUIVER HECKE紅 GEBRAAND ITS MODULES 

In this section, we shall introduce the quiver Hecke algebra and its basic properties (see [4, 5, 7, 

16]). 

4.1. Definition of Quiver Hecke Algebra. For a finite index set I and a field k, let（欲，j(u,v));,jEl E 
k[u, v] be polynomials satisfying: 

(1)忽，j(u,v) = fij,;(v, u) for any i, j E /. 

(2)忍，j(u,v) is in the form: 

叩 u,V)＝｛a(ai叫＋b（五）＝ー2(a泣 j)tlJabu%b

゜where t;,j;-aij,o E kx. 

if i * j, 

ifi = j, 

For/3 ＝凶m凸 EQ+ with向：＝凶mi= m, setl/3 := ｛V = (VJ,…，%） E Im I I;f=l av, = /3}. 

Definition 4.1. For/3E Q+, the quiver Hecke algebra R(f3）associated with a Cartan matrix A and 

polynomials !2;,j(u, v) is the k-algebra generated by 

{e(v)lv El/3｝，｛叫1~ k ~ n}, {r;ll ~ i ~ n -l} 
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with the following relations: 

e(v)e(v')＝ふ，,,,e(v), L e(v) = 1, e(v)xk = xke(v), 

vEl~ 
Tze(v) = e(sz(v))Tz, TkTz = TzTk if lk -ll > 1, 

が（V)＝丸，Yk+I(Xk, Xk+i)e(v), 

叫— xれ(lm)e(V)＝｛e言V) ：り：：＇十v:,=v:k:1;K+1,

゜
otherwise, 

(TK+1T汀k+l-Tげk+[Tk)e(v)=｛瓦，v,+1(xk改＋I,Xk+2)e(v) 

゜where f2;,j(u, v, w) = 
蕊，，J（U,V)ー辺，，j（W,v)

u-w 
E k[u, v, w]. 

(1) The relations above are homogeneous if we define 

Xk均＝ X区k,

if沈＝ Vk+2, 

otherwise, 

deg(e(v)) = 0, deg(xke(v)) = (av,, av,), deg(r1e(v)) = -(av,, av,.1). 

Thus, R(f3）becomes a Z-graded algebra. Here we define the weight of R(f3）-module Mas 

wt(M) =-:/3． 
(2) Let M =〶kEZMk be a Z-graded R(f3）-module. Define a grading shift functor q on the 

category of graded R(f3）-modulesR(f3）-Mod by 

qM:= 〶（q狐， where (qM)k = Mk-l・ 
kEZ 

(3) For M, N E R(f3）-Mod, let HomR(f3）(M, N) be the space of degree preserving morphisms 

and define HoMR(f3）（M,N) ：=〶kEZHomR(f3）（がM,N), which is a space of morphisms up to 

grading shift. We define deg(f） ＝kfor f E HomR(f3）ばM,N).

(4) Let !fr be the anti-automorphism of R(f3）preserving all generators. For M E R(f3）-Mod, 

define M* := Ho峨 (M,k) with the R(f3）-module structure by (r ・ f)(u) := f(ljf(r)u) for 

r ER(f3）,u E M and f E M*, which is called a dual module of M. In particular, if M ~ M* 

we call M is self-dual. 

(5) For/3，'Y E Q+, set e(f3，'}') = I:vEifi,v'El'e(v, v'). We define an injective homomorphism g,/3，'Y: 
R(f3）RR(y)→ e(f3，y)R(f3 ＋y)e(f3，y) by g(f3，y)(e(v) R e(v')) = e(v, v'), g(f3，y)(xke(f3） R 

1) = Xke(f3，'}'), g(f3，'}')(1 R Xke(y)) = Xk+即|e(f3，'}'),g(f3，y)(Tke(f3）R 1) = Tke(f3，y),g(f3，y)(l R 

Tke(y)) = Tk+lBle(f3，y). 
(6) For MER(f3）-Mod and NE R(y)-Mod, define the convolution product o by 

MoN:=R(f3＋y)e(f3，'}')RR(f3）RR('Y）(MRN) 

For simple M E R(f3）-Mod and simple NE R(y)-Mod, we say Mand N strongly commutes 

if M o N is simple and M is real if M o M is simple. 

(7) For MER(f3）-Mod and NE  R(y)-Mod, denote by M'i!N := hd(M a N) the head of Mo  N 

and M~N := soc(M a N) the socle of Mo  N, where the head of module Mis the quotient 

by its radical and the socle of module M is the summation of all simple submodules. 

4.2. Categorification of quantum coordinate ring汎q(n).Let R(f3）-gmod be the full subcate-

gory of R(f3）-Mod whose objects are finite-dimensional graded R(f3）-modules and set R-gmod= 

④/3EQ+ R(f3）-gmod. Define the functors 

Ei:R(f3）-gmod→R(f3-a;)-gmod, Fi : R(f3）-gmod→R(f3+化)-gmod,
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by E;(M) := e(a;,/3-a;)M, F;(M) = L(i) o M, where e(a;,/3ー叫：＝ rvEIP.v,=ie(v)and L(i) := 
R(a;)/R(a;)x1 is a I-dimensional simple R(a;)-module. Let知 R-gmod)be the Grothendieck ring 
of R-gmod and then知R-gmod)becomes a Z[q, q―1 ]-algebra with the multiplication induced by the 
convolution product and Z[q, q―1 ]-action induced by the grading shift functor q. Here, one obtain 

the following: 

Theorem 4.2 ([4, 16]). As a Z[q, q―1 ]-algebra there exists an isomorphism 

知 R-gmod)c:e孔q(n)z[q,q-']・

4.3. Categorification of the crystal B(oo) by Lauda and Vazirani [11]. The following lemma is 
given in [4]: 

Lemma 4.3 ([4]). For any simple R(f3）-module M, soc(E;M), hd(E;M) and hd(F;M) are all simple 
modules. Here we also have that soc(E;M)ee hd(E;M) up to grading shift. 

For MER(f3）-gmod, define 

(4.1) wt(M) = -:/3， s;(M) = max{n E Z I E?M * 0}，伶(M)= s;(M)＋〈h;,wt(M)〉，

(4.2) 瓦M:=q戸叫oc(E;M)臣 q?（M)-lhd(EM)， 尻M:=q戸叫d(F;M).

Set JE(R-gmod) := {S IS is a self-dual simple module in R-gmod}. Then, it follows from Lemma 4.3 

that E; and F; are well-defined on JE(R-gmod). 

Theorem 4.4 ([11]). The 6-tuple (JE(R-gmod), {Eふ{F』,wt,｛叫，｛cp;});EJholds a crystal structure and 
there exists the following isomorphism of crystals: 

甲： JE(R-gmod) 二 B(oo).

Remark 4.5. Note that Lauda and Vasirani showed this theorem under more general setting that g 
is arbitrary symmetrizable Kac-Moody Lie algebra. Here we assume that g is a simple Lie algebra. 

The definition of E; and F; in (4.2) differs from the one in [11], which follows the one in [7]. 

5. LOCALIZATION OF MONOIDAL CATEGORY 

Here we shall review the theory of localization for monoidal category following [5]. 

5.1. Braiders and Real Commuting Family. Let A be Z-lattice and r =④,lEA冗 beak-linearA-
graded monoidal category with a data consisting of a bifunctor R :冗x冗→ T,i+μ,an isomorphism 
a(X, Y, Z) : (X R Y) R Z→X R (Y R Z) satisfying a(X, Y, Z R W) o a(X R Y, Z, W) = idx R a(Y, Z, W) o 
a(X, Y R Z, W) o a(X, Y, Z) R idw and an object 1 E To endowed with an isomorphism E : 1 R 1二1
such that the functor X曰 XRlandX曰 1R X are fully-faithful. 

Definition 5.1 ([5]). Let q be the grading shift functor on T. A graded braider is a triple (C,Rc, ¢), 
where C E r, Z-linear map¢ : A→Z and a morphism: 

Re: CRX→が(,!)XRC (XE冗），

satisfying the following commutative diagram: 

CRXRYユ竺；¢（A)RXRCRY三↓靱Rc(Y)

吠l+μ)(X18) Y) 18) C 

(XE冗， YE冗）
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and being functorial, that is, for any X, Y E'T and f E Homr(X, Y) it satisfies the following com-

mutative diagram: 
id@f 

CRX,CRY  

Rc(X)↓ ↓Rc(Y) 
f@id 

XRC,  YRC 

Definition 5.2 ([5]). Let/ be an index set and (C;,Rc,船）iEIa family of graded braiders in'T. We 

say that (C, Re,, </J;)iEI is a real commuting family of graded braiders in'T if 

(1) C; E冗 forsomeふEA,and¢⑭ )  ＝0, </J凸） ＋約（ふ） ＝0 for any i, j E /. 

(2) Rc,(Ci) Ek吋dc,Rc,for any i E /. 

(3) Rc,(Cj) R Rc/C;) E kxidc,Rcj for any i, j E /. 

Note that Re,'s satisfy so-called "Yang-Baxter equation", such as, 

Rc,(Cj) 0 Re,(Ck) 0 Re/Ck) = Re/Ck) 0 Rc,(Ck) 0 Re,(Cj) on C; 0 Cj O ck・

For a finite index set/, set r := EB;dZe; and r十：＝ ④iEIZ"'oe,. 

Lemma 5.3 ([5]). Suppose that we have a real corrnnuting family of graded braiders (C;,Re凸）iEI・

We can choose a bilinear map H : r x r→Z such that </J;い） ＝H(e心 j)-H(ejぶ） andthere exist 

(1) an object ca for any a Er+・ 
(2) an isomorphism匂： C澤 Cf3~qH(a,f3）ca+/3 for any a'/3E「+

such that c0 = 1 and C''= C;・

5.2. Localization. Let'T and (C;,Reふ）iEIbe as above and { ca恥r+ objects as in the previous 

lerrnna. We define a partial orderさonrby

as/3←⇒/3-aEr+ 

Fora1,a2,・・・ Er,define 

のa1,a2,…：＝ ｛6 E rj a j + 6 E r + for any j = 1, 2,.. ・ }. 

ForX E冗， YE冗 and6 E :Da,f3，set 

凡((X,a), (Y,/3）） ：＝ Homr(co+a R X, qP(a,f3，ふμ)yRcf3+o), 

where a Z-valued function P(a,/3，6,μ) := H(6,/3-a)+ ¢(6 +/3，μ) and the map </J : r x A→Z is 

defined by ¢(a, L(f3）） ＝H(a,/3）-H(f3，a) andL: r→ A is defined by L(ei)＝ふ ([5]).

Lemma 5.4 ([5]). For 6 :S 6'there exists the map 

?o,o': Ho((X, a), (Y,/3））→ H6,((X, a), (Y,/3）） 

satisfying 

匂°；；が，6"=；；6,6”for 6 < 6'< 6”. 

Therefore, we find that {Ho((X, a), (Y,/3))}6Ev.13 becomes an inductive system. 

Definition 5.5 (Localization [5]). We define the categoryテby

Ob（元：＝ Ob(T)xr, 

Hom邦(X,a), (Y,/3)) := lim 
—• 

凡((X,a), (Y,/J)), 

/iE'D(a/3), 
;[+L(a)=μ+L(f3） 

where XE冗， yE冗 andthe function L : r→ A (ei曰ふ） isas above. We call this'T a 

localization of'T by (Ci, Reふ）iEIand denote it by'T[ C?―1 Ii E /] when we emphasize {C; I i E /}. 
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Theorem 5.6 ([5]).'T becomes a monoidal category. Moreover, there exists a monoidal functor 

T : T→'T such that 

(1) Y(C;) is invertible inテforany i E /, namely, the functors X曰 XRi(C;)andX H Y(C;)RX 

are equivalence of categories. 
(2) For any i E / and XE'T, Y(Re;(X)) : Y(C; R X)→Y(X R C;) is an isomorphism. 

(3) The functor Y holds the following universality: If there exists another monoidal category 

'T'and a monoidal fucntor Y':'T→'T'satisfying the above statements (1) and (2), then 

there exists a monoidal functor F :'T→'T'(unique up to iso.) such that Y'= F o Y. 

Proposition 5.7 ([5]). Under the setting above, we obtain 

(1) (X,a+/J)e; q-H(fJ,a)（C澤 X,/J),(l,/J) R (1, -/J)e; q-H(fJり）（1,0)for a E几，/JEr andX Eテ．
(2) If'Tis an abelian category, then so is'T. 

(3) The functors Y:'T→'Tis exact. 

(4) If the functor -R Y and Y R-are exact for any Y in'T, then the functors'T→'T(X→X@Y 

(resp. X→Y R X)) are exact for any Y in'T. 

6. LOCALIZATION OF TIIE CtITEGORY R-gmod 

In this section, we shall apply the method of localization to the category R-gmod. 

6.1 .1. Determinantial Modules. Here we just go back to the setting as in Sect.4. Let L(t) := 

q戸L(irbe a simple R(na;)-module satisfying qdim(L(in)) = [n];! := IT贔 がーqik 凸
ヽ．

q;-q,1 
(q; := q-'---'-z). 

Definition 6.1 ([5, 7]). For M E R-gmod, define 

和M):= L(in)V M. 

For a Weyl group element w, let sii ・ ・ ・ SiJ be its reduced expression. For a dominant weight A E P十9

set 

mK :=〈hik,SiK+1..．si,A〉 (k=1,・・・,!). 

We define the determinantial module associated with w and A by 

M(wA,A) := F加 ・・・F四1
l l h'  

where 1 is a trivial R(O)-module. 

Note that in general, one can define determinantial modules M(wA, uA) (w, u E W) which corre-

sponds to the generalized minor ~wA,uA ・

Now, let us see some similarity between the family of determinantial modules {M(w0A,A)}AEP+ 

and the subspace雑 Ashas seen above that for a reduced longest word i = i1 ・ ・ ・ iN, the subspace 

']{i c恥 ispresented by 

苅＝〶Zh;, h; = ((hり：＝〈h;,,s;,.1 ・ ・ ・ s凸〉）k=l,-・・,N・
iEl 

Furthermore, we also get 

Proposition 6.2. For any reduced longest word i = i1i2・・・籾 andA E P+, set 

叫：＝〈hh,Slk+lsik+2.．． si,A〉 (k=l,2,・・・,N) and hA:=(mぃ・・・,m砂

Then we obtain 

恥＝乃刀7;2...1;-;N ((0);1 R (0);2 R... R (O);N) ＝ 斤(0);1R !;で(0);2R... Rだ(O);NE'}{i， 

where note that for A = L氾;A;,one has hA = L氾ihA;•
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By this proposition, one observes that there would exist a certain correspondence 

(6.1) M(woA,A) = F;7！● ● ●戸1 ←→ 恥＝斤・・・だ((0);1R (0);2 c... R (0)砂

Definition 6.3 ([5]). For f3 E Q+, define a central element in R(f3）by 

初：＝ LvEifi(ITaE{l,2,…，ht(JJ））心＝心）e(v)ER(f3）． For a simple M E R(f3）-gmod, define an affinization 

M of M with degree d: 

(1) There is an endomorphism z : M →M of degree d > 0 such that M is finitely generated 
．—』．- ＿ 

free module of k[z] and M / zM ~ M. 

(2) P;M * 0 for any i E /. 

Theorem 6.4 ([5, Theorem 3.26]). For any A E P + and w E W, the determinantial module M(wA, A) 

is a real simple module and admits an affinization M(wA, A). 

Note that indeed, if g is simply-laced, then the affinization M always exists for any simple M E 

R(f3）-gmod as ([3]), 

M=  k[z]録 M.

6.2. Localization. 

Definition 6.5 ([5]). Let M be a simple R-module. A graded braider (M,R払¢)is non-degenerate 

if R爪L(i)): Mo L(i)→L(i) o Mis a non-zero homomorphism. 

For R-gmod, there exists a non-degenerate real commuting family of graded braiders (C;, Re凸）iEI([5]).

Set CA : = M(w0A, A) and denote CA; by C;・
Proposition 6.6 ([8]). For A =こim心 EP +• we obtain the following isomorphism up to grading 
shift: 

(6.2) CA:= M(woA,A) ~ c~加。... o c~叫

Theorem 6.7 ([5, Proposition 5.1]). Define the function <p; : Q→Zby 

¢i(f3)：＝ -(f3，woAげん）．

Then there exists {(C;,Rc，池）｝iEIa non-degenerate real commuting family of graded braiders of the 
monoidal category R-gmod. 

Now, we take 「 =P= 〶iZAi and r+ ＝ P十＝金Z叩心 Here,we obtain the localization 

R-gmod[c~-l Ii E /] by {(C;,Re;, <p,）｝た1,which will be denoted by元-gmod.
By the above Proposition, it holds the following properties: 

Proposition 6.8 ([5]). Let <I> : R-gmod→元-gmodbe the canonical functor. Then, 

(1) R-gmod is an abelian category and the functor <I> is exact. 

(2) For any simple object S E R-gmod, <l>(S) is simple in R-gmod. 

(3) C; := <l>(C;) (i E /) is invertible central graded braider in R-gmod. 

Forμ E P, define Cμ such that Cμ:＝①(Cμ) forμ E P+, C心＝ cr1and C1+μ = C1 o Cμ for 
ふμ E P up to grading shift. 

(4) Any simple object in R-gmod is isomorphic to で~ o <l>(S) for some simple module S E 

R-gmod and A E P. 

Note that in (4) A E P and S E R-gmod are not necessarily unique. 

Remark 6.9. In [5], the localization is applied to more general category盆， whichis the full sub-

category of R-gmod associated with a Weyl group element w. The category R-gmod here coincides 

with砥。 associatedwith the longest element w0 in W. 
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Definition 6.10. The category元-gmodis abelian and monoidal. Therefore, its Grothendieck ring 

'K（元gmod)holds a natural Z[q, q―1 ]-algebra structure, which defines a localized quantum coordi-

nate ring疇）：＝ Q（q)cz[q,q-1] <J((元-gmod).

Indeed, the Grothendieck ring'K（元gmod)is described as follows: 

Proposition 6.11 ([5, Corollary 5.4]). The Grothendieck ring'K(元-gmod)is isomorphic to the left 

ring of quotients of the ring'K(R-gmod) with respect to the multiplicative set 

s := {q刊[C』a,I k E Z, (a;);EI E Z勾，
iE/ 

that is,'K（元gmod)~ S—1'K(R-gmod). 

7. CRYSTAL STRUCTURE ON LOCALIZED QUANTUM COORDINATE RINGS 

We shall mention the main theorem, crystal structure on localized quantum coordinate ring元而
More precisely, we shall define a crystal structure on a family of self-dual simple objects in the 

category R-gmod (Theorem 7.4) and mention that it is isomorphic to the cellular crystal Bi (Theorem 

7.5), where i is a reduced word for the longest Weyl group element wo. 

Lemma 7.1 ([4, Proposition 2.18]). For any i E /, [3, y E Q+, any modules M E R(f3）-gmod and 

NE R(y)-gmod, one has the following exact sequence in R(f3 ＋y -a;)-gmod: 

(7.1) 0→凡MoN→ E;(MoN)一q―(a,/3)M o E;N→ 0. 

For i E /, let i* E / be a unique index satisfying A;, = -w0心

Lemma 7.2. (1) For S E R-gmod and i E /, if E;S = 0, then the module E;CA;• o S is a simple 

module. 

(2) If E;S = 0 for S E R-gmod, then we get for A E凡 with〈hl.，A〉>0,

(7.2) soc(E;(CA o S))~ CA-A;• 0 (E心•o S), 

up to grading shift. 

We set 

JB(R-gmod) := {LI Lis a self-dual simple module in R-gmod}. 

Lemma 7.3 ([5]). For any simple L E R-gmod, there exists a unique n E Z such that q" Lis self-dual 

simple. For a simple module L E R-gmod we define o(L) to be this integer n. 

Then by this lemma, we find that JB(R-gmod) includes all simple modules in R-gmod up to grading 

shift. For a simple object CA o <l>(S) E R-gmod we write simply CA o S if there is no confusion. 

Now let us define the Kashiwara operators F; and E; (i E /) on JB(R-gmod) by 

(7.3) F;(CA OS)= q6(CAoF;S)cA O F;S, 

(7.4) 瓦(CAO S) ＝ ｛q6(CA°E,S)CA゚瓦S ifEiS # 0, 
qo(CA-A;,o（瓦c令＊ oS))CA-A;• o （瓦CA;• 0 S) if E;S = 0, 

where CA o S is a self-dual simple module in R-gmod, the actions E;S and F;S are given in (4.2), 

which is defined on the family of all self-dual simple modules in R-gmod and in (7.4) the module 

E;CA;• 0 sis simple by Lemma 7.2. Note that for any m > 0, Er(cA OS)* 0,た（CAOS) * 0. 

Let甲： JB(R-gmod）一B(oo)be as in Theorem 4.4. For CA o S E JB(R-gmod), we also define 

叫CAoS) = t:;（'l'(S))-〈h;,woA〉,wt(CAo S) = wt（甲（S))+ woA-A, 
伶(CAo S)＝街（'l'(CAo S)) +〈h;,wt(CA o S)〉．

(7.5) 
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Theorem 7.4. The 6-tuple (R(R-gmod), wt, {c;}，｛叫{E;},{F」)iE/is a crystal. 

Here, by Proposition 6.2 we observe that there seems to exist a certain correspondence: 

{CAIAEP』cR-gmod ←→苅

CA=戸Tl.．．F↑門←→ hA=灯,,.r;:2..．だ((0)り⑭ (0);2181 ・..⑭ (O);N) 

Together with the result of Proposition 3.12, we obtain the following: 

Theorem 7.5. For any reduced longest word i = i1i2 ・ ・ ・ iN, there exists an isomorphism of crystals: 

qi : R(R-gmod)-> 恥＝ Uが(oo)
hE'H; 

CA oS ←→ hA＋'l'(S) E B団oo),

where 甲： R(R-gmod）~B(oo) is the isomorphism of crystals given in Theorem 4.4, S is simple in 

R(R-gmod) and for A=こiaふ sethA= La;h;. 

8. APPLICATION AND FURTHER PROBLEMS 

8.1. Operator ii. Define the Q(q)-linear anti-automorphism* of Uq(9) by 

（が）＊ ＝ q―h, e; = e;, 『=ft. 

Theorem 8.1 ([2]). Set L*(oo) := {u* I u E L(oo)}, B*(oo) := {b* I b E B(oo)}. Then we have 

L*(oo) = L(oo), B*(oo) = B(oo). 

From the proof of Theorem 5.13 in [ 5] we get 

Proposition 8.2 ([5]). For v = (vi, v2, ・ ・ ・, Vm-1, Vm) E [fl (m:＝憫） setV = (vm, Vm-1, ・ ・ ・, V2, Y1). 
Define the automorphism a on R(f3）by 

a(e(v)) = e(v), a(x;e(v)) = Xm-i+ie(v), a(Tje(v)) = -Tm-je(v). 

Then, there exists the functor a : R-gmod→R-gmod such that a(C;) = C;, (Vi E I), a2 ~ id and 
~X o Y) ~ a(Y) o a(X) for X, YE R-gmod. Furthermore, it is extended to the functor ii: R-gmod→ 
R-gmod which satisfies 

~2 (8.1) iiL ~ id, and ii(X o Y) ~ ii(Y) o ii(X) for X, YE R-gmod. 

Note that a(resp. ii) induces the operation * on~(n) (resp.元（n))since a(L(i)) = L(i) and then 

one has a(f;) = f; (resp. ii(f;) = f;) on.'llq(n) (resp.汎q(n)).Now, we obtain the following: 

Proposition 8.3. Let ii : R-gmod→R-gmod be the functor as above. It yields 

(8.2) 顔（元-gmod))= la(元-gmod).

Here note that Proposition 8.3 can be seen as a generalization of Theorem 8.1. 

Since as crystals Ja(R-gmod) ~恥 for any reduced longest word i, the proposition above gives 

rise to the following problem. 
Problem 1. Can we describe ii-operation on恥＝ Bi1R・・・R尻 explicit!y? 

Of course, this problem is non-trivial since even for the case B(oo) the explicit description has not 

yet been done before in Jai. 
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8.2. Category訊． In[5], it has been shown that for an arbitrary symmetrizable Kac-Moody Lie 

algebra and any Weyl group element w E W, there exists a subcategory訊 cR-gmodand it admits a 

localization 

元＝気[C戸IiE /], (C; = M(wA凶））

Indeed, note that for finite type Lie algebra setti~差元。＝ R-gmod.

Problem 2. We conjecture that the localization汎 possessa crystal 1B（元）． Ifso, we also conjecture 

that there is an isomorphism of crystals 

B（元） ~B;1181···181B加 9
where i1 ・ ・ ・ im is a reduced word of w. 

8.3. Rigidity. 

Definition 8.4. Let X, Y be objects in a monoidal category'T, ands : X 181 Y→land17:l→Y@X 

morphisms in'T. We say that a pair (X, Y) is dual pair or X is a left dual to Y or Y is a right dual to 

X if the following compositions are identities: 
idRT/ 蕊 id T/面d idR6 

X:::eX ⑭ 1 一 X ⑭ Y ⑭ X —➔ l@X:::eX, Y:::e 1 ⑭ Y ー➔ y ⑭ X®Y —➔ y⑭ 1 ""y 

We denote a right dual to X byの(X)and a left dual to X byか (X).

Theorem 8.5 ([5]). For any finite type R, R-gmod is rigid, i.e., every object in R-gmod has left and 

right duals. 

Note that in [6], it is shown that for any symmetrizable Kac-Moody setting the localized category 

盆 isrigid. 

Problem 3. For a simple obje竺CAOSE  JB（元g_giod),describe the right and left duals explicitly: 

甲（の(CAoS)), 甲（D―1(CAo S)) E島．
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