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Abstract 
The Ginibre point process is given by the eigenvalue distribution of a non-

hermitian complex Gaussian matrix in the infinite matrix-size limit. This is a 
determinantal point process (DPP) on the complex plane C in the sense that all 

correlation functions are given by determinants specified by an integral kernel called 

the correlation kernel. Shirai introduced the one-parameter (m E No) extensions of 
the Ginibre DPP and called them the Ginibre-type point processes. In the present 

paper we consider a generalization of the Ginibre and the Ginibre-type point pro-

cesses on C to the DPPs in the higher-dimensional spaces, C互D= 2, 3,..., in which 
they are parameterized by a multivariate level m E N息Wecall the obtained point 
processes the extended Heisenberg family of DPPs, since the correlation kernels are 
generally identified with the correlations of two points in the space of Heisenberg 

group expressed by the Schrodinger representations. We prove that all DPPs in this 

large family are in Class I of hyperuniformity. 

Keywords Hyperuniformity; Ginibre and Ginibre-type point processes; Determi-

nantal point processes; Extended Heisenberg family of DPPs; Schri.idinger represen-

tations of Heisenberg group 

1 Introduction and Results 

We consider the d-dimensional Euclid space記 dEN:= {1, 2,... }, or the fl-dimensional 
complex space C互D E N as a base space S. We assume that S is associated with a 
reference measure入． Weconsider an infinite point process on S, which is expressed by 
an infinite sum of delta measures concentrated on a set of random points Xi, i E N, 

三＝ど氏． (1.1) 
i:iEN 
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We assume that for any bounded domain A C S,三（A)<(X)；that is, accumulation of 
points does not occur. We also assume that with respect to the reference measure入(dx)

the point process has a加itedensity p1 (x) <(X)at almost every x E S. 
We consider a homogeneous point process in the sense that 

P1(x)入(dx)= const. x dx, x ES, 

where dx denotes the Lebesgue measure on S. The above assumption implies that for a 
bounded domain A C S, 

E［三（A)](Xvol(A).

Now we consider the number variance in the domain A, 

var[B(A)] := E[（三(A)-E［三（A)])2],

which represents local density fluctuation of the point process 3. The domain A is regarded 
as an observation window to measure the density fluctuation. If the points are non-
correlated and given by a Poisson point process, then 

var［三（A)]ex vol(A). 

Recently in condensed matter physics and related material sciences, correlated particle 
systems are said to be in a hypernnifoTm state when density fluctuations are anomalously 
suppressed in large-scale limit. (See, for instance, [8, 23].) For an infinite random point 
process B, the hypernnifoTmity is defined by 

lim 
var[3(A)] 

E［三（A)]
= 0. 

A→S 

This means that the number variance of points grows more slowly than the window volume 
in the limit such that the window covers whole of the space A→S. 
Torquato [23] proposed thTee hypernnifoTmity classes for point processes concerning 
asymptotics of number variances. In order to clearly assert this classification, here we 

assume that S＝記 dE N, and A=  Ill¥炉：＝ ｛X E配： lxl< R}, R > 0, where 
vol(lll¥忙）＝1fd/2R汀 (d/2+ 1) with the gamma function r(z) := fc。:'°e―uuz-1du, Re z > 0. 
We consider a series of balls with increasing radius R, {Ill¥閃｝R>O,and the hyperuniform 
states are classified as follows; 

Class I: var［三（帽）］:;::::Rd-1, 

Class II : var[3(lll¥屈）］:=::Rd-1 log R, 

Class III : var[3(lll¥閃）］:;::::Rd-a, 0 < a < 1, as R→ CX). 

Here J(R):=:: g(R) means that there are finite positive constants c1 and c2 such that 

c1g(R) < J(R) < c2g(R). The above characterization of three classes will be similarly 
described for any series of windows { AR} R>。labeledby a linear scale R of window. It 
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is expected that the hyperuniformity and its classification are the proper properties of三
and do not depend on the choice of observation window AR, R > 0. 
Determinantal point processes (DPPs) studied in random matrix theory (RMT) [7] 
provide a variety of examples of hyperuniform systems. In general a DPP is specified by 
a triplet 

（三，K,>.(dx)), 

where 3 is a nonnegative-integer-valued Radon measure (1.1) representing a point process, 

K is a continuous function S x S→<C called the correlation kernel, and入(dx)is a reference 
measure on S. 
The most studied DPP in RMT may be the sine (sine) DPP,（三sine,Ksinc, dx) on 
S=股withthe correlation kernel 

K 
sin(x -y 

sinc(x, y) = .）  
1r(x-y) 

, x,y E恥．

This DPP is obtained as the bulk scaling limit of the eigenvalue distribution of Hermitian 

random matrices in the Gaussian unitary ensemble (GUE) [7]. IflimR→oo f(R)/ g(R) = 1, 
we will write f(R) ~ g(R) as R→oo. As a classical result in RMT, it is well known that 

var［己sine（鵬りl
logR 

~~ asR→00. 

(See, for instance, [5, 20, 21], [19, Remark 5.8].) That is, the sine DPP is in Class II of 
hyperuniformity. Torquato [23] studied one-parameter (d EN) family of DPPs called the 
Fermi-sphere point processes, which is also called the Euclidean family of DPPs in [13]. 
This family gives the sinc DPP when d = l. It was proved that the Fermi-sphere point 
processes are in Class II of hyperuniformity for general d E N [24, 23]. 
An example of infinite DPP in Class I of hyperuniformity is also provided in RMT [7]. 

It is the DPP on C called the Ginibre DPP,（三Ginibre,KGinibre,入N(o,1;q(dx))on S = C, 
which is obtained as the bulk scaling limit of eigenvalue distribution of non-Hermitian 

random matrices [9]. There 

KGinibre(x,y) = e呵 x,yE (C, 
e―|xl2 

入N(O,l;IC)(dx)= ~dx. 
刀―

Note that the disk on C, IDJR := {x EC: lxl < R}, is identified with JIB岱c配． Shirai
proved [17] 

[3 
R 

varーGinibre(JR岱）］ ～一 asR→00. 
V 

(1.2) 

In [14] the result (1.2) in S = C was extended to DPPs in the higher-dimensional 
complex spaces S = C互D= 2, 3... as follows. For S = C互DE N, each coordinate 
x E CD has D complex components; x = (x(1),..., x(D)) with x(e) = Re x(e)＋《可―Imx化），
€ = 1,...,D. We set xR := (Rex(ll,...,Rex(Dl), x1 := (Imx(1l,...,Imx(D)) E配，
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and we write x =咋＋《コ・xrin this paper. The Lebesgue measure on e,n is given by 
dx = dx叫XI:＝ rr幻dRex(P)dimx(P)_For x =罪＋《コ功， y=郡＋《コ功 EC互we
use the standard Hermitian inner product; 

X・'[j:=（罪＋ごxr)・ (YRーご如

= (xR ・珈＋XI • YI)一ご(XR.Yr -Xr. YR). 

The norm is given by lxl：＝{戸豆＝ V|x叶＋ IX訊 XECり Notice that if x = 
Xぃy= YR E詔 thenx ・ y =咋.YR:＝こ似Rex(PlRey(£). The D-dimensional disk 
][)) 
(D) ~) := {x E (CD: lxl < R} is identified with lB忙in配 providedthat d = 2D, DEN. On 
(CD the reference measure is given by the D-dimensional direct-product of入N(o,1;C)(dx), 

D 

入N(0,1炉）（dx):= IJ極o,1;q(dx(P)) 
£=1 

e―(Ix記＋崎） e―|xl2 
= ~dx叫町＝ ;ndx, x ECり (1.3) 

In [14] the one-parameter family (D E N) of DPPs was studied, which is called the 
Heisenberg family of DPPs defined on en as follows. 

Definition 1.1 The Heisenberg family of DPPs is defined by（西D，K枷 9入N(0,1；匹）（dx))
onC互DE N with the correlation kernel 

k励（x,y)=e豆 x,y E <C互 (1.4) 

Note that K郎 ishermitian; K即 (x,y)=K叫 y,x), x, y E (CD. The kernels in this 
form on CC互DE N have been studied by Zelditch, who identified them with the Szego 
kernels for the reduced Heisenberg group H炉[26].This family includes the Ginibre DPP 
as the lowest dimensional case; D = l. The following was proved [14]. 

Theorem 1.2 Any DPP in the Heisenberg family,（三HD,K即,AN(0,1；匹）（dx))on CC見DE
N, is in Class I of hyperuniformity such that 

lim R 
var［三い鵬四）］ D 

＝ 
R虹 E［3HD(JB罰）］ 喜・

Moreover, for each D E N, the following asymptotic expansion holds, 

where 

var［己％（四罰）］ ～ D 00 

E三 (JB罰）］占
R―1 L(-ll 叫 D)

(2k + l)k!24k 
R-2k as R→oo, 

k=O 

1, 

叫 D)＝ ｛月＋1（2D+2t-1)，
if k = 0, 

if k EN. 
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Instead of lBl 
(2D) （D) 
R ~]]J) R'  D EN, we can consider the D-dimensional polydisk of radius 

R>OinC互

△炉：＝ ｛x = (xC1l,...,x(D)) E <CD: Ix叫<R,i = 1,..., D}, (1.5) 
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For D = 1, let 

K訂(x,y)=K叫x,y)Lm(lx -Yl2), m EN。, x,y E C. 

The one-parameter (m E N。)familyof DPPs,（三犀，K訂，入N(o,1;q),m E N。onC was 
studied by Shirai [18], who called the DPPs in this family the Ginibre-type point processes. 
This family of DPPs was also studied by Haimi and Hedenmalm [11], where they called 
the DPPs the polyanalytic Ginibre ensembles. This family of DPPs on C has a physical 
interpretation in terms of a two-dimensional system of free electrons in a uniform magnetic 

field, where the electrons occupy the m-th Landau energy level, m E N。.Shiraiproved 
the following [18]. 

p roposition 1.4 Any Ginibre-type DPP on C ;::;(m) T<'"(m) , （ーH1,K庄，入N(o,1;q(dx)),m EN。,isin 
Class I of hyperuniformity such that 

lim R 
var［雪炉(B閏）］ （m) 

R→OO E［三炉(JIB炉）］ 出

=C  
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with 

(m) 汀 (m+3/2) 1 1 1 
叫＝ Tm! 3F2 (—~'— ~,-m; 1,-~ —m;l) 

～竺m1!2 as m→00. 
刀―2 

(1.8) 

In the present paper, we consider a large family of DPPs which includes both of the 
Heisenberg family of DPPs and the Ginibre-type DPPs, which is parameterized by the 
dimensionality D of the base space S =(['.D and the multivariate level expressed by a set 
of integers, m = (m(1),..., m(D)) E嘲．

．． 
Definition 1.5 The extended Heisenberg family of DPPs is defined by ( =（m) ーHD'K H(m)， D 

入N(0,1砂）（dx))on <C互D E N with a multivariate level m E N忍， wherethe correlation 
kernel is given by 

D 

K間(x,y)= K即（x,y) IJ Lm(£) (Ix(£)ーが叩）， x，y E Cり （1.9) 
£=1 

Here KHv is defined by (1.4). 

When m = 0 := (0,..., 0), this family is reduced to the original Heisenberg family 
defined by Theorem 1. 1. It is obvious that when D = 1 this family is identified with the 
Ginibre-type DPPs of Shirai [18]. 
In [18] Shirai gave a sufficient condition of Class I of hyperuniformity for DPPs on配
with general dimensions d 2: 1. There he assumed that the observation windows are balls 
(d) 尻 andthe DPPs are isotropic in a sense. We can apply this general theorem to the 
Heisenberg family of DPPs, (BHv, K加 9入N(0,1；匹）（dx))for all DEN and the Ginibre-type 

DPPs on C,（三tl,Kt)，入N(O,l;C)(dx)) for all m E N。.But,it is not applicable to the 
extended Heisenberg family of DPPs on (CD, （三s:i,K~':l ，入N(0,1 ；匹）（dx)), if D 2: 2 and 
mヂ0,since 

: k(m) e-|吋|2 D 

7rD HD(x,X'）□ ＝土e―|x-x'l2IT Lm(l) (Ix(£) -x'（叩）2
l=l 

is not a function of Ix -x'『＝区に Ix(£)-x'(l)ド． Inother words, the DPPs in the 
extended Heisenberg family with Dミ2or mヂ0are not isotropic. 
In the present paper, however, we prove the following result for the extended Reisen-
berg family of DPPs, when observation windows are given by the D-dimensional polydisks 
(1.5). 
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Theorem 1.6 For the extended Heisenberg family of DPPs, （雪~,K勾，入N(O,l炉）（dx)),
DEN, mEN召，

D 

lim R 
呵誓（△炉）］

R→OOE［誓（△炉）］ ＝i四R[1-g(1var［三犀叫鵬？）］
£=1 ( E［己閃叫的）］）］

D 

＝LC悶(£)).
R=l 

By (1.7), (1.8) gives 
C(O）江（3／2)1 
H1 ＝ ＝．  

T 《
Hence, this result can be regarded as a generalization of Proposition 1.3. 

(1.10) 

In Section 2, we show the relationship between the extended Heisenberg family of 

DPPs and the Schrodinger representations of the Heisenberg group Hv, DEN. There the 
(m) 

function denoted by g specifies the representation. The correlation kernels K~;J, D EN, 
HD' 

mE嘲 areidentified with the correlations of two points in the space of Hv expressed 
using the Schrodinger operators acting on g. In Section 3, after giving preliminaries for 

point processes and comments on Theorem 1.2, the proof of Theorem 1.6 is given. 

By Abreu and his coworkers [2, 3], the DPPs associated with the Schrodinger rep-

resentations of Hv are named as the Weyl-Heisenberg ensembles, in which g is called a 

window function in the context of the time-frequency analysis [10]. See also Section 2.6 

of [13]. It was proved by Abreu et al. [4] that the Weyl-Heisenberg ensembles are in the 

hyperuniform state of Class I for a general class of window functions. 

2 Rep 
． 

resentations of the Heisenberg Group and Cor-

relation Kernels 

2.1 Schrodinger representations 

We briefly review the representation theory of the Heisenberg group [6, 22, 10] in order to 

explain the reason why we call the DPPs defined by Definition 1.1 the Heisenberg family 

of DPPs and why we think that the DPPs defined by Definition 1.5 form its extended 

family. 

Consider the classical and quantum kinetics of a single particle moving in配，DEN.
We note that, if D = 3k, k EN, this represents a k-particle system in the three dimensional 
Euclidean space. The phase space is given by正 withcoordinates 

(p, q) = (P1, ・・・,PD, q1, ・ ・ ・, q砂

In order to describe the Heisenberg Lie algebra hv, we consider艮2D+lwith coordinates 

(p, q, T) = (P1, ・・・,PD, qい•.．， qv,T), in which a Lie bracket is given by 

[(p, q, T), (p', q', T1)] = (0, O,p ・ q'-q ・ p') = (0, 0, [(p, q), (p', q')]). 
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The symplectic form of the Lie bracket [(p, q), (p', q')] = p・q'-q・p'comes from the Poisson 

bracket in the classical mechanics and the commutator [A, B] := AB -BA in qu皿 tum

mechanics. The Heisenberg grnup HD is the Lie group on股2D+lsatisfying the group law 

that is, 

1 
Z Z'= Z + Z'+ ; [ Z, Z'], Z, Z'E股2D+1;

2 

(p, q, T)(p', q', T1) = (p + p', q + q', T + T1 + ~(p ・ q1 -q ・ p1)). 

Letび（記） bethe set of square integrable functions on配， wherethe inner product 
is given by 

〈f,g〉だ（砂） ：＝J f(〈）g(()d(, f,g Eび（配）
砂

with the norm IIJIIL2⑮)  := V〈f,f〉い（坪）， fEび（配）， where〈=（＜（1),..., ((D)) E配
and d(denotes the Lebesgue measure on詔 Fora smooth function f, we introduce 
operators x(e) and加 definedby 

1 of 
(X化）f）（く） ＝ぐ£)f((), (1J(£) f)（く）＝ £=  1,...,D. 

2ご的i)'
(() 

They satisfy the commutation relations 

ご
[Xは）， 1)ば）］ ＝―-如，£,£'= 1,..., D. 

2 

Note that the above will represent the canonical commutation'f'elations in quantum me-

chanics, [Q(e), Pり＝《可励e. Here we should claim that the value of the Planck 
constant fi is specially chosen to be 1/2. This corresponds to the choice of the reference 
measure on (CD as (1.3). We consider a map from HD to the group of unitary operators 

acting onび（記） definedby 

p(p,q,T) = e 2✓ゴ(p·D+q·X+TI)

where 1) := (7J(l),..., 7J(Dl), X := (X(l),..., X(D)) and I denotes the identity operator. 

By the Baker-Campbell-Hausdorff formula, we can show that 

p(p, q, T)f(() = e2✓二l(T+q-(+p·q/2)!((+ p), f EI?（旧D).

The map pis called the Schrodinger representation of Hn. The kernel of pis {(O, 0, k1r) : 
k E.Z}, since e2藷 v'=I= 1, k E.Z. The reduced Heisenberg group H伊 isdefined by 
H炉：＝ H叶{(O,0, k1r): k E.Z}. We consider the matrix-element functions of p(p, q, T) at 
(J,g) E £2国）汽

MJ,g(P, q, T) :=〈p(p,q,T)j,g〉正（詔） ＝〈p(-p,q, T)g,『〉L誓）

=eい j召y'=Iq-(f(＜＋り g(< -：）仮， f,gEび（配），（2.1)
艮D

which is also called the Fourier-Wigner transform (see, for instance, [6, Section 1.4]). 
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2.2 Ground-state representation 

We put 
2 ¥ D/4 e―ぐ

g(() =(— ~)砂/2 =： G。((), (E詔
and define the complex variables 

X = (xC1l,...,x(D)) := p+ ✓コq = (p(l) + ✓コq(ll,...,P(D) + yCiqCDl) ECり

Then (2.1) becomes 
e―|xl2/2 

M1,c0(p, q, T) = e2v'=ITB[f](.r) 7rD/2 

with 
2 D/4 

B[f](x) := (~) Uf" 1D f(()e2(-x-(2＿丑／2d(, f Eび（配）．
T 艮D

(2.2) 

(2.3) 

This integral is called the Bargmann transform. For f Eび（配）， thisintegral converges 
uniformly for x in any compact subset of <C互andhence B [!] is an entire function on <Cり
We can prove that for Ji, h E L％即）

〈Mfi,Go,M丘Go〉庄（即D)=〈f1,f2〉L2（JRD)=〈B[fll,B[f2]〉£2(CD，入N(O,l;CD)), (2.4) 

where入N(0,1；匹） isgiven by (1.3) and 

〈F1,F2〉だ(C互入N(O,l，四）） ：＝ J 凡(x)凡(x)入N(0,1，匹）（dx)
CD 

with the norm IIF||£2(C互入N(O,l;CD)):＝ ✓〈F,F〉い (C互入N(o,i,cDJ)· The Bargmann-Fock space 
巧 isdefined by 

凡：＝｛F: Fis entire on (CD and IIFIIL2(C互入N(O,l，四）） ＜ oo｝． 
The equalities (2.4) imply that the Bargmann transform is an isometry fromび（如）
into孔． Hence,if {f n}nEN。isa complete orthonormal system (CONS) ofび（記）， then
{B[f』}nEN『makesa CONS for Fv. 
For (p, q, T), (p', q', T1) E股2D+l,we consider the correlati , we consider the correlation of these two points ex-
pressed by the Schrodinger operators acting on G。suchthat 

Cora0((p, q, T), (p', q', T1)) :=〈p(-p,q,T)G。,p(-p',q', T1)G。〉I;2（恥D). (2.5) 

We take a CONS {f n}nEN。ofび（配）， wherewe assume fn E股， nEN。.Thenthe 
two-point correlation (2.5) is expanded and expressed using the matrix-element functions 
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(2.1) as 

Cor叫(p,q, T), (p', q', T1)) = ~。〈p(-p,q,T)G。 ,fn〉国）〈fn,p(-p', q', T1)G。〉正（炉）

＝区〈p(p,q, T)fn, Go〉び（炉）〈G。，p(p',q', T')f砂仄炉）
nENo 

= L Mfn,Go(P, q, T)Mfn,G。(p',q', T') 
nENo 
e―(|xl2+lx'l2)/2 

＝砂 LB[f』(x)B[f』(x'）．
nENo 

The Hermite polynomials on罠 aredefined by 

Hぷ）：＝ （ー1)”eく2dnパ， nEN。, < E股，
d(n 

and then the Hermite orthonormal functions are given by 

1 
叫(<)：＝ e―ぐ／2几(〈),nEN。,(E恥
¢ 

J戸ぷ）叫(()dく＝ 8nm,n,m EN。.Herewe make a slight modification as 

iぷ）：＝ 21/4叫（改）， nEN。,<E股．

(2.6) 

(2.7) 

｛ふ｝加N。makesa real CONS ofび（股）， JRふn(()Jm信）d(=8nm, n, m E N。,asassumed 
above. 
We extend the above results on恥to配， DEN by simply considering direct products; 
for n := (n(ll,..., n(D)) EN忍，＜ ：＝ （＜（1），．．．, <(D)） E訊

D 

叱(():=IT;'(;n(ll(((f)). 
f=l 

We can show that 

D 

B［叫](x):= IT B［贔紅）］（砂）

where 

£=1 

D 

= IIい (x(£))=:虹（x), n E疇 XE C互
£=1 

xn 
叫(x):= ~'n EN。, X € C. 
心'

(2.8) 

(2.9) 



22

Hence (2.6) is calculated as 

e―（同＋1咋）／2
Cor叫(p,q, T), (p1, q1, T1)) = 

7rD 
と虹(x)虹(x’)
nEN『

e-(lxl2+1咋）／2D oo 1 
= TD IIこ屈）！（x叫 I(£))

t=1 nU)＝0 

n(£) 

=:恥(x,x'）fy,x,x'ECり
By the gauge invariance of DPP (see Lemma 3.2 below), this can be identified with the 
correlation kernel KHn(x, x') of the Heisenberg family of DPPs given by (1.4). Note that 
this result is obtained due to the special choice of g given by (2.2), which is also written 
as 

g(() = Gぷ） ：＝ T：／2%（＜）,〈 E詔 (2.10) 

We think that (2.8) represents the eigenstate in a multivariate level n E N忍ofthe D-
dimensional direct-product system of harmonic oscillators. Since'110(() gives the ground 

state, the above results on the choice (2.10) can be regarded as the ground-state repre-
sentation. 

2.3 Higher-level representations 

Now we consider the following general choice of g, 

1 
g(() = Gm(()：＝砂／2虹（く），

m = (mC1l,..., m(Dl) EN忍，〈＝ （＜（1),..., ((D)) E記，

which corresponds to the higher-level state of the D-dimensional system of harmonic 

oscillators. The matrix-element function is then given by 

e―|xl2/2 
Mf,Gm(P, q, T) :=〈p(p,q, T)f, G凸国） ＝e2ご国[f](x，歪）砂／2'

where 

B』f](x，x):=げ） D／4二J此DJ(()e2(-x—ぐー企／2Hm い(<- X；団））必
1 = ~elxl2 
”8xm  

加 [e―|xl2B[f](x)].

Here we have used the multivariate notations, 

D 

2m := II 2紐），
£=1 

D 

m!:= II訊）！，
£=1 

加
D 

枷 m :＝II 
f=l 

8叫）

8x(P)m (£)' 

D 

H虚）：＝rr瓜(£)（砂）．
f=l 
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By the definition (2.3), B。[fl(x) = B [fl (x). The integral transformation Bm [fl (x，団），
mEN忍iscalled the true-m-Bargmann transform by Vasilevski [25], the polyanalytic 
Bargmann transform by Abreu and Feichtinger [1], and has been studied as the coherent 

state transform by Mouayn [15l. 
We can read from Shirai's paper [18l that, for (2.9), 

1 lxl2 加7mrelxl2 ~ [ e―|xl2叫(x)]＝ご虞m)(lxド）xn-m, n,m EN。, X E C, 
(a) where L',,,"! is defined by (1.6). Hence, we have 

D 

Bふ］（x,団） ＝ rrい：；£)）は((::-mU)）(|x叩）x訳）＿叫）
f=l 

form= (m(1l,...,m(Dl),n = (n(ll,...,n(D)) EN忍X = (x(1),...,x(D)) E詔 Itwas 
also shown in [18l that 

立L(n-m)（|x|2)L岱m)(lx'12)(x豆）n-m= ~ex面Lm(lx -x'l2), m E N。,x,x'E <C. n!-m ¥J-1 ;-m ¥I- I 1,--I m! 
n=O 

For each multivariate level m E嘲， asan extension of (2.5), the correlation of two 
points (p, q, T) and (p', q', T1) in the space of Hv shall be given by 

Corcm((p,q,T),(p',q',T')) :=〈p(-p,q, T)Gm, p(-p', q', T1)Gm〉切砂）・

It is evaluated as 

Corcm((p, q, T), (p', q', T1))＝L M<Pn,Gm (p, q, T)M<Pn,Gm (p', q', T1) 

nEN『

e -(lxl2+lx’戸）／2
＝ 砂 LB叫虹](x,x)B』虹](x’，戸）

nE咽

€— (|x|2+|x’|2) / 2 D 
＝砂 ex•xiIT Lm(£) (Ix(£) - x'(P)門）

f=l 

＝F:-K訂(x,X'）□戸 x,x'E (Cり
(m) 

By Lemma 3.2, this can be identified with the correlation kernel K~~! (x, x') of the ex-
HD'  

tended Heisenberg family of DPPs given by (1.9). 
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3 Preliminaries and Proofs 

3.1 Preliminaries for point processes 

The configuration space of point process 3 = 2(・) is given by 

Conf(S) =｛~=~位： xi ES, ~(A) < oo for all bounded set Ac S }. 

Let Bc(S) be the set of all bounded measurable complex functions on S of compact 

support, and for~ E Conf(S) and ¢ E Bc(S) we set 

い〉：＝ J¢(x)~(dx) ＝区¢（Xi).
s 

Random variables written in this form are generally called linear statistics of a point 
process三[7].For a point process己， ifthere exists a non-negative measurable function 
P1 such that 

E[〈2,¢〉]＝l ¢(x)p1(x)入(dx) VのE且(S).
s 

p1 is called the first correlation function of 3 with respect to the reference measure入(dx).
By definition, p1(x) gives the density of point at x ES with respect to入(dx).For n EN, 
from~ E Conf(S) we define 

＆ ：＝ こi1,…,tn:tj#ik,j#K ％・・•6Xin' 
and denote the n-product measure of入as入Rn(dx1・ ・ ・ dxn) := n~=l 入(d叩）． For a point 
process 3, if there exists a symmetric, non-negative measurable function Pn on sn such 
that 

E[〈三n,¢〉]＝1n ¢(xi,•••, Xn)Pn(X1, • • •,%）灼(dx1 ・ ・ ・ dxn) 1::/¢ E且（S門，
sn 

then we say that Pn is the n-th correlation function of三withrespect to入(dx).
Determinantal point process (DPP) is defined as follows. 

Definition 3.1 A point process三on(S, lえ(S)，入(dx))is said to be a DPP with a mea-
surable kernel K : S x S→<C, if the correlation functions with respect to入(dx)are given 
by 

叫X1,.,.,Xn)＝贔悶n[K（叩，巧）］ forevery n E N and any x1,..., Xn E S. (3.1) 

The integral kernel K is called the correlation kernel. The DPP is specified by the triplet 
(2, K, >.(dx)). 
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The following fact is well known. 

Lemma 3.2 Consider a non-vanishing function f : S→C. Even if the correlation 
kernel K (x, y) is transformed as 

1 
K(x, y)→的(x,y) := J(x)K(x, y)~, x, y ES, 

J(y)' 

all correlation functions (3.1) are the same and hence 

（三，K,..¥(dx))(1竺） （三，K1,..¥(dx)).

(3.2) 

The transformation (3.2) is called the gauge transformation and the above property of 
DPP is referred to gauge invariance. See, for instance, Lemma 3.8 in Section 3.6 of [12]. 
If the point process is a DPP,（三，K,入(dx)),then 

E[〈3,¢〉]＝L cf>(x)K(x, x)入(dx),
s 
1 

var[〈塁〉］ ＝5 J枠(x)一cf>(y)12K(x, y)K(y, x)>.02(dxdy), 
SxS 

¢ E且(S).

In particular, when ¢ is the indicator function of a bounded domain A C S; cp(x) = 
lA(x) := 1, if x EA, and := 0 otherwise 

E[〈三(A)〉］ ＝1 K(x,x)入(dx),
A 

var[〈三(A)〉］ ＝11¥A K(x, y)K(y, x)入(dx)入(dy).
A JS¥A 

3.2 Comments on Theorem 1.2 

The Bessel function of the first kind and the modified Bessel function of the first kind are 
defined as 

み(z):=（尺）｀（一1)nn!r((~+1)'
Iv(z) :=（三『文 (z/2)2n

2) ~ n!f(v + n + 1)' 
n=O 

v > -1, z E (C ¥ (-oo, OJ, 

respectively. The following were proved in [14]. 
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Proposition 3.3 For the Heisenberg family of DPPs, (3HD, K勘 9入N(0,1炉）（dx))on C互
DEN, the following hold, 

E［王（B罰）］＝竺
D!' 

var[3HD (llll 
(2D) ¥ l - 2R2D(X)ん（咽）2

ーHD R)] ＝ （D -1)！ ［ k (1 -e―氏2;4)dK
R2De―2R2 D-1 
= D！区［In(2Rり＋In+1(2だ）], R > 0. 

n=O 

Theorem 1.2 is concluded from the above proposition, if we use the following asymp-

totic formula of the modified Bessel functions (see, for instance, [16, Section 10.17]), 

00 ex 

Iv(x) ~ kak(v) __ -k 
亭区(-1)K!23kx,
k=O 

3.3 Proof of Theorem 1.6 

For R > 0, n, m E N。,let

as x→ CX). 

p~知）：＝世「2Un-い |L位―m)(u)l2du.
n!。

We introduce a series of random variables Y 
(R,m(l)) 
nU) E {0, 1}, mU) E N。,n(t)E N。,

£ = 1,..., D such that they are mutually independent and 

Y(R,mU)） Bernoulli 
叫） ～ μ （R,mU)）' 

P記）

(R,mば））
where the right-hand side denotes the Bernoulli measure of probability p~';;;"', 1. By the n(l) 

general theory of the duality relations between DPPs [13, Theorem 2.6], we can prove that 

D 

誓（△炉）凸とHY；仇’叫））．
nEN召f=l

Then it is easy to verify that 

D D oo 

E[B訂（△炉）l=LIT凡信(£))= ITLPげ'mU)）'
nEN召£=1 £=1 k=O 
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and 

D 

var［誓（△誓）］ ＝var ［こ IIY誓仇’糾）） D 

[ O 

nENg£=1 ] = nごDvar IIY誓i）'紐））
D D [ l 

= L IITP雪(£))
nEN< £=1 -（恥？？（£）))]
D oo D oo 

=IIL吟R,網 )-I1L(Pげ’紐）平．
f=l k=O f=l k=O 

Hence. we obtain ， 

var[：：：間（△炉）］ D ここ。(pげ’砂））2
E[：：：訂（△炉）］

=1-rr OO 

{＝1 区
(R,mの）＇

mEN訊
k=oPic 

When D = l, the above gives 

var[：：：仰(B炉）]_ var[：：：t)（叫）］と~o(Pげ'm))2
三＝ 1-

） 

E［三仰(IBl閏）］ E［三仰（△砂l 区'::=oPiR,m) ' 
mEN。•

where we have used the obvious fact that •~) = lD)R C C and it is identified with 

醒） c配． Hencethe first eq叫 ityin (1.10) is proved. The second eq叫 ityis obtained 
by Proposition 1.4. The proof is hence complete. 

Acknowledgements The present author would like to thank Tomoyuki Shirai and Shinji 
Koshida for useful discussion on this subject. This work was supported by the Grant-in-

Aid for Scientific Research (C) (No.19K03674), (B) (No.18H01124), (S) (No.16H06338), 

(A) (No.21H04432) of Japan Society for the Promotion of Science. It was also supported 

by the Research Institute for Mathematical Sciences (RIMS), a Joint Usage/Research 
Center located in Kyoto University. The author thanks Fumio Hiroshima, Itaru Sasaki 

and Hayato Saigo for organizing the 2021 RIMS Workshop'Mathematical Aspects of 
Quantum Fields and Related Topics', which was held online on December 6-8, 2021. 

References 

[1] Abreu, L. D., Feichtinger, H. G.: Function spaces of polyanalytic functions, In: Harmonic 
and complex analysis and its applications, Trends in Mathematics, pp. 1-38 (Springer, New 
York, 2014). 

[2] Abreu, L. D., Grochenig, K., Romero, J. L.: On accumulated spectrograms, Trans. Amer. 
Math. Soc. 368 (2016) 3629-3649. 



28

[3] Abreu, L. D., Grochenig, K, Romero, J. L.: Harmonic analysis in phase space and finite 

Weyl-Heisenberg ensembles, J. Stat. Phys. 17 4 (2019) 1104-1136. 

[4] Abreu, L. D., Pereira, J. M., Romero, J. L., Torquato, S.: The Weyl-Heisenberg ensemble: 

hyperuniformity and higher Landau levels, J. Stat. Mech. (2017) 043103 (16 pages). 

[5] Costin, 0., Lebowitz, J. L.: Gaussian fluctuation in r皿 dommatrices, Phys. Rev. Lett. 75 
(1995) 69-72. 

[6] Folland, G. B.: Harmonic Analysis in Phase Space, Annals of Mathematics Studies No. 

122 (Princeton University Press, Princeton, NJ, 1989). 

[7] Forrester, P. J.: Log-gases and Random Matrices, London Math. Soc. Monographs (Prince-

ton University Press, Princeton, NJ, 2010). 

[8] Ghosh, S., Lebowitz, J. L.: Fluctuations, large deviations and rigidity in hyperuniform 
systems: A brief survey, Indian J. Pure Appl. Math. 48 (2017) 609-631. 

[9] Ginibre, J.: Statistical ensembles of complex, quaternion, and real matrices, J. Math. Phys. 
6 (1965) 440-449. 

[10] Grochenig, K.: Foundations of Time-Frequency Analysis (Springer Science+Business Me-

dia, LLC, New York, 2001). 

[11] Haimi, A., Hedernnalm, H.: The poly皿 alyticGinibre ensembles, J. Stat. Phys. 153 (2013) 
10-47. 

[12] Katori, M.: Bessel Processes, Schramm-Loewner Evolution, and the Dyson Model, Springer-

Briefs in Mathematical Physics 11 (Springer, Singapore, 2016). 

[13] Katori, M., Shirai, T.: Partial isometries, duality, and determinantal point processes, Ran-

dom Matrices: Theory and Applications (2021) 2250025 (70 pages). 

[14] Matsui, T., Katori, M., Shirai, T.: Local number variances and hyperuniformity of the 

Heisenberg family of determinantal point processes, J. Phys. A: Math. Theor. 54 (2021) 

165201 (22 pages). 

[15] Mouayn, Z.: Coherent state transforms attached to generalized Bargmann spaces on the 
complex plane, Math. Nachr. 284 (2011) 1948-1954. 

[16] Olver, F. W. J., Lozier, D. W., Boisvert, R. F., Clark, C. W. (eds): NIST Handbook of 
Mathematical Functions (U.S. Department of Commerce, National Institute of Standards 

and Technology, Washington, DC: / Cambridge University Press, Cambridge, 2010); avail-

able at http://dlmf.nist.gov 

[17] Shirai, T.: Large deviations for the fermion point process associated with the exponential 

kernel, J. Stat. Phys. 123 (2006) 615-629. 

[18] Shirai, T.: Ginibre-type point processes and their asymptotic behavior, J. Math. Soc. Japan 

67 (2015) 763-787. 



29

[19] Shirai, T., Takahashi, Y.: Random point fields associated with certain Fredholm determi-

nants I: fermion, Poisson and boson point process, J. Funct. A叫 205(2003) 414-463. 

[20] Soshnikov, A.: Gaussian fluctuation for the number of particles in Airy, Bessel, sine, and 

other determinantal random point fields, J. Stat. Phys. 100 (2000) 491-522. 

[21] Soshnikov, A.: Gaussian limit for determinantal random point fields, Ann. Probab. 30 
(2002) 171-187. 

[22] Stein, E. M.: Harmonic Analysis: Real-Variable Methods, 0廿hogonality,and Oscillatory 

Integrals (Princeton University Press, Princeton, NJ, 1993). 

[23] Torquato, S.: Hyperuniform states of matter, Phys. Rep. 745 (2018) 1-95. 

[24] Torquato, S., Scardicchio, A., Zachary, C. E.: Point processes in arbitrary dimension from 

fermionic gases, random matrix theory, and number theory, J. Stat. Mech. Theory Exp. 

(2008) P11019. 

[25] Vasilevski, N. L.: Poly-Fock spaces, In: Differential Operators and Related Topics, vol.1 
(Odessa, 1997), pp.371-386, Oper. Theory Adv. Appl., vol. 117 (Birkhauser, Basel, 2000). 

[26] Zelditch, S.: From random polynomials to symplectic geometry, In: XIIIth International 

Congress on Mathematical Physics (London, 2000), pp.367-376 (Int. Press of Boston Inc., 

Boston, MA, 2001). 


