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SEMI-CLASSICAL LIMITS FOR THE NELSON MODEL 

Zied Ammari; Marco Falconit and Fumio Hiroshima:j: 

Abstract 

We are concerned with the Nelson Hamiltonian凡 withsemi-classical parameter 

fi > 0. A classical object 1i(qs,Ps,叫ぷ） isdefined by the solution {qs,Ps叫｝ to
the Hamilton-Jacobi equation associated with the Nelson Hamiltonian. We show the 
asymptotic behaviour of 

e叶 H"e*f~ 1-i(qs,Ps,Usふ）ds

as h →0. Furthermore we introduce Wigner measures μo on the particle-field phase 
space X =配 x配 xび（記） appearingin the semi-classical limits of a family of trace 
class operators {Pn, n E (0, 1)}. I.e., 

limTr(Phw(t'）） ＝ J e加 iRe(x,f)xdμo(x)
h--+0 x 

fort EX  and W(~) denotes an exponential operator. The Wigner measure μt associ-
ated with the family of time evolutions of trace class operators {p1,(t), n E (0, 1)} are 
given by 

四Tr(p,.(t)W(())= l e2,riRe(x,nx如 (x).

We show that叫） ＝μo瑾戸(・),where c;l¥t is the flow for the solution to the Hamilton-
Jacobi equation. 

1 Hamilton-Jacobi equation for the Nelson model 

In the RIMS conference held on December 6-8, 2021 we gave a talk on the title "Newton 

Maxwell equation through semi-classical analysis". In this article, however, we are concerned 

with the Nelson model on coherent states for the simplicity and demonstrate a motivation 

why we are interested in the semiclassical analysis. This results are ultimately developed 

in [2] for the Pauli-Fierz model in non-relativistic QED [10] and the semi-classical limit is 
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investigated through the so-called Wigner measures. The Wigner measure is a probability 

measure on the total phase space配 x配 xび（配）． TheWigner measure is applied to 

the semi-classical analysis in [7] for Schrodinger operators and is extended to an infinite 

dimensional phase space in [3]. We refer [1, 4, 6, 5] for related investigations. 

1.1 Semi-classical limit of Schrodinger operators 

Before going to our main results, we introduce a semi-classical limit of Schri:idinger operators 

for the readers convenient. Let us consider 3D-Schri:idinger operator of the form: 

が
hn = -DいV(x),

2m 

where fi > 0 is a semi-classical parameter, m > 0 a mass of a particle, Dx = -i▽”and Vis 

an external potential. Let 
p 2 

1{ = 1-i(q,p) =— +V(q), 
2m 

where (p, q) E配 x配． TheHamilton-Jacobi equation associated with加 is

•qt.pt ,

v

 

61-l 
＝ 

6pt 

がH

畑

Pt 
＝ 

m' 
(1.1) 

=―▽V(qか

Let (qゎPt)E配 x配 bethe solution to (1.1). We are interested in the asymptotic behaviour 

of 

e―叶h"e*Ii H(qs,Ps)ds 

as n→0. 

Let 6. be the 3D-dilation defined by 

匂 (x)= fi3/4j(,/Fix), 

and hence ~~f (x) ='f,,-3/4 f (x／辺）． Letus define the quadratic operator Q戸 by

1 
Q戸＝一巧＋X・ 炉V(qt)X.

2m 

Then it actually follows that 

lim ||e―9[hhei J詞(q,,p,)dscp_ e*(Pt”―励心）＜；； e―鳴 Q戸ds~/je ― *(Po出ー枷Dx)cpll = Q. 
h→O 

(1.2) 



47

This can be proven as follows. Let 

乃＝ g;e鳴 Q戸ds&e―}（ptx-h砂）e―吋h"e*Ii社(qs,Ps)dscp.

Then 

. rt 
lie―情h陀if詞(qs,Ps)dsip-e* (p,x-nq,広）名e―鳴 Q戸ds~ne― i(pox-nqoDx)'PII = 11,t-,oll ::;; 1且||ds.

゜We see that 

うt=eHi社(qs,Ps)dsft 1-{ (qt, Pt応e鳴 Q戸ds~/je― i(PtX-hq心）e―叶hや

+ e* Ii H(qs,Ps)ds的QeifiQ戸dsふe―k(PtXー的tDx)e―叶hや

+eHi社(q.,Ps)ds~he鳴 Q戸dふ{-~釦—い）｝ e―i(PtX-hq凸）e―叶hや

+eHげ(qs,Ps）宝e鳴 Q戸dsい (ptパ叫） ｛—炉｝c叫．

We compute ~11e― k(PtX—加Dx) ｛—砂｝． By a shift operator e¾(px-qllD八

(nDx + Pt)2 
加→十V(x+ qt), 

2m 

and by a scaling ~/j, 

→ 
“几＋Pt)2

2m 
+v（⑮X + qt), 

Then the right-hand side above is 

釦―i(ptX-hqt広）加＝
（』几＋Pt)2

2m 
+v(v'nx + qt) 

Furthermore 

Hence 

= 1-l(qぃPt)＋⑮（竺＋▽V(q心）＋hQ戸＋0（砂）．（1.3)

叶—；因—励心｝ ＝ーニ（加—砂）＜h·
《

'Yt畷 e'fiQ戸ds｛紐（qぃPt)+iQ戸ー嘉(Ptx-qtD』-~(1.3)} ~h 

Xe―的 (PtX—加D,)e―吋 hhei fi社(qs,Ps)ds<p. 
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By (1.1) we have 

炉(qt,Pt)+iQ戸ー喜因—砂）一 ~(1.3) = 0（v'rt) 

Then (1.2) follows. In the semi-classical region we can see that 

e丑叫＋ifi社(qs,Ps)ds~ e*(ptx-hq心）＜；；e-鳴 Q戸dsふe―*(pox-hqoD孔

Here we emphasize that Q戸 isindependent of n. We extend this kind of arguments to the 

Nelson model in quantum field theory in what follows. 

1.2 Nelson model 

Letが(f)and a(f) be the annihilation operator and the creation operator, respectively on 

the boson Fock space overび（配）：

00 

r＝ ④［勾ぴ（配）］．
n=O 

The adjoint relation is a(J)*＝が(!)and the CCR is given by [a(J)，が(g)]= (!, g) 11 and 

［が(J),al(g)]= 0, where (J,g) denotes a scalar product onび（記） andit is linear in g and 

anti-linear inf. Formally we writeふ(J)= Jが(k)f(k)dk.The field operator is given by 

1 
の(J)=-（が(J)+ a(!)) 

《

and its rnornenturn conjugate by 

II(!)=-（が(J)-a(!)). 
《

Thus [¢(1),II(g)] = iRe(J,g),［の(J),cp(g)]= ilrn(J,g) and [II(J),II(g)] = ilrn(J,g) hold 

true. Let Hr= dr(w) be the second quantization of the multiplication by w(k) = lkl. Here 

lkl denotes the energy of a massless boson with rnornenturn k E記

The Nelson Hamiltonian [9, 8] is defined ass self-adjoint operator on the product Hilbert 

space 

and is given by 

1-l = £2（配） RF  

1 
H=  (~D;+ V)R]1十い瑾＋ Hr,

2m 
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and the interaction by 

H]＝几(x)cp(e―ikx'f!／匹）＝合J{ ~―ごが（k) + ~a(k)} dk. 

Here rp is a cutoff function. We assume that w,jc:.危匹旦／VW,rp/w EL国）． Throughout

we suppose that V E C2(記） andbounded. Then His self-adjoint on D(DりnD(Hr) and 

bounded from below. We introduce the semi-classical parameter n > 0 by 

炉
H;, = (~ D; + V) R Il十 v'nH戸 hIlRHf・

2m 

Let (q,p, u) E配 x配 xび（配）． Theclassical Nelson Hamiltonian is given by 

p2 
H(p,q,u逗） ＝玩十V(q)+ ks w(k)lu(k)ドdk+ U(q,u). 

Here 

U(q, u) ＝上 j• { c→kq¢(K)i1,(K)十三Wu(k)}dk 
⑪即三亨｝

The time evolution of (p, q, u) E配 x配 xび（配） aregoverned by the Hamilton-Jacobi 

equation: 

•qt 61-l 
＝ 

6pt 

Pt 
＝ 

m' 

(N) Pt 

i切(k)

61{ 
＝一

6qt 

61{ 
＝ 

卯 t

=―▽V(qt)―▽U(qぃ叫，

= w(k)附 (k)+ 
e→kqt<j;(k) 

←可'

Here 

▽U(q心）＝贔｛—ik~―□且t(k)+ik~ご仇）切(k)} dk 

Note that西¢ Eび（配） andthen the right-hand side above is finite. 

2
 

Coherent states and Weyl commutation relations 

Now we define coherent states for the field and the particle. 

c-number, then formally 

eAげ＝ e社[A,B]eA+B

In general, when [A, B] is 
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holds true. Let W(f) = eiIT(f)_ Then Weyl commutation relation holds: 

W(f)W(g) = e―圧Im(f,g)W(f+ g). 

Since W(ig)＝団(g),we can see that 

W(f)W(ig) = e―;Re(f,g)W(f + ig). 

Let z = q +ip E配＋ i配． DefineT(z) = ei(px-qnDx). Note that 

匹ー qnDx,p'x-q'nDx] = in(qp'-pq') = inlmz ・ z'. 

Hence 

T(z)T(z') = e―合ItTmゑ21T(z+ z') 

and 

T(z)T(iz') = e—½llRez-z'T(z + iz'). 

The coherent state smeared by u is defined by 

W信）n,

where !l E Fis the Fock vacuum. Note that 

W信）＝e合 (a1(u)-a(社)）.

Let (q,p) E配 x配 bea point in the phase space and 

叫 x)=（叶）―3/4e―|”町(2/i).

Thus||ゆttll= 1. The coherent state for the particle part is given by 

心(x)= r:,P仇，

where T,悶P= T (~) for z = q + ip, i.e., 

Th 
i :,P = exp (~ (px -fiq几））．

Note that吟，Pis normalized in £2国） foreach (q,p) E配 x配． Wesee that 

摩＝ e―H叫 pxe―iqDx= e峠pqe―iqDxe*px_
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Let (qt,Pぃ叫） bethe solution to (N). Define 

叫＝Thqt,pt,Ut （如 Q9D), t 2 0. 

Here 

Tい＝T位） RW信）， z= q +ip, 

is unitary. The unitary operator r:,,P,,ut is the shift operator such that 

Th* xTh qt,pt,Ut qt,pt,Ut =x+qぃ

Th* MD』Thqt,pt,Ut qt,pt,Ut = nDx +Pt, 

T：ふ，Ut⑪ a(K)ぢ，pt,Ut＝ ⑪ a（K)＋叫k),

T：ふ，Ut⑮ at(k)T,と，Pt,Ut= vnat(k)＋叫k).

From these relations we can see that 

(x +inD砂吋＝ （小＋加）叫，

v1na(k)吋＝附(k)吋，

』が(k)吋＝叫k)吋．

The classical objects appear as the eigenvalues. 

3 Semi-classical limits 

In this section we shall prove that 

lirn ||e―情H叫— e―ifげ(qs,Ps,Us西）ds介 e―合 fiQh,8dsTh* 叫|| ＝0. (3.1) 
h→O 

qt,pt,Ut qo,po,uo 

Here Jc。:Q1i,sds is a quadratic operator derived from H,.. The strategy to see (3.1) is due to 

the fact 

T:ふ,UtHは，Pt,Ut=社（qt,P凸叫 ＋Qぃ＋ reminder+0（v'n). 

This corresponds to (1.3) for Schrodinger operators. See (3.3). The quadratic term is given 

by 

が 1
伽＝ーDい—X· （▽2V(qt) ＋▽初(q心）） x ＋』▽H⑱)x+hHf·

2m 2 
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Here▽H⑱) ＝り(-ike→kqs¢／西），▽町(qt)=（▽a▽13V(qt)hsa,f3<:;3 and▽初(q心） ＝ 

(Vぶ713U(qぃ叫）1<:;a,/3<:;3with 

▽立(q心）＝贔{—kふeーロ）初(k) -kふ eご岱t(k)}dk 

The main theorem is as follows. 

Theorem 3.1 Let (q,p,u) E配 x配 xび（配）． Supposethat (qt, Pt, ut) E配 x配 xび（配）

is the solution to (N) with initial condition (q0,p0, u0) = (q,p, u). Then 

lie―i*H"e* f~ 1-i(q.,p研ふ）ds叱ー T:t,pt,Ute―¼ J~ Qn,sdsぢ，u叱II：：：：： cvri. (3.2) 

Proof: Let ~It be the dilation defined by ~nf(x) = n,3/4 f（辺ix),and hence ~;;f(x) = n,-3/4j(x/v'n). 

In particular we have 

合叫(x)＝仇(x).

To show (3.2), the Cook method is applied. Let 

乃＝釦ifiQh,8dsTh* ―情Hne* JJ 1-l(qs,Ps,Us ふ）ds~；也，
qt,p団 te 

where <I:i1 =切R!J. Since v0 =ふT；，p,u名， wehave lit -vo = fc。:v8ds and then the left-hand 
side of (3.2) can be written as||乃 -vall-We note that 

Jt ii  lit -Vo= 釦 if図，rdr(~1-{(qs,Ps, 叫ぶ） ＋ーQh,s+ cs --
t 。 ~1-l(qs,Ps,Us,ils) + ~Qh,s + Cs -~凡(s)) Tq~ふ，Use―叶H,,砂ds,

where 

]介＝ h＊ 
ds -Qs,Ps,Us CST qs,ps,us 

Since r:,,p,,u, acts as the shift by X→x+qt, fiDx→fiD叶 Ptand v'fia(k)→v'fia(k) +u(k), 

we used the intertwining property: 

where 

Th* qt,pt,Ut 凡＝凡(t)Th*qt,pt,Ut' 

（凰＋Pt)2
加）＝ ＋V(x＋叫＋ w(k)（国(k)＋叫k)）（ふ(k)＋山(k))dk

2m 

+ JR 3 「二（ K ） （ ふ[;;) ＋ 叫k ) ） ＋ e 十二；t） 辰( K ) （ ふ ( K ) ＋ 切 （ K ） ） ｝ d K 

（叫＋Pt)2
＝ 

2m 
+V(x+qt)+U(x+q心） ＋圃＋13w(k)I切 (k)l2dk 

配

＋凶¢恥(w叫＋』比(x+ qt)- (3.3) 
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We shall estimate the term~" (*1-l(qs,Ps,叫⑳s)+ *Qn,s + Cs -*H,,(s)）な． Since

~1,1-l(qs,Ps, 叫ぷ）~h = 1-l(qs,Ps,叫，元），

we investigate 

i,,  i 1, ~1-{(qs,Ps墨s, Us)十n狐ぶ ＋＆に— i恥）） t；．
We can directly compute Ct as 

t 1 
Ct=-~ （加ー励D』- - ｛が（叫ー a（元）｝．

h 《

Note that ~/jX~n =ハ厄 and~nDぷ＝ Dx/vln. Then 

i 
邸ぷ＝—ー｛如ーり凸—（が（i切） ＋a（面））｝．

《

Next we compute~/j凡(t)~n- By (3.3) we have 

By 

研祖）~;
（り亙＋Pt)2

＝ 
2m 

+v(v'iix + qt) + U（v'iix + qぃ叫

+ vlnH1(nx + qt)＋国心（叫）＋13w(k)I切 (K)|2dK+hHf•
R3 

1 
V（vtix + qt) = V(qリ＋⑪▽V(qt)X+—加•▽2V(qt)X + O(r,,3/2), 

2 
1 

U（凶x+q心）＝ U(q心） ＋⑪▽U(qゎ叫x+-hx・ ▽初(qt,Ut)X + O(n312), 
2 

vtiH1（vtix＋叫＝凶H暉）十h▽H暉）x+ O(n312), 

we see that 

~Ii (Ct -砂(t))~~ 
＝ →｛こ巧＋ ；x ．守V(qt)X 十い•▽U(q心）x ＋▽H暉）x ＋ Hf}

喜｛嘉己＋▽V(qt)X十▽U(q心）x＋畠（匹叫＋ H暉）

＋記—砂— (at （加） ＋a（面））｝

ー出｛~p; + V(qt) + J w(k)図（k)l2dk+ U(qt, Ut)} + 0（vti) 
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The second term of the right-hand side above is identically zero by equation (N). Hence 

(i a ct --H/j（t) I ~;; = --¥iH1t(t)) ~;; = -~~凸，t名一 ¥i1i(qぃPt,Uぃ叫＋ 0（v'n). (3.4) 

It follows that 

||乃-Voll

::; 1t II (~ 1i(qs, Ps, Us, U 況 (qs,Ps,Us, Us)+~鼻ぷ＋＆（Cs -i凡(s)）(;)&T;s,ps,Use―叫；；屯 ds。 h

::; tCv'n||叱||

with some constant C > 0 by (3.4). Then the theorem follows. ． 
4 Wigner measures 

In this section we introduce Wigner measures on the phase space配 x配 xび（配） appearing

in the semi-cl邸 sicallimits of a family of trace class operators {p/j，Ii E (0, 1)}. This has been 

studied in e.g., [7, 3]. 

4.1 Examples 

We recall that 

T:t,pt,Ut=T位） RWげ），
where Zt = qt + ipt E配＋ i配 and 叫€び（配） are the solution to (N). In the previous 

section we consider the asymptotic behavior of r;,,p,,u, as fi→0 in the sense of Theorem 3.1. 

Note that IIT（責） RW(*)侶||＝1 but (<I>,,, T（合） RW (*）釘） →0 as fi→0. 

In this section the following strategy is taken to analyze the asymptotic behavior of 

coherent vector T (~) R W （噂）伽 asfi→0. For each z = q + ip E配＋ i配 and

uEL国）， wedefine the trace class operator C1,(z, u) by 

C戸 c,,(z,u) = IT G) R w（号）％〉〈TG) RW（翌）虹I.

This is a one-rank operator. Let z'= q'+ ip'E配＋ i配 ndu'Eび（配）． Weprepare the 

operator 

W = W(z', u') = T(21riz'）い W(v'21ri¥雇） ＝e27ri(q'x+p'nDx)⑧ e―憂心(U'）.

We consider the asymptotic behaviour of the trace Tr(C,,W). 
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Lemma 4.1 Let z = q+ip, z'= q'+ip'E配＋i配 andu,u'EL刊配）． Thenit fallows that 

!ill! Tr(C1,(z, u)W(z', u')) = e2rriRe((u,u')+z•z'). 
h→O 

Proof: The formulae W(f)* = W(-J) and T(z)* = T(-z), and 

(W(f)n, W(ig)W(f)n) = (n, W(ig)r2)eme(f,9l 

and 

(T(z)7/J, T(iz')T(z)心） ＝ （心，T(iz'）ゆ）eiRez・z'

are useful. We see that Tr(C1t(z,u)W(z',u')) can be decomposed into two factors: 

Tr(Cn(z, u)W(z', u')) 

= (T (~）仇， T(27riz')T （；）加）・（W 信） St, w（凸心）w（賃） S1).

Then the field part turns out to be 

(W(冑）Q，W心心）w（号） D)= (D, W（高心）D)e21riRe(u,u')

and the particle part 

(T位）仇，T(21riz')T
z 

（砂仇） ＝ （ゆn,T(21riz'）砂）e27riRez-z'.

We also see that 

lill!(D, W(v'21riv届）D)e27riRe(u,u') = e27riRe(u,u'). 
h→O 

Since吋→ o(x)and T(2両z'）→ e21'iq'xas fi→0, we can see that 

lim（心1t,T(2而z'）仇）e27riRez-z'= e27ri Rez-z'. 
h→O 

Then the lemma is proven. 

4.2 Wigner measures 

Let X =配 x配 xび（配）． Set

（もOx=qq'+pp'+ i(qp'-pq') + (u, u') 

． 
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for~= (q,p,u) EX  and t = (q',p',u') EX. We define W(e) = W(z',u') = W(q',p',u') 

and C,,(~) = C,,(z, u) = Cパq,p,u).Then the statements of Lemma 4.1 can be rewritten as 

limh(C点）W(e))= e21riRe（認）x,
h→O 

Furthermore 

e2,riRe（認）x＝ J e加 Re(x,E')x如 (x),
X 

where限(x)is the Dirac measure 8孔x)on the phase space X with mass at x = i;. This 

is called the Wigner measure associated with {C1,(,;), n E (0, 1)}. In [2] we consider Wigner 

measuresμ。associatedwith a general family of trace class operators {p1,, n E (0, 1)} on the 

total Hilbert space L国） ⑳ F. I.e., 

~~ Tr(p1,W(()) = i e27riRe(x,E'lxdμo(x). 
h→O X 

The existence and the uniqueness of the measure μ。 associatedwith {Pn, n E (0, 1)} are 

established in [2] but for the Pauli-Fierz model which is rather complicated than the Nelson 

model. 

We can show that any Borel probability measure μ on X is a Wigner measure. We define 

the family of trace class operators by 

Pn = i C1i(~)dµ(~), n E (0, 1). 
X 

p roposition 4.2 [2, Lemma 4.3] The Wigner measure of {Pn, n E (0, 1)} isμ. 

Proof: It is straightforward to see that 

Tr[p1iW(e)] = L Tr(C1i(~)W(())dµ(~) • L e21riRe（認）Xdµ(~). 

Then the proposition follows. 

4.3 Time evolution of Wigner measures and flows 

The time evolution of the Wigner measure is given by 

l~ Tr(pn(t)W(t)) = i e21riRe(x,t)x如 (x),
h→O X 

where 

p1,(t) = e―吋H"p1,e叶H見

． 
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Here we give an example. Fix~= (z,u) = (q,p,u) EX. Let 

C点）（t)= e―9[H心(~)ei#H凡

We set 

互＝ T（い心），
几＝ Tげ） RW信）

Here ~t = (zt,Ut) = (qt,Pt,Ut) EX  is the solution to (N) with the initial condition ~a=~= 

(z, u) = (q,p, u) EX. Since C1,(~) = IT~<I>1, ><T~<I>nl, we have 

Tr(C,,(t)(t)W（ぐ）） ＝ (T€<f>n, eiiH"W(e)e—i*H"T€<f>n), 

冗C,.(tt)W（ど）） ＝ （T＆叱，W（ぐ）Tふ）．

By Theorem 3.1, we c皿 seethat 

t 
e叶 Hheif。1-l(qs,Ps,Uふ）ds~ T臼―iJi Qn,sdsT; 

t 

in a semi-classical region. Let us define 

Hn = Hn -1-l(qs,Ps,U旦 s),

1 1 
Qt=三＋ぅx.（▽町(qt)＋▽初(qt,叫）x+ ¢ (-ike―ikqt長） x + Hf• 

Thus Qt is quadratic and independent of fi. Note that 

釦―KJJ Qn,sds ~~ = e-鳴 Qsds

and in particular e―鳴Qsdsis independent of fi. By (4.3) we have a corollary. 

Corollary 4.3 It fallows that 

e→ I~ 砂ds ~ T¢ぷe—鳴 Qsds~nT;o,

Here A~  B means that limn→0 IIA<I>ー B<I>II= 0. 

h →0. 

(4.1) 

(4.2) 

(4.3) 

(4.4) 
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Hence 

Tr(Cri（f)(t)W（ぐ）） ～ （T&くだ―iJJQsdsfn<I>n,W（ぐ）T&豆e―iJJ Q8dsfri<I>り

= （ge―鳴 Q八， T；w（ぐ）T~ぷe―鳴 Qsds屯）

= (e-鳴 Qsds弘， aw(f霞e—鳴 Q.ds<I>i)e21riRe（紅）．

Furthermore 

aw(（＇）g=  e加鵡(q'叶 p'Dx)⑳ e―贔心(u'）→ Il 

as n→0. Then 

!ill! Tr(C,,(~)(t)W(t)) =|l<I>ill2e2,riRe(~,,~) = e2,riRe(6ll. 
h→O 

(4.5) has been rigorously proven and ultimately generalized in [2, Theorem 1.4]. 

(4.5) 

A relationship between μ。 andμtis given through solutions to (N). Let屯： X →X be 

such that ~t ＝屯(~) is the solution to (N) with the initial condition fo = ~-

Theorem 4.4 [2, Theorem 1.4] It follows thatい(・)= μ。 0<I>喜）．

By this we can see that 

四Tr(C⑮ (t)W(())= L e21riRe(x,e)xdµ€ o釘バx) (4.6) 

and hence J召1riRe(x,E')x dμE 0<I>tl(x) = e21riRe(Eぶ）x.
X 

Then (4.5) follows. As a corollary we can see that 

limTr(C点）（t)W(t))= !ill! Tr(C1t(~t)W(t)). 
h→o h→O 
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