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DESIGNS ON TAUTOLOGICAL BUNDLE

YUYA IKEDA

1. INTRODUCTION

In the area of combinatorics, many researchers have studied point arrangements called “designs”.
Roughly speaking, “designs” are “good” point arrangements with approximate given space. Here,
we introduce a difinition of spherical ¢-design.

Definition 1.1. (Delsart, Gothals, Seidel(1977) [4]) Let

(1.1) S = {(@1, w0, @) ERY |22 423+ 422 =1},
A finite subset X of S"~! is called a spherical t-design if
1 1
1.2 — dp = —
(12) e LT DT
ueX

for any polynomial f(zq,---x,) of degree t or less.

For spherical designs, refer to [2]. Also designs on following spaces have been studied:
e Unitary groups [5]
e Grassmannian spaces [1]
e Compact symmetric spaces [3]

In this paper, we see a new definition of designs and its examples.

2. DEFINITION OF 7T-DESIGN

Definition 2.1. Let

e () :a set,

e W, H : C-vector spaces,

e Hy :a subset of H,

e {V,}pecq ma family of vector spaces,

o {e, : " — Vp}peq :a family of linear maps,

e 7:Hy— W :a linear map.
For a finite subset X C Q and linear functions A\, : V, — W, a pair (X, {\;}zex) is a 7-design if
for any s € Hg the following equation holds:

(2.1) 7(s) = Z (Azoeg)(s)
reX
Example 2.2. Now, we rewrite the spherical design with the definition of 7-design. Let
o Q=51
o V=RH=C®R"),Ho=Pol<t(R")|gn-1,
o V,=R(peQ),ep: H—=Vp, [ fp),
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1
(2.2) T Ho > W, o ——— fdp
|S7=1] Jgn—1

where y is a radon measure of S"1
e Forze X CQ)

1
2. Mgt —2z.
(2.3) @ Vz—>W,z'—>‘X‘z

Then, it is easy to see that

X is a spherical t-design < (X, \) is a 7-design.

3. DESIGNS ON TAUTOLOGICAL BUNDLE
3.1. TAUTOLOGICAL BUNDLE
We define an action SU(2) ~ CP! as follows:

(3.1) g V={gv|veV}

and let vg = {(x,0) | x € C}.

Proposition 3.1.

(3.2) @ :SU(2) = CP g g-up

is a principal bundle. Moreover, an isotropy subgroup

(3:3) Isoy, (SU(2)) := {g € SU(2) [ g - vo = wo} = S(U(1) x U(1))
leads the following isomorphism:

(3.4) CP' = SU(2)/S(U(1) x U(1)),

that is (3.2) is a principal S(U(1) x U(1))-bundle.

Now, we define the following action S(U(1) x U(1)) ~ C:

(3.5) g-T=qx <g= < 901 qo2 ) € S(U(1) xU(l)),xEC) .
Then,
(3.6) 7 Tyy — CP

denotes an associated bundle to (3.2) with fiber C.

Lemma 3.2.

(3.7) Toy ={(V,v) eCP* xC? |v eV}
The right-hand side of (3.7) is called a tautological bundle.
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3.2. SECTION OF TAUTOLOGICAL BUNDLE
In this section, we see a decomposition of I'(T5 1), which is a set of smooth section of 15 .

Proposition 3.3. I'(T5) has the following irreducible decomposition of SU(2) representation:

(3.8) [(Ty) = @I (121).

k>1
where dime T'%¥(Ty 1) = 2k.

From the general theory of representations in SU(2), we can see er(Tg,l) as a symmetric tensor.
Lemma 3.4. Let S”((CQ) be the set of all symmetric tensors of order n defined on C? and we define
(3.9) 5: S%HC?) - TH(Ty,)
as
(3.10) sa(l) = <l,a§€ (j)) (€ §2-1(C?),1 e CPY)

2
where of, is a coefficient of e’fegfk of @ when the basis of C? are e; = (z,y),e2 = (=7,Z) for
1= [z,y)((z,y) € S®). Then, s gives a homeomorphism between S?*~1(C2) and T'%*(Ty1).

Then, let H = @})_, T?*(Ty,) and
(3.11) 7 H = T?%(Tyy)
be the projection.

3.3. T-DESIGN

Recalling that the associated bundle to (3.2) is

(3.12) m: Ty, — CP',
Q= CPI,H = F(TQJ) and 'H() = H(Z @2:1 F2k(T271)). AlSO7 let {Vl}leCPl = {l € CPI} and
(3.13) e D(T3,) = Le(s) = sP().

where (1) is the second component of s(1).
Now we define a G-invariant polynomial ring.

Definition 3.5. For a subgroup G C GL(n,C), we define

(3.14) Clay, - 7$n}G ={f€Clzy, -,z | f(Az1, -, Azp) = f(21, - 20)}
and Clzy, -+ ,2,]G denotes a set of all elements of C[xy, - ,x,]% whose degree is d. The following
series is called Hilbert series:

o0
(3.15) PE(t) = (dime Clay, -+, 2] § )t

d=0

Then, let
3 4
(e 0 1 e+e 1 (0 1

wos=(5 &)r=ata (VT Lla)e=(4 )

where ¢ is an primitive 5th root of 1.
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Proposition 3.6.

(317) Gicosa = <57 T7 U>
is a subgroup of SU(2) and #Gicpsa = 120.
, 1430
(3.18) PGieosa(t) = + Sl 1220 g2

(1—1¢12)(1 —¢20)
For a subset X € CP!, linear functions A, : Vy — F2(T2’1) and g € G C SU(2), we define

(3.19) Uixy t H =T (To1), U ixp(s) = Z Az © ez (8),
reX

and

(3.20) Uyt H = T2(To1), Uy x 0 (s) = Z(g “A) © €ga(s)
rzeX

where

(3:21) 9 At Vo = T2(T21), (9 M) (2) = g - Aalg™'2).

For subsets X,Y C CP!, we define the sum of (X, Ax) and (Y, \y) as follows:
(3.22) (X, Ax) + (Yo Ay) = (X UY, Axuyy)
where

Ax(z) (€ X\Y)

(3.23) )\(Xuy>(z) = Ax(z) + Av(z) (z€XNY)
Av(z) (zeY\X)

Then, we define

(3.24) G- (X, 0= (9-X,9-X).
geG

Lemma 3.7. Let G be a finite subset of SU(2) and (Y, \y) = =G - (X, A\x). Then, Uiyay) is a

#G
G-intertwining operator.

Theorem 3.8. For a subset X ¢ CP!, if tre(Tix ) = 2, (Vo Ay) = mem (X, N) is a

T-design.

This theorem insists that

id (k=1)

(3:25) Yyalres(m,,) = { 0 (k=2,3,4,5) °
Finally, we compose a 7-design. Let xp = {(x,0) | x € C} and Ao : 29 — FQ(TQI,I) be
(3.26) Ao(z,0)(1) = (I, 2pr;(x,0)).
Then, trc(\ll(zo,/\o)) = 2. Therefore, from Theorem3.8,
1

3.27 —— Gicosa - (70, A
( ) #Gicosa icosa (xO 0)

is a 7-design. That is

1
(3.28) =120 > (9 2) © egay

9E€Gicosa



Furthermore, since the following lemma, we can calculate the equation (3.28) as follows:

12
1
(3.29) =1 E (9i - Ao) © €giaq
i=1

where {g;} are the representatives of Gicosa/I80z,(Gicosa)-

Lemma 3.9.

(3.30) #ISOxO(Gicosa) =10

and

(3.31) VEk € #1504 (Gicosa), k - Ao = Ao,
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