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Abstract

We review recent results on the existence of ground states for the infrared-critical spin boson
model, which describes the interaction of a massless bosonic field with a two-state quantum
system. Explicitly, we derive a critical coupling A\ > 0 such that the spin boson model exhibits
a ground state for coupling constants A with |[A| < Ac. The proof combines a Feynman—
Kac—Nelson formula for the spin boson model with external magnetic field, a 1D-Ising model
correlation bound and a compactness argument in Fock space. Elaborating on the connection
to a long-range 1D-Ising model, we briefly discuss the conjecture that the spin boson model
does not have a ground state at large coupling. This note is based on joint work with David
Hasler and Oliver Siebert.

1 INTRODUCTION

In models describing the interaction of a quantum mechanical particle with a quantum field of
massless bosons, one encounters an infrared problem. Intuitively, this can be explained by the
circumstance that a finite energy fluctuation might lead to the creation of infinitely many low-
energy (sometimes called ‘soft’) bosons. Mathematically speaking, such an infrared catastrophe is
reflected in the fact that the Hamilton operator describing the system does not exhibit a ground
state, i.e., a stable state at lowest energy. However, it has been observed that underlying symmetries
of quantum systems can lead to a mutual cancellation of infrared divergences. Prominently, this
has been observed for the model of non-relativistic quantum electrodynamics, see for example
[GLLO1, BCFS07, HS20] and references therein.

The spin boson model is also a model which exhibits an underlying symmetry. It describes
a two-state quantum mechanical system lincarly coupled to a field of bosons. Previously, in
[HH11, BBKM17], it has been shown that the spin boson model exhibits a ground state for small
coupling constants, by perturbative methods. In the articles [HHS21, HHS22a, HHS22b|, we pre-
sented the first non-perturbative proof for existence of ground states below an explicitly derived
critical coupling constant. In this note, these articles are reviewed. Additionally, we enhance the
compactness argument from [HHS21| based on arguments presented in [Mat16, HM21], which allows
for a more general choice of dispersion relations.

To emphasize the role of the so-called spin flip symmetry in the cancellation of infrared diver-
gences, we discuss the spin boson model in presence of an external magnetic field. Whereas the
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external magnetic field has no influence on the existence of ground states in the infrared-regular
case, it is crucial that the magnetic field vanishes for a ground state to exist if the model is infrared-
critical.
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2 NOTATION, MODEL AND MAIN RESULT

Let us start a more thorough discussion of our results with the following simple definition.

Definition 2.1. Given a selfadjoint lower-semibounded Hilbert space operator H, we say H has a
ground state if inf o(H) is an eigenvalue. We say H has a unique ground state if the corresponding
eigenspace is one-dimensional.

Throughout this note, we fix the following three objects describing the spin boson model.
Dimension: d € N

Dispersion Relation: selfadjoint multiplication operator w : R? — [0, 00) acting on L*(R?) and
satisfying w > 0 almost everywhere

Form Factor: v € D(w™/?), where D(-) denotes the domain of a Hilbert space operator

We call the spin boson model infrared-reqular if v € D(w™!). Otherwise, we call it infrared-critical.
Given M C R, we will also use the following notation:

1,; denotes the characteristic function of M.
C5% denotes the set of all smooth functions ¢ : R? — [0, 1] satisfying supp o C M°.

Finally, given z € R" for some n € N, we define the translation operator 7, acting on f € L*(R")

as 7./ (p) = f(p + x).
The definition of the spin boson model requires the usual bosonic Fock space F over L*(R%),

given by
F=@@F" with FO=cC, F® =12 (R™) for k € N,
n=0

where we symmetrize over the k d-dimensional variables. Further, for a selfadjoint multiplication
operator m : R* = R, we define its second quantization as

dM(w) = @Pdr(w),  with dTO(w) = 0 and dT™ (W) (ky, ..., k) = > w(k) for n € N.

n=0 (=1
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Given f € L*(R%), we define the associated annihilation operator as
(a’(f)qj")(n)(kh RN} kn) =vn-+ 1/f(]1‘)1/)(71+1)(]{‘, kl', X kn)dk

and the corresponding field operator as the selfadjoint operator given by

p(f) = al(f) +a(f),

where - as usually denotes the operator closure.
The spin boson Hamiltonian now acts on the tensor product Hilbert space

H=C’RF=2FoF, (2.1)

where the unitary equivalence is implemented by (aq, ae) @1 — @19 @ agtp. The Hamilton operator
itself is defined as
HM\p) =0, 01 +dl'w) ® L+ 0, @ (Ap(v) + pl), (2.2)

where o, = (91) and o, = (§ %) denote the usual Pauli matrices. Here, the constant A € R is
the coupling of spin and field, whereas € R is the strength of the external magnetic field. Using
standard estimates and the Kato-Rellich theorem, it follows that H (), ) is a selfadjoint operator
with domain D(1 ® dI'(w)) for all values of A, 4 € R, see [HHS21, Lemma 2.2] for details. Note that
the assumption v € D(w~/?) is crucial in this perturbative argument, since it implies that ¢(v) is
infinitesimally bounded w.r.t. dT'(w).

For our main theorem, we will need the following assumption on the dispersion relation.

Hypothesis A. There exists a nowhere dense set M such that, for all ¢ € C59 and p € R? with |p|
sufficiently small,
w(k +p) —w(k)

A =esssup (k) ———————— < 0 and A
o(p) kﬂﬁ() (k) o(P)

Remark 2.2. We note that (2.3) is especially satisfied if w is differentiable with bounded derivative
and strictly positive outside of any nowhere dense set, by the mean value theorem.

[p|—0
—

0. (2.3)

Our main theorem summarizes all positive results for existence of ground states in the spin
boson model with external magnetic field.

Theorem 2.3. Assume Hypothesis A holds.
(i) (Infrared-Regular Case) If w v € L*(RY) and ||w (v — v)]2 Lima 0, then H(\, ) has a
ground state for all values of \, p € R.
(ii) (Infrared-Critical Case) Assume w(k) = w(—k) and v(k) = v(=k) for almost all k € R”.
Further, assume that ||w™2(r0 — v)|2 Limi i} If |\ < ||lw™ %051 /+/5, then H(X,0) has a

unique ground state.

Remark 2.4. The existence of ground states for the infrared-regular case is a standard result, see for
example [Spo89, BFS98, Gér00]. Since our compactness argument in Section 3 provides a simple
proof of this case under very general assumptions, we treat it here nevertheless.
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Remark 2.5. In the infrared-critical case v € D(w™/?) \ D(w™!), a ground state 1 can only exist
if (¢, (0, @ 1)) = 0, see for example [AHH99]. Hence, the only situation in which a ground state
might exist due to cancellations of divergences is the case p = 0, which we treat in (ii) of above
theorem. For an extended discussions of the absence of ground states due to infrared divergences,
we refer to [Spo98, LMS02, Hin22]. We emphasize that the expectation (¢, (0, ® 1)1) vanishes in
the case p = 0, due to the underlying spin-flip symmetry in this case, i.e., that H(\,0) commutes
with ¢, ® (—=1)9"("). This plays a crucial role in the proofs of Theorem 4.1 and Corollary 4.6 below.

Ezample 2.6 (Physical Example). Let us discuss the typical physical example in d = 3 dimensions.
The massless dispersion relation is given by w(k) = |k|, whereas the form factor is v(k) = r(k)|k| ™
with x : RT — [0, 1] being a suitable cutoff function ensuring v € L2(R?), such as the characteristic
function of a ball around zero or k(k) = e for some ¢ > 0. Given this choice, the model
is infrared-regular for v € (0,3). Our result on the infrared-critical case holds for any choice of
a € [%7 1), where the physically most interesting case is given by a = % We note that for a > 1,
the assumption v € D(w™'/2) is not satisfied and hence the interaction is not bounded w.r.t. the
free operator anymore.

For the remainder of this note, we discuss the proof of Theorem 2.3. In Section 3, we present
the compactness argument which is essential for both parts of the statement and based on [HHS21,
HM21]. The main result therein is stated in Theorem 3.3. In Section 4, we then review the results
from [HHS22a, HHS22b| and show how to verify the assumption of Theorem 3.3 in the infrared-
critical case for coupling constants smaller than the critical value. In Section 5, we summarize the
proof of Theorem 2.3 and conjecture the behavior of the spin boson model at large coupling.

Since many details of our proofs are deferred to the articles [HHS21, HHS22a, HHS22b], we
point the reader to [Hin22| for a detailed and extensive proof of Theorem 2.3 (ii).

3 THE COMPACTNESS ARGUMENT

In this section, we present the compactness argument which is essential to our proof for existence of
ground states. It can essentially be found in [HHS21] and is based on [GLLO1|. However, similar to
[Mat16, HM21], we replace the Rellich criterion by the Fréchet—Kolmogorov theorem, which allows
for a simpler proof and more general choices of the dispersion relation w.

The main idea is to approximate the massless model by the massive one, i.e., by introducing an
artificial mass of the bosonic field. Then it is a well-known result that a ground state exists, due to
the presence of a spectral gap.

Theorem 3.1. Ifessinfycgpaw(k) > 0, then H(\, 1) has a unique ground state for all A, u € R.

Proof. Proofs for this statement in the case yu = 0 can, for example, be found in [AH95, DM20].
An explicit proof including the external magnetic field is given in [HHS22b, Appendix D]. d

The value m,, = essinf;cr« w(k) can be interpreted as a boson mass. We are interested in taking
my, — 0. To ensure strong convergence of the ground states in this limit, we need to prove that
they form a relatively compact set. Therefore, we will employ the following compactness criterion.
A similar (or in fact stronger) statement can be found in [HM21, Proposition 3.8]. Nevertheless, for
the convenience of the reader, we give the nice proof here, which is based on the Fréchet—Kolmogorov
theorem.

For the use therein and later on, we define the pointwise annihilator aj,. Given 1) ¢ Fn+1)
for some n € Ny, the map k + ¢+ (k, ... ) is an element of L?(R% F™), by the Fubini-Tonelli
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theorem. Hence, the prescription
ag) "D (ko k) = VA T (R kL k) (3.1)

yields a well-defined element a1 € F for almost all k& € R%. The definition directly implies
[, 1 n
90 B = [ low® (32

We remark that, for 1) € F, the vector az) = (axt)™" ), e, is not necessarily an element of F.

The following statement can be found in the standard literature and will be employed in the
following proofs: If A : R — [0, 00) is measurable and ¥ € D(dT'(A)'/?), then azy) € F for almost
every k € R? and

JA0(A) 2P = / AR la|dk. (3.3)

Theorem 3.2. Let T C F be bounded and let M C R? be nowhere dense. Assume that there ezists
an f € L*(R?) such that

laxp]] < |f(k)] for all v € T and almost every k € RY. (3.4)

Further, assume that for all p € C3y there exists (g,()g))peRd C L2(R?) with ||g,(,g)||2 P00 such that

lo(k + p)arsp — o(k)agyp|| < |gl<)g)(k)| for ally € T and almost every k € R (3.5)
Then T is relatively compact.

Proof. Throughout this proof, given a measurable B : R? — [0,1], we define the contraction
operator

I'(B)=@r"(B)  withTO(B) =1, T™(B)(ky,... . ky) = B(ki)- - B(k,) forn € N (3.6)
n=0
acting on F.
We split the proof into two steps.
Step 1. We fix n € N and o € C$ and prove that {(I'(0)¥)™ : ¢ € T} is a relatively compact
subset of F).
By the Fréchet—Kolmogorov theorem, this is equivalent to showing that

2 n R—o0
3UII)||1{\~I>R}(1 (@)™ o0 =0 (3.7)
he
(n) R*73p| -0
sup [[(7, — 1) (T (0)8) ™ 7 <2225, (3.8)

Yel

where 1> is treated as multiplication operator on F = L2 (R®").
For arbitrary » € Z, using (3.2) and (3.4) as well as the permutation symmetry of ("), we find

15 ry (T (2)9) ™ ) < A‘ o laxT ()¢ [P dk < |15 rpmf 13-
>R/n

Taking R — 0, this implies (3.7).
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By a similar argument, for p = (p1,...,p,) € R?" and ¢ € Z, we find

(7 = DT (@)™ 30 < Z/H@ k+ pe)aksp, ) — o(k)ay|dk < lef] 117,

|p|—

using (3.5). Therefore, [|g\? (3.8).

This finishes the first step.

Step 2. We can now prove the statement.

To that end, let (1) sen be a sequence in Z and fix some & > 0. We choose N, € N, M € M, C R?
and o. € C35 such that || f]|3/(N.+1) < &, |1a f]]* < € and o. = 1 on ME, which is possible since M
is nowhere dense. W.l.o.g. (otherwise restrict to a subsequence), by the boundedness of Z and Step 1,
we can assume (¢,) is weakly convergent to some ¥ € F and that s@—ligon(l“(gs)z/},g)(") = (D(p.) W)™

forall n =0,..., N..

Ne
Let P. denote the orthogonal projection onto the subspace @@ F' () of F. This implies

1] > [ 2o ? = lim | P (0:) sl = lim (o, PD(6))
> limsup (||l = [|(1 = P)tel®) — sup (¢, P-(1 —T(e2))9) -
{—00 oL

Now, by (3.2) and (3.4), we have
n /
-y = S L oo < A [owrar < B
n= N —+1
Further, looking at the n-particle subspace F, we see
=0 if 35 € {2,...,n} : k; € (supp o.)S,

(02 (k.- . Ky H =1 ifky, ... k€ M
=t €10,1] else.

Hence, 1 — I'(0?) < dI'(1,..). Using (3.3) and (3.4), this implies

(6, P.(1 ~ T(e2)0) < / lagolPdk < [1a f[2 <= forall g T,

le

Inserting these observations into (3.9), we find || ¥]|? > lim sup,_, . ||¢¢[|>*—2e. Taking ¢ — 0, we have
@] > limsup,_, |[t]]. Further, the weak lower-semicontinuity of norms and ¥ = w-lim,_,.. %,

imply ||| < liminf, . [[¢¢]. Hence, [|[¥| = limy oo ||90e]|, which proves (¢,) in fact converges to
U strongly.
This finishes the proof. |

We now want to approximate H (A, ) by a sequence of spin boson Hamiltonians with massive
bosons. Hence, we fix a sequence (wy,)nen satisfying

(i) wy, : RY — [0, 00) is measurable, positive almost everywhere and v € D(w 1/2) for all n € N,

i) Wk +p) — wu(k) <w(k+p) —wk) for all k,p € RY n € N,
(i) wn(
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(ili) (wp) is (a.e. pointwise) monotonically decreasing and converges to w uniformly,
(iv) essinfjepawy, (k) > 0 for all n € N.

We remark that possible choices for this sequence are w, = \/w? +m2 or w, = w + m, for some
strictly decreasing zero-sequence (m,) C (0,00). The parameter m,, > 0 can be interpreted as the
artificial boson mass described above.

By Theorem 3.1, the operators H, (), 1) obtained from (2.2) by replacing w by w,, have a unique
ground state for each n € N and all values A, i € R. From now on, let 1;“),9’” ) be a normalized ground
state of H, (A, ;) and denote E,(A, ) = inf o(H, (A, p)). Using Theorem 3.2, the convergence of

(1/)79'“)) to the ground state of H(\, u) can be deduced if a resolvent bound is satisfied.

Theorem 3.3. Fiz A\, € R. Further, assume Hypothesis A holds. If there exists a measurable

h: R — [0,00) such that v, myv € D(h) for p € R small enough, ||h(myv — v)||2 P20 0 and

I (HL (N, ) — En(N, ) + wn (k) o @ 13| < h(k) for almost all k € R?, (3.10)
then H(X, i) has a unique ground state.
Remark 3.4. In our proof of Theorem 2.3, we will (up to a positive constant) choose h € {w™!, w™1/2}.
Proof. Throughout this proof, we fix A, u € R and write
R (k) = (Hy(A, 1) = Bn(\, 1) +wp (k)7

Further, we drop tensor products with the identity.
The connection between the considered resolvents and the assumptions of Theorem 3.2 is given
by the pull-through formula

axp™ = —o(k) R, (K)o, b for almost all k € R, (3.11)
where a; acts on 1/1,(3’” ) component-wise in the sense of (2.1) For proofs, see for example [BFS98,
Gér00] or [Hin22, Lemma 6.13].

We now want to apply Theorem 3.2 to the bounded set Z = {1/)2)"#) :n € N}, where the nowhere
dense set M is chosen as in Hypothesis A. By the assumption, (3.4) follows from (3.11) with the
choice f = hv. Further, by the resolvent identity, we find

o(k + p)ar b — o(k)a™M = gv(k) Ry (k)osoQ* — ov(k + p)Ru(k + p)o, i
= (0v(k) — ov(k + p)) Ru(k)o, b
+ ov(k + p) Ry (k + p)(wa(k + p) — wi (k) R (k)o, oM.

Hence, Hypothesis A, the standard bound
IR (R) 7" < wak)™ < w(k)™ (3.12)

and the assumptions on (w,) imply

lo(k + p)arspto™) — o(k)ary M|

< h(k)(v(k) —v(k+p)) + ok + p)wn(kéin_(:i(ﬁ;r .
(k) — wlk +7)

w(k + p)

h(k)v(k + p)

< h(k)(v(k) — v(k + p)) + o(k + p) h(k)v(k + p)
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Therefore, (3.5) is satisfied with the choice gég) = h(1pv — v) + Ay(p)hv, where A,(p) is defined as
in (2.3). This proves Z is relatively compact.

W.lo.g., we can now assume that the sequence ( Qo )) is strongly convergent to some normalized
1o € F. It remains to prove that 1, is a ground state of H (A, u). To that end, we first observe

that, by (3.3), (3.11) and (3.12), we have
[T ()2 M0 = /w(/f)||W/Jff’“)||2 < |lvll3-

This implies that 109 € D(dT'(w)"/2) = D((H(\, p1)— E (X, 1))'/?). Further, by the lower-semicontinuity
of closed quadratic forms and using both the monotonicity and the uniform convergence of (w,),
we find

I (X, ) = B ) 200l = (o, (H (A, ) = B(X, 12))tbo)
< liminf (WM, (H(\, 1) — B\ @)

< liminf (™M, (A, 1) = B ) o)
n—0o0
< liminf(E,(\, u) — E(\, 1)) = 0.

Hence, (H(\, i) — B\, 1)) = 0 € D((H (X, p) — E(X, 11))"/?) and therefore ¢y € D(H (X, 1))
with H (A, )0 = E(A, 1)vo.

The uniqueness of the ground state can be inferred from positivity arguments, see [HHS22b,
Proposition 3.6] for details. This finishes the proof. a

4 PROOF OF RESOLVENT BOUND

In this section, we show how to prove the resolvent bound (3.10) with h = w™/2 if u = 0 and ||
is smaller than a critical value. This is essential for the proof of existence of ground states in the
infrared critical case, c¢f. Theorem 2.3 (ii). Proofs for the statements presented in this section can
be found in [HHS22a, HHS22b]. Many of our results only hold for the case of massive bosons, i.e.,
if

my, = essinfw(k) > 0.
keRrd

We will emphasize this fact, if this is the case. Throughout this section, we write
E\ p) =infa(H(\, p)).

The first observation we make is that the desired resolvent bound follows, if a bound on the second
derivative of the ground state energy w.r.t. the external magnetic field is satisfied. This statement
does not carry over to the case p # 0, since the proof significantly builds on the spin-flip symmetry
in the case p = 0. To ensure the differentiability of the ground state energy, we need to assume
the Hamiltonian has a spectral gap, which is the case if m, > 0. The proof uses simple techniques
from perturbation theory.

Theorem 4.1 ([HHS21, Lemmas 4.3, 4.4]). Let A € R and assume m,, > 0. Further, assume 1 is
a normalized ground state of H(X,0), which exists by Theorem 3.1. Then E(X\, p) is analytic in u
and we have

[(H(X,0) — E(X,0) +w(k)touto|| < (00BN )| _ ) Pw™?(k)  for all k € RY.
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The remainder of this section, we prove that the derivatives 6ZE (A, i) are bounded uniformly in
my,. To that end, we first use the well-known connection between the operator semigroup and the
ground state energy of an operator, also referred to as Bloch’s formula, to rewrite these derivatives
as expectation values w.r.t. the ground state of the free operator H(0,0). We refrain from giving
a proof here, but emphasize that the generalization of Bloch’s formula to derivatives of the ground
state energy is again only possible due to the spectral gap of H (A, ). In the statement, let

0, = ((1)) © (1,0,0,...) € C* = F

denote the ground state of the free operator H(0,0).

Theorem 4.2 ([HHS22b, Lemma 2.9, Theorem 2.10]). Fiz A\, i € R.
Then

1 -
E/‘(/\7 /l) - lhj;lolo —fau In <Ql’ 6_1 H(A’H)Ql> .

Further, if m,, > 0, we have
. 1 o
LB\ p) = Jim. —?af; In (Qy, e "HRmQ ) for all ¢ € N.

To prove that the expectation on the right hand side is bounded, we now exploit the connection to
a continuous one-dimensional Ising model. To make this statement more precise, let (X;);~o be a
continuous-time Markov process taking values in {+1}, satisfying P[X, = 1] = P[X, = —1] = %
and having Poisson-distributed jump times with parameter 1, i.e.,

1 R .
PIX, =z|X,=y] = 5(1 + 5%'7,672“75‘ — Om‘,,,efz“*sl) fort,s >0, z,y € {£1},

where 0.. denotes the usual Kronecker delta. The connection to the operator semigroup is now
given by a Feynman—Kac—Nelson (FKN) type formula. Whereas we prove the full FKN formula in
[HHS22b], we here only present the version obtained when treating the expectation w.r.t. Q; and
integrating out the field degrees of freedom. We emphasize that this statement also holds in the
massless case m,, = 0.

Theorem 4.3 ([HHS22b, Corollary 2.6]). Assume w(k) = w(—k) and v(k) = v(—k) holds for
almost all k € R?. Further, we define

wi(t) = 5 lv(k)|2e~ k) g,

Then, for all \,ju € R and T > 0, we have

T T T
e T <Q¢, efTH(A*“)QQ =E {exp (Az/ / W(t — s)X, X dtds — u/ X,dt)] .
o Jo 0

Remark 4.4. The integrals on the right hand side are Riemann integrals. If X is realized as a
random variable on a probability space P, then the function ¢ — X;(p) has only finitely many
discontinuities in the interval [0, 7] for almost every p € P. Combined with the continuity of W,
this implies the existence of the integrals. Further, the continuity also implies that the expression
on the right hand side is uniformly bounded in p € P. Hence, the expectation value exists and is
finite, by the dominated convergence theorem.
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Remark 4.5. The right hand side can be interpreted as the partition function of an Ising model over
R with interaction function W and external magnetic field p. This connection between spin boson
and Ising models has for example been used in [EL74, FN88, Spo89, Abd11, HHL14].

Combining Theorems 4.2 and 4.3, we find that the derivatives of the ground state energy can
be calculated as correlation functions of the continuous Ising model described in Remark 4.5. To
simplify notation, given a continuous function / : R — [0, 00), let us define the partition function

T T T
Z0 ) =E {exp <)\2/ / I(t — s) X, X,dtds — u/ X,dt)} :
0 0 0

Further, given a random variable Y defined on the same probability space as X, we define its
expectation value

1 T T T
D000 o o 0

Corollary 4.6. Let W be as defined in Theorem 4.3. Further, we assume my, > 0 and w(k) = w(—k)
as well as v(k) = v(—k) for almost all k € R?. Then

1 T 2,, (W)
OB p)luo = — Jim « (/ Xtdt) >> for all A € R.
—00 0

T.2,0

Proof. From the definition, it is easy to observe that Z,EW)()\, 1) is infinitely often differentiable
w.r.t. p and the first two derivatives are

T T T T
OHZ;W)(/\,//,) =-E {/ Xidt exp ()\2/ / [(t — )X X dtds — ,u,/ Xtdt>}
0 o Jo 0
T 2 T T T
(/ Xtdt> exp ()\2/ / I(t — s) X, X dtds — ,u/ Xtdt>}
0 o Jo 0

Since, by definition of X, both X and —X are equivalent stochastic processes, this implies

0,7 (A ) = F

028" (0 1) =0 = 0.
Now inserting the second derivative into Theorem 4.2 and applying Theorem 4.3 on the right hand
side, we find

1 (W
DB ) = = Jim 05 (n 2y (A, ) + 1)
w
o LA
Too T Z:(FV")()\7 1)

Combining above observations proves the statement. |

Let us finish this section, with the last ingredient of our proof. Treating the continuous-time Ising
model as a continuum limit of a discrete Ising model, we prove the following upper bound for
correlation functions in [HHS22a).
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Theorem 4.7 ([HHS22a, Theorem 1.2,[Hin22, Theorem 4.21]). For all ¢ € (0,1), there exists
C. > 0 such that for all continuous and even I € L*(R) with I >0 and ||I||, < &, we have

1 T 2y (1)
limsup — << (/ Xtdt) >> <C..
T—oo T 0 X0

Let us now combine the results presented in this section.

Corollary 4.8. Assume w(k) = w(—k), v(k) = v(—k) for almost all k € RY. Further, let A € R
with |\ < [|w™ 20|71 /\/5. Then, there exists a C > 0 such that the following holds:

Let @ be any dispersion relation satisfying mg > 0, 0(-) = &(—-) as well asw > w almost everywhere.
Further, let

Hop) =0, @1+ 10d0@) + 0, © Ap(0) +pl)  and  E(\ p) = info(H (A, p))
and let 1: be a normalized ground state of H()\, 0), which exists due to Theorem 3.1. Then
[(H(X,0) = E(A,0) + &(k) Lo, < CB(k)™2  for all k € R™.

Remark 4.9. We emphasize that we do not assume m,, > 0. Hence, the uppper bound especially
holds for any approximating sequence (w,,) of w as described in the previous section and is uniform
in n.

Proof. Since w satisfies the assumptions of Corollary 4.6, we have

(W)

- 1 T 2 . 1 _
2 — _ lim — : _ 12 2 —|t|@(k) 47,
GEN W, = Jim = << (/0 Xtdt> »T“O with W (t) R /|v(k)| e dk.

Further, we easily calculate |[IW][; = A2[|a=20]2 < A2[|lw™20)|2. If [A] < |lw=/20]|"!/v/5, then
there is an ¢ € (0, £) such that ||[W||; < . Hence, we can apply Theorem 4.7 and there exists C' > 0
such that
)~
0> B\ )|,y = ~C.

Inserting this into Theorem 4.1 finishes the proof. |

5 CONCLUSION & CONJECTURE

We now show how to combine the arguments presented in the previous two sections to the

Proof of Theorem 2.3. The statement (i) directly follows from Theorem 3.3 and the standard
resolvent bound (3.12), setting h = w™!. Further, (ii) follows from Theorem 3.3, by setting h =
Cw= 2, where (' is the constant from Corollary 4.8. In this case, the resolvent bound is satisfied
since we can set W = w,, in Corollary 4.8 for any n € N. |

In Theorem 2.3 and Remark 2.5, we have intentionally left one case open. Explicitly, it is an
open problem to rigorously treat the spin boson model without magnetic field at large coupling.
However, some heuristic intuition comes from the connection to a long-range one-dimensional Ising
model presented in Theorem 4.3 and Remark 4.5.
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Considering the physical infrared-critical situation in d = 3 dimensions with w(k) = |k| and
v(k) ~ |k|~Y/2 for small |k|, the interaction function W (¢) defined in Theorem 4.3 decays as 1/t2 as
t — oco. In the discrete Ising model, it is well-known that long-range Ising models with interaction
decaying this way exhibit a phase transition [ACCN88, IN88|. In this sense, we do not expect that
the ¢ in Theorem 4.7 can be taken arbitrarily large. Therefore, it is reasonable to assume that the
resolvent bound required in Theorem 3.3 and proven in Corollary 4.8 might cease to hold for |A|
becoming large.

Hence, we conclude this note with the following

Conjecture. Assume v € D(w™/?) \ D(w™"). Then there exists A\c > 0 such that [7(),0) has no
ground state for |A| > A..

It should be mentioned that a similar result for KMS states was proven in [Spo89]. Therefore,
the conjectured statement is also expected from this point of view.
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