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Structure of bicentralizer algebras and inclusions of 

type III factors 

Hiroshi Ando (Chiba University)* 

概要

We investigate the structure of the relative bicentralizer algebra B(N C 
M,叫 forinclusions of von Neumann algebras with normal expectation 
where N is a type Illi subfactor and'-P E 凡 isa faithful state. We 
first construct a canonical flow/3rp : R+へB(NC M,'-P) on the relative 
bicentralizer algebra and we show that the W*-dynamical system (B(N C 
M,砂生） isindependent of the choice of'-P up to a canonical isomorphism. 
In the case when N = M, we deduce new results on the structure of 
the automorphism group of B(M,'-P) and we relate the period of the flow 
釈 tothe tensorial absorption of Powers factors. For general irreducible 
inclusions N C M, we relate the ergodicity of the flow/3や tothe existence of 
irreducible hyperfinite subfactors in M that sit with normal expectation in 
N. When the inclusion NC  Mis discrete, we prove a relative bicentralizer 
theorem and we use it to solve Kadison's problem when N is amenable. 

This is a set of notes for my talk at RIMS conference量子場の数理とその周辺2021.

This talk is based on a joint work with Uffe Haagerup, Cyril Houdayer and Amine 

Marrakchi [AHHM18]. 

1. Connes'Classification of hyperfinite factors and the bicen-

tralizer problem 
A von Neumann algebra M on a Hilbert space H is called hyperfinite if there exists 

an increasing sequence M1 C M2 C • • • C M of finite-dimensional *-subalgebras of M 

whose union is dense in the strong operator topology (SOT). Hyperfinite factors forms 

one of the most important class of factors in von Neumann algebra theory. While it has 

the simplest structure among factors, they appear in quite a few places in application. 

Already Murray and von Neumann showed that there exists only one hyperfinite factor 

of type 111, denoted by R, up to *-isomorphism. However, their argument does not 

apply to prove the uniqueness result for e.g. type 1100 factors and it was a long standing 

open problem to prove that there exist only one hyperfintie 1100 factor, namely the one 

R。,1constructed as an infinite tensor product of matrix algebras. 

Because the hyperfiniteness is hard to check, one needs to find a characterization of 

hyperfiniteness that does not involve finite-dimensional *-subalgebras. Many math-

ematicians have worked on this problem and several conditions (injectivity, semi-

discreteness, Schwarz'property, • • •) that imply hyperfiniteness have been introduced. 

To cut a long story short, Connes [Co75b] showed that all these properties, especially 

the injectivity, are equivalent to hyperfiniteness. M is said to be injective if there exists 

a norm one projection E: JIB(H)→M. Thanks to Tomiyama's Theorem, Eis a condi-
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tional expectation although it is typically non-normal (in fact, E can be chosen to be 

normal if and only if Mis atomic). The equivalence of injectivity and hyperfiniteness 

immediately leads to the theorem that there exists only one factors of type 111 and 

1100 up to *-isomorphism, and any subfactor of the hyperfinite Iii factor R is again 

hyperfinite. On the other hand, in the early 1970's Tomita-Takesaki theory has been 

invented. This led Connes and Takesaki to their structure theorem for type III factors. 

By Connes'structure theorem for type III factors, any type IIIA (0 ::;入 <1)factor is 

of the form M = N ><1。Zwhere N is of type 1100 (and is a factor if入ヂ 0)with 0 a 

centrally ergodic action on N which scales down a semifinite trace T of N. For the type 

Illi case, thanks to Takesaki's duality theorem, there is a continuous decomposition 

M=N><1。Rwhere N is a type 1100 factor and 0 is a flow on N scaling the semifi-

nite trace T. Then the classification of hyperfinite type III factors is reduced to the 

classification of hyperfinite type 1100 factors and of the actions of Z (or R for the 1111 

case) on them. Then by the classification of automorphisms of R and of R。,1,Connes 

[Co72, Co74b, Co75a, Co75b, Co75c, CT76, Ta73] showed that for each O <入＜ 1,

there exists only one hyperfinite III入factor,denoted R入andtogether with the work of 

Krieger [Kr76] on ergodic flows, he showed that the isomorphism classes of hyperfinite 

III。factorsare in 1-1 correspondence with the isomorphism classes of properly ergodic 

flows. There only remained the type 1111 case. In order to settle the Illi case, he found 
several strategies to prove the uniqueness. Among them, he discovered the following 

[Co85]: let M be an injective 1111 factor with separable predual and fix a faithful state 

r.p E M.. Let T = -~- Then N = M)<I'.e Z is an inj ＝一log入’叶
is an injective type III入 factor,hence 

N 竺凡 andif we let 0 the dual action of (j芹， thenM 竺 R入 X。1'. Then if one 

shows the uniqueness of the 1'action on R入， theuniqueness result for the Illi factor 
follows. He then showed that this can be achieved if one can show that びり€石五(M)

(the approximately inner automorphisms). For an automorphism a of a factor N with 

separable predual, consider the following conditions: 

(i) a E芦 (N).

(ii) a① id E Aut(N① N°P) extends to an automorphism of the C*-algebra C~_P(N) 

generated by the standard representation of N 0 N°P onザ(N)given by 

(a 0 砂）・~ := aJが J~, a,b EN, ~ E L2(N). 

Here, we fix a standard form (N, L2(N), J, L2(N)+). Then always (i)⇒(ii), and when 

N = M is an injective type Illi factor, (ii) is satisfied for every a, and (ii)⇒(i) follows 

if in addition the bicentralizer B(M, r.p) is trivial (= IC). Here, the bicentralizer of M 

with respect to r.p is defined by 

B(M, r.p) = {XE MI Xan -anX n芋 0strongly, ¥:/(an)n E AC(M, r.p)} 

where 

AC(M,r.p) =｛加）nE £00 (N, M) I ;既llanr.p―r.panll= 0} 
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is the asymptotic centralizer of r.p. The question of the triviality of the bicentralizer was 

solved affirmatively by Haagerup in [Ha85] for amenable M, thus settling the problem 

of the classification of amenable factors with separable predual (see [Co75b, Co85]). 

Connes also asked whether or not the bicentralizer is trivial for general type 1111 factors 

with separable predual. 

Nowadays, the bicentralizer problem is still of premium importance. Indeed by 

[Ha85, Theorem 3.1], for any type 1111 factor M with separable predual, M has trivial 

bicentralizer if and only if there exists a faithful state r.p E M, with an irreducible 

centralizer, meaning that (M』'nM = Cl. Then by [Ha85, Theorem 3.1] and [Po81, 

Theorem 3.2], M has trivial bicentralizer if and only if there exists a maximal abelian 

subalgebra A C M that is the range of a normal conditional expectation (see [Ta71, 

Question] where the problem of finding such maximal abelian subalgebras is men-

tioned). For these reasons, Connes'bicentralizer problem appears naturally when one 

tries to use Popa's deformation/rigidity theory in the type III context (see for instance 

[Hl15, Theorem Cl). The bicentralizer problem is known to have a positive solution for 

particular classes of nonamenable type Illi factors: factors with a Cartan subalgebra; 

Shlyakhtenko's free Araki-Woods factors ([Ho08]); (semi-)solid factors ([H115]); free 

product factors ([HU15]). However, the bicentralizer problem is still wide open for 

arbitrary type 1111 factors. 

2. Connes'isomorphism(3似'Pand the bicentralizer flow(3<p 

2.1. The relative bicentralizer flow(3中へB(Nc M,r.p) 

In his attempt to solve the bicentralizer problem, Connes observed that for any type 

1111 factor M, the bicentralizer B(M, r.p) does not depend on the choice of the state r.p 

up to a canonical isomorphism. In around 2012-2013, Haagerup found out that the 

idea of Connes'isomorphism (denoted by(3匹 below)can be enhanced to construct a 

canonical flow (u-continuous action)(3'P: R~ へ B(M, r.p) with interesting properties. 

This flow was independently discovered by Marrakchi and this was the starting point 

of our joint research. 

Let N C M be any inclusion of CJ-finite von Neumann algebras with expectation, 

meaning that there exists a faithful normal conditional expectation EN : M →N. 

Following [Ma03, Definition 4.1], we define the relative bicentralizer B(N C M, r.p) of 

the inclusion N C M with respect to the faithful state r.p E N, by 

B(N CM, r.p) = {XE MI xan -anX n芋 0strongly, ¥/(a凸 EAC(N,r.p)}.

Observe that we always have N'n MC  B(N CM, r.p) C (Ni』'nM.When N = M, 

we simply have B(N c M, r.p) = B(M, r.p). 
Our first main result deals with the construction of the canonical flow on the relative 

bicentralizer B(N C M，ゃ）．

Theorem A. Let N C M be any inclusion of CJ-finite von Neumann algebras with 

expectation. Assume that N is a type 1111 factor. Then the following assertions hold: 
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(i) For every pair of faithful states cp,心EN*, there exists a canonical isomorphism 

(3匹，： B(Nc M,<p）→ B(NcM，ゆ）

characterized by the following property: for any uniformly bounded sequence 

(an)nEN in N and any x E B(N CM, cp), we have 

n→~ n→~ Ila匹—叡inll → O ⇒ %X -fJ仇'P(x)an→0* -strongly. 

(ii) There exists a canonical flow 

釈： R~ へ B(NcM,1.p)

characterized by the following property: for any uniformly bounded sequence 

(an)nEN in N, any x E B(N CM, 1.p) and any入＞ 0,we have 

llani.f! —入i.f!anll n芋 0 ⇒ %x-(3f(x)an n芋 0* -strongly. 

(iii) We have /3四四 0/3叫 1= /3'Pa,'Pi for every faithful state cp; E N., i E {1, 2, 3}, and 

埒0/3ゅ，ゃ＝ぬ，¢゚ f3ffor every pair of faithful states心，cpE N. and every入＞ 0.

(iv) For every pair of faithful statesゆ，cpE N. and every入＞ 0,we have 

E悶，nMo /3,;,，'P=E岱nM=E岱'nMo /3f 

where E図1nM:M→N'nM is the unique normal conditional expectation such 

that E岱'nM(x)= cp(x)l for all x EN. 

The proof of Theorem A uses ultraproduct von Neumann algebras [Oc85, AH12] and 

relies on Connes-St¢rmer transitivity theorem [CS76] and the fact that any入＞ 0is 

an approximate eigenvalue for the faithful state cp E凡 (seeLemma 8). 

The meaning of the compatibility relations given in item (iii) is that the W*-dynamical 

system (B(N CM, cp)訳） doesnot depend on the choice of cp E N. up to the canonical 

isomorphism f3也<p• Thus, (B(N c M, cp)，釈） isan invariant of the inclusion N C M. 

We call it the relative bicentralizer flow of the inclusion N C M. When N = M, we 

simply call it the bicentralizer flow of M. In this talk, we study this invariant and we 

relate it to some structural properties of the inclusion N C M. In these notes, we also 

give proofs to some basic facts needed to the construction of the relative bicentralizer 

flow but are omitted in [AHHM18]. 

Let N C M be any irreducible inclusion of factors with separable predual and with 

expectation. In [Po81], Popa proved that if N is semifinite, then there exists a hy-

perfinite subfactor with expectation PC  N such that P'n M = Cl. We extend this 

theorem to the case when N is a type III入 factor(0 < 入 ＜ 1)in Theorem ??. In 

the case when N is a type III1 factor, we relate this question to the ergodicity of the 

relative bicentralizer flow. 
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Theorem B. Let NC  M be any inclusion of von Neumann algebras with separable 

predual and with expectation. Assume that N is a type 1111 factor. Let cp E N. be any 

faithful state. The following assertions are equivalent: 

(i) B(N CM, cp)fJ"'= N'n M. 

(ii) There exists a hyperfinite subfactor with expectation P C N such that P'n M = 

N'nM. 

We can always choose P = R00 to be the hyperfinite type Illi factor. 

• We can moreover choose P = R入tobe the hyperfinite type III入factor(0 <入＜ 1)

if and only if B(N c M, cp)f3f = N'n M. 

• We can moreover choose P = R to be the hyperfinite type Iii factor if and only 

if B(N c M, cp) = N'n M. 

The proof of Theorem B generalizes the methods developed by Popa in [Po81, The-

orem 3.2] and Haagerup in [Ha85, Theorem 3.1]. 

Following [Co72, Co74a], a CY-finite von Neumann algebra Q is almost periodic if 

Q possesses an almost periodic state, that is, a faithful normal state for which the 

corresponding modular operator is diagonalizable. By [Co72, Co74a], any び—finite type 

III入factorwith O S入<1is almost periodic. When N C M is an irreducible inclusion 

of factors with separable predual and with expectation, a sufficient condition for the 

relative bicentralizer flow(3'I': R~ へ B(N C M, cp) to be ergodic is the existence of 

an almost periodic subfactor with expectation Q C  N such that Q'n M = Cl. Using 

Theorem B, we derive the following application which is new even in the case when 

N=M. 

Application 1. Let N C M be any irreducible inclusion of factors with separable 

predual and with expectation. Assume that N is a type 1111 factor and that there 

exists an almost periodic subfactor with expectation Q C N such that Q'n M = Cl. 

Then there exists a hyperfinite subfactor with expectation PC  N such that P'nM = 

Cl. 

We point out that it is unclear whether we can choose P as a subfactor of Q. We can 

do so if Q possesses an almost periodic faithful state cp E Q. such that its centralizer Q'P 

is a type 111 factor. However, when Q is a type III。factor,no such almost periodic state 

exists on Q and so we really need to exploit the ergodicity of the relative bicentralizer 

flow to construct the AFD subfactor PC  N. 

A sufficient condition for an inclusion of factors N C M to be irreducible is the 

existence of an abelian von Neumann subalgebra A C N that is maximal abelian in 

M. One of Kadison's well-known problems in [Ka67] asks whether the converse is true 

as well. We will say that an irreducible inclusion of factors with expectation N C M 

satisfies Kadison's property if there exists an abelian subalgebra with expectation A C 

N that is maximal abelian in M. 
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Popa proved in [Po81, Theorem 3.2] that any irreducible inclusion N C M with 

separable pred叫 andwith expectation such that N is semifinite satisfies Kadison's 

property. Combining Theorem B with [Po81, Theorem 3.2], we obtain the following 

characterization: 

Corollary C. Let N C M be any irreducible inclusion of factors with separable 

predual and with expectation. Assume that N is a type 1111 factor. Then the following 

assertions are equivalent: 

(i) B(N CM, r.p) = Cl for some (or any) faithful state r.p ENか

(ii) The inclusion N C M satisfies Kadison's property. 

In the case when N C M has finite index, Corollary C follows from [Po95, Theorem 

4.2]. In order to find new examples of inclusions N C M that satisfy Kadison's 

property, we will prove a relative bicentralizer theorem for discrete inclusions. 

Finally, let us point out that in the case M = N, a breakthrough result has been 

obtained by Marrakchi: 

Theorem 1 (Marrakchi [Ma20]). Let M be a type IIl1 factor with separable predual and 

r.p a faithful normal state on M. Then the bicentralizer flow伊 isergodic. Furthermore, 

M has trivial bicentralizer if M 竺霞R入 holdsfor some O <入＜ 1.

2.2. Ocneanu ultrapower Mw and the Groh-Raynaud ultrapower M,枷

Let M be a von Neumann algebra with a faithful state r.p E M.. Let w E(3N¥N be a free 

ultrafilter. Let エ~ be the C*-algebra of all bounded sequences (xふ inM which tends 

to O *-strongly along w: limn→w llxnll~ = 0. Let Mw = {x Eだ (M)I xiw＋エ立 Ciw}

be the normalizer of Iw in the C* -algebraだ (M)of all bounded sequences in M. The 

quotient C* -algebra Mw := Mツ~ is a W*-algebra (the Ocneanu ultrapower [Oc85]) 

equipped with the faithful normal state r.pw given by the formula 

¢刊(xnt)＝見叫n), (xn)w EM竺

Here, (xn)w is the element in Mw represented by a sequence (xn)n E Mw. We will be 

using the following results repeatedly. 

Theorem 2 ([AH12]). Let M be a van Neumann algebra with a faithful state cp EM炉

Then 

(i) a『“((xn沢） ＝ （a『（x川）山 holdsfor every t E R and (xn沢EM竺 Inparticular, 

(M』wc M~w holds. 

(ii) If M is a type Illi factor, then Mw is a type Illi factor with strictly homoge-
neous state space, meaning tha any two faithful normal states on M山 areunitarily 

equivalent. 

(iii) If M is a type Illi factor, then M;w is a type Iii factor and is independent 

of cp up to a conjugation by a unita内 inM竺
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Let A =  (M, II・ ll00)w be the ultrapower Banach space of M with respect tow. Then 

A is naturally a C*-algebra but it is not a von Neumann algebra in general. Let A** 

be the bid叫 ofA which is a von Neumann algebra. Let (M＊沢 bethe ultraproduct 

Banach space of M.. Then (M＊沢 canbe naturally identified with a closed subspace 

of A* via the embedding 

（五）wf--+ ((xnt f--+」児五（％））

The orthogonal of (M』win A** defined by 

J = {x EA** I ¥/1/; E (M.)又ゆ(x)= O} 

is a weak* closed ideal in the von Neumann algebra A** which means that the quotient 

M加＝ A**/J is a von Neumann algebra. It is called the Groh-Raynaud ultrapower 

[Ra02] of M with respect tow. By construction, the predual of~加 is exactly (M.)w 

and M名R contains the ultra power Banach space A = (M, 11 • 1100)w as a dense C* -

subalgebra. The *-homomorphism M → M贔： x →xw is not normal in general and 

so M is not a von Neumann subalgebra of ~狐． The von Neumann algebra ~加

is very large (not separable and not even a-finite in general). The main interest in 

this ultraproduct comes from the fact that, as explained in [AH12], there is a natural 

identification L 2 (~恥＝ L2(M)w. We have cpw E (~加）t but cpw is not faithful 

in general. Let e be the support of cpw in ~贔． The projection e does not depend 

on the choice of cp and the corner e(M,知）eis isomorphic to the Ocneanu ultrapower 

Mw [AH12]. By the identification e(M,痴）e= M竺wehave (Mw). = e(M.)we and 

戸(Mw)= e(L2(M)w)e. 

2.3. Iterated Ultrapower 

Let I, J be directed sets, and let U, V be cofinal ultrafilters on I and J, respectively. 

Then the product ultra filter, denoted U R V is a filter on Ix J (with the partial ordering 

(i, j)さ(i',j')if i ~ i'and jさj')given by 

U R V ={AC Ix J; {i E J; {j E J; (i,j) EA} EV} EU}. 

The next lemma is well-known in the theory of ultrafilters and can be checked by a 

straightforward computations. 

Lemma 3. U@V is a cofinal ultrafilter on Ix J. Moreover, if (xi,j)(i,j)ETxJ is a doubly 

indexed sequence in a compact Hausdorff space X, then 

lim 年，J＝ lim limx 
(i,j)→URV'" i→Uj→V 

i,J. 

Prnof. The result is well-known, but for the convenience of the reader we include its 

proof. For X CI x J and i EI, we write X; = {j E J; (i,j) EX}. First, we show 

that U R V is a filter on I x J. It is clear that 0 1-U R V. Let A, B C I x J be such that 

A C B and A E U R V. Then for each i E I, A; C B; (C J) and { i E I; A; E V} E U. 
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This shows that {i EI; B; EV} EU, whence B EUR V. Next, let A, BEUR V. 

Then for each i E J, we have A; n B; =(An B);, whence 

{iEJ;A;EV}n{iEJ; B;EV}c{iEJ; (AnB);EV}, 

which implies that {i EI; (An B); EV} EU. Therefore An BEUR V. This shows 

that U R V is a filter on I x J. 

Next, let (i0,j0) E Ix J and let S := {(i,j) E Ix J; i ~ i0, j ~ j0}. For each 

i E I, S; = { {j : J; j ~ Jo} ~:t~::~ise), and if i ~ i0, then {j E J・

〇 （
{j E J; j ~ Jo} E V 

otherwise) 

because Vis cofinal. Thus {i EI; S; EV}= {i EI; i ~ i0} EU because U is cofinal. 

Therefore U 181 V is cofinal. Finally, let A C I x J be such that A (/_ U⑳ V. Then 

because U, V are ultrafilters, we have 

{i EI; Ai EV}~ U⇔ {i EI; A;~ V} EU 

⇔ {i EI; (J¥A;) =(Ix J¥A); EV} EU, 

and the last condition is equivalent to I x J ¥ A E U 0 V. Therefore U 0 V is a 

cofinal ultrafilter on I x J. This finishes the proof of the first assertion. We show 

the second assertion. Set x := lim(i,j)叫砂功，jand叩：＝ limj→vXi,j (i E I). Let 

W be an open neighborhood of x in X. Since a compact Hausdorff space is regular, 

there exists an open neighborhood W1 of x such that x E W1 C 凱 cW. Then 

{(i,j) E J X J; Xi,j E剛｝ EU0 V, whence Ii。:=｛i E l; {j E J; Xi,j E WサEV}EU 

holds. Let i E Ii。.ThenB := {j E J; xi,j E WサEV.If Vis any open neighborhood 

of xi, then B':= {j E J; xi,j E V} E V, whence B n B'E V holds. In particular, 

we can take j E B n B'. Then xi,j E V n W1ヂ0.Since V is arbitrary, this shows 

that xi E Wi C W. Therefore U ぅ I。C {i E I; xi E W}, which shows that 

{i EI; xi E W} EU. Since Wis arbitrary, we have lirp,叩 ＝ X. ロ
i→U 

As a consequence of Lemma 3, we see that for any Banach space E, the natural 

isomorphism 

だ (IxJ, E)う (xi,j)(i,j)EIXJ→((.1:i,j)jEJ)iEJE £00(J, £00(J, E)) 

induces an isomorphism of the ultrapowers 

E⑱ V3（ふ，J）URV→((x叫叫 E (E州．

If we apply this to E = M. where M is a von N eurnann algebra, we obtain the following 

proposition which extends [CP12, Proposition 2.1] on iterated ultrapowers of 111 factors 

to arbitrary a-finite von Neumann algebras. We leave the details to the reader. 

Proposition 4. Let M be any び—finite von Neumann algebm. TheTe exists a natuml 

isomorphism of the Grnh-Raynaud ultmpoweTs 

応 R:M岱→ (M贔）伽



168

characterized by 

7rcR((xi,jfRV) = ((xi,j?f for all (xi,j)(i,j)EixJ E £00(! x J, M). 

Its predual map is the isomorphism 

(7TGIし： （M＊）U®V う(~クi,J 卜——t ((~クi,j?f E ((M.?f. 

In particular, 7rGR restricts to an isomorphism between the Ocneanu corners 

7r: M⑱ V →(M州．

Recall that if NC  Mis a von Neumann subalgebra with faithful normal conditional 

expectation E翌： M →N, then we have a natural embedding Nu c Mu with faithful 

normal conditional expectation E駕＝ （E悶）u:Mu→ Nり

The conditional expectations satisfy 

E炉oE駕＝E駕oE炉＝E翌oE駕＝E悶oE炉．

By applying this to the inclusion M c Mv with the canonical faithful normal condi-

tional expectation E炉： MV→M,we obtain the following result. 

Proposition 5. Let M be any び—finite von Neumann algebra. Then we have a com-

muting square 

M C MV 

n
 

（ロ

Mu C (M叫 = MURV 

where the canonical faithful normal conditional e叩 ectationssatisfy 

E炉0V= E霊）uo E誓u=E誓uoE塁V)U=E炉oE誓u=E炉oE塁叫

In particular, we have Mu n Mv = M. 

The following Lemma will be repeatedly used. 

Lemma 6. Let X be a Hausdorff space and let(%)~=l be a sequence in X. If there 

exists x E X such that lim Xn = x for every w E/3N ¥ N, then lim Xn = x. 
n→w n--+00 

Proof. Let w。:=｛Ac  N; N¥A is finite},w':={Ac N;'v'w E(3N¥N [A E w]}. We 

show that w'= w0. Clearly w0 C w'holds. Assume by contradiction that there exists 

A E w'¥ w0. Then Ac = N ¥ A is infinite by A (/. w。.Inparticular, S := w。u｛が｝

is a family of subsets of N with finite intersection property. Therefore there exists a 

ultrafilter w1 extending S, which is free by w0 C w1. But A¢'. w1, contradicting A E w'. 

Thus w'= w0. Then if U is an open neighborhood of x in X, then for each w E(3N¥N, 

(ii) implies that A := { n E N; Xn E U} belongs to w. Thus A E w'= w0. Thus there 

exists NE  N such that Xn E U (n 2: N). Since U is arbitrary, lim Xn = x holds. ロ
n→00 
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2.4. Construction of the/3や

We sketch the construction of the relative bicentralizer flow. The relative bicentralizer 

B(N CM, cp) has the following ultraproduct interpretation. 

Proposition 7. Let NC  M be any inclusion of(J'-finite von Neumann algebras with 

邸 pectation. Let cp E N, be any faithful state. For any nonprincipal ultrafilter w E 

/3(N) ¥ N, we have 

B(N c M,cp) = (N;w)'nM. 

Proof. Let x E M. If x (/_ B(N C M, cp), then there exists (an)n E AC(N, cp) such 

that ll[x, a』||'Pdoes not tend to 0. By passing to a subsequence, we may assume that 

ll[x,a』||'P~ c > 0 for each n E N. Since llancpー cpa』|n芋 0,(an)n E Mw(N) and 

(an)w E N;w holds. This shows that x (/_ (N;』＇nM. Therefore (N;。）＇nMC B(N C 

M, cp) holds. Conversely, if x (/_ (N;』＇nM, then there exists (ant E N;w for which 

limn→w ll[x,a』||'P= c > 0 holds. By [AH12, Lemma 4.35], limn→w Ila砂—四nll = o. 
For each k E N, we have 

｛ Ik := { n E N; II [x, a』||'P~ ~, ll[aか cp]II さ¼} E w. 
2 k 

Since w is free, we may choose inductively n1 < n2 < ・ ・ ・ such that nk E Ik (k E N). 

Now (aいkE AC(N, cp), and ll[x, a』||~ ~ (k EN), so that x (/_ B(N c M, cp). This 

shows that B(N c M, cp) c (N;w)'n M. ロ

Lemma 8. Let M be any nontrivial factor with strictly homogeneous state space. Let 

cp E M, be any faithful state. Then M'P is a type Iii factor and for any入＞ 0,we can 

find a finite family v1,..., Vn of partial isometries in M such that v匹＝如vkfor all 

k = 1,...,n andとに叫＝ 1.If入さ 1,then we can take n = 1. 

Proof. By [AH12, Proposition 4.24], M'P is a type 111 factor and by the proof of [AH12, 

Proposition 4.22], we know that if p, q E M'P are two nonzero projections, then we can 

find v E M such that v*v = p, vv* = q and vcp =辛cpv.Indeed, set 7/Jq =古四
叫）

and咋＝古pep.Then by [AH12, Proposition 4.22], there exists a partial isometry 

v E M such that v*v = supp（咋） ＝p, vv* = supp(7/Jq) = q and v叩＊ ＝喜 Thenby 

p, q E M'P, it follows that 

叩＝ vv*vゃ＝ゃ(p)叫＝ゃ(p)（叫い）v

¢(p) ¢(p) 
= cp(p)叩＝ q炒＝ cp(v.q) 

叡） cp(q)

＝四（p) 叩(p)

叡）
cp(qv.) = 

叡）
仰・

If入::;1, we can take q = 1 and p E M'P such that cp(p)＝入 andwe obtain a partial 

isometry v E M such that vcp =入cpvand vv* = 1. If入＞ 1,choose n ~ 1 such that 

入::;n. Then we can find a finite partition of unity q1,..., qn in M'P (hence疇） ＝ 

¾, 1さk::;n) and some projections p1,...,Pn E M'P (not necessarily orthogonal) such 

thatゃ伽） ＝心(q砂（さ 1).Then by the first part, we can find a family vk E M of 
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ial partial isometries such that v；媒＝ Pk, V叫＝ qkand v屈＝
'P(pk) 

叫qk)
'-P媒＝心vkas we 

wanted. ロ

Prnof of Theorem A. (i) Let wぃ吟 EfJ(N) ¥ N be any nonprincipal ultrafilters. Let 

u E U(N勺 (resp.v E U(N門） suchthat ut.p叫ド＝ゆwi(resp. Vt.pw初＊ ＝心w2).Then, 

inside M匹釦1,we have v*u EN,言贔． Forevery x E B(N CM, t.p), we have v*ux = 

xv*u which means that uxu* = vxv*. Since uxが EMw, and vxv* E Mw2, Proposition 

5 shows that uxu* = vxv* is an element of M. Thus, we have shown that for every 

x E B(N CM, t.p), there exists an elementい (x)EM  given byい (x)= uxu* where 

uE炉 isany unitary such that u戸＊ ＝炉 andw E fJ(N) ¥ N is any nonprincipal 

ultrafilter. In particular, if w is a unitary in Nば~, we can replace u by wu, so that 

we haveぬ，'P(x)= wuxu*w* = u泣％，'P(x)w*.This shows that知，'P(x)E B(N C M，心）．
Now, if (an)nEN is a uniformly bounded sequence in N such that llant.p一叡叫→ 0,

then it defines an element a = (an)w E Mw such that at.pw =炉aand so u*a E N,芦・
This shows that u*ax = xu*a, that is, ax= uxu*a =ぬ，'P(x)a.Since the nonprincipal 

ultrafilter w E fJ(N) ¥N is arbitrary, by Lemma 6, we conclude that a研一ぬ，ゃ(x)an→O 

*-strongly as n→oo. It is straightforward to check thatい isa *-homomorphism 

and that fJ'P3や2O fJ'P2や1= fJ叫 1for every faithful state'Pi E N., i E {1, 2, 3}. This 

shows in particular that fJ,;,,9っ： B(NcM，叫→ B(NcM，心） isan isomorphism with 

inverse fJ四 /J・ Let EN: M →N be any faithful normal conditional expectation and use 

it to extend t.p and心tofaithful normal states on M. Then we clearly have如ぬ，'P= t.p. 

Since N'n M is clearly fixed by fJゅ，cp,this implies that 

E喜nMo fJ心，'P= E岱'nM・

(ii) Let w己 2E(3（N) ¥ N be any nonprincipal ultrafilters and入＞ 0.By Lemma 8, 

there exists a family v1,..., Vn of partial isometries in Nw1 such that vk炉 ＝ 入¢W1VK

for all k E {1,..., n} and 区~=l VkV；； =1. Similarly, let w1,..., Wm  a family of partial 

isometries in Nw2 such that w印w2=入cpw国 forall l E { 1,..., m} and I:贔w屑＝

1. Then inside M四 ow,,we have v；；切 EN;拿畠 forall k E { 1,..., n} and all l E 

{1,..., m}. Then for all x E B(N CM, cp), we have 

＊ ＊ 
xvkwl = vkw江

and so 

V砂咋(w屑） ＝ （v心）W江w;.

By summing over k and l, we obtain 

n m 

こ心V;＝こ叫xwZ. (1) 
k=l k=l 

But the left hand side of (1) lies in M山1and the right hand side of (1) lies in M“生

Then they are both in M by Proposition 5 and the element f3r(x)＝江い心 EM

is independent of the choice of the nonprincipal ultrafilter w E f3(N) ¥ N and the 

family v1,..., Vn E Nw as above. In particular, if u is a unitary in M;w, then we 
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can replace vk by uvk for all k E {1,..., n} and we obtain f3f(x) = uj3f(x)u*. This 

shows that f3f(x) E B(N C M, cp). Let (an)nEN be a uniformly bounded sequence in 

N such that limn llancp —入cpanll = 0. Then it defines an element a = (ant E Nw 

such that acpw =犀a.Then we have vza E N;w for all k E {1,..., n}. Thus, for all 

x E B(N CM, cp), we have vZax = x碍aand so 

n n 

ax= LV心ax＝LV江 V炉＝ f3f(x)a.
k=l k=l 

Since the nonprincipal ultrafilter w E f3(N) ¥ N is arbitrary, by Lemma 6, we conclude 

that anx -f3f(x)an→0 *-strongly as n→00. 

It is straightforward to check that /3{ is a unital *-homomorphism for all入＞。

and that /3{ o f3t＝叩 forall入，μ > 0. This shows that虎：入→ /3{is a one-

parameter group of automorphisms of B(N C M, r.p). Also, one checks easily that 
心f3入 0 f3ゅ，rp= f3虹゜ /3{for all faithful normal states r.p, 1/J E N.. Extend r.p to a state 

on M by using any faithful normal conditional expectation from M to N. Then (3'P is 

r.p-preserving. Indeed, for all入＞ 0,we have 

n n n 

凶町(x))＝Lcpw伍x心＝こ入―1芦(x吋叫＝区入―lcp(x)cp“（吋叫
k=l k=l k=l 

because x commutes with the factor N炉． Sincet_p刊碍叫＝入ゃ刊v心）， weobtain 

n 

cp(/3f(x))＝と叫）芦(v心） ＝cp(X). 
k=l 

Thus(3f is r_p-preserving and since(3'P clearly fixes N'n M, we obtain 

E位，nMo(3f=E弘，nM・

At this point, we have proved all items (i),(ii),(iii) and (iv). It only remains to 

check that(3'P is indeed a flow in the sense that it is continuous with respect to the 

u-topology on B(N CM, cp). Take a sequence入nE R~ such that入n→1 and入n< 1. 
We have to show that(3!n →idB(NcM,'P) with respect to the u-topology. Since(3'P is 

cp-preserving, it is enough to show that戌 (x)→xstrongly for all x E B(N CM, cp). 

Let w1 E(3（N) ¥ N be any nonprincipal ultrafilter and pick, for every n E N, a co-

isometry Vn E Nw1 such that Vn炉＝入nCfJw1Vn(possible because入n~ 1). Let W2 E 

(3（N) ¥ N be any other nonprincipal ultrafilter. Since入n→1, then v = (Vn t2 defines 

a co-isometry of N疇 wiwith vcpw2⑭Wl = (j)W2⑭w1v. Since x E B(N C M, cp), we get 

X = vxv* = (VnXV~)w2 = ((3fJ x))w2. Since the non principal ultrafilter w2 E(3（N) ¥N 

is arbitrary, by Lemma 6, we conclude that(3!n(x)→x strongly as n→00. ロ

Example 9. Although it is very likely that B(N, cp) = (C for every III1 factor N with 

separable predual, the relative bicentralizer B(N CM, cp) need not be trivial even when 

the inclusion is irreducible. Let N be any type Illi factor with separable pred叫 and

with trivial bicentralizer (e.g. N = R00). Choose a faithful state cp EN*. Fixμ E (0, 1), 
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put T = ~'define M = N)<Ic:: Z and canonically extendゃtoM. Then M is a 
-log(μ)' 行

type IIIμ factor by [Co85, Lemma 1] and the inclusion N C  Mis irreducible and with 

expectation. We show that B(N C M, r_p) = L(Z) 竺 L00(R~/炉）． Let EN: M → N 

be the canonical conditional expectation and x E B(N C M, r_p). Then we have the 

Fourier series expansion x = I:nEZ％炉 inthe Hilbert space topology where u is the 

unitary implementing the(J'りinN, and咋＝恥(x（炉）＊） EN (n E Z). Let a E N;w・

Then by Proposition 7, ax= xa in M竺 Moreover,汀（a)= a by Theorem 2. Thus 

axn = aENw(x（炉）＊） ＝ENw(ax（un)*) = ENw(xa(un)*) 

=E叫 x（炉）＊u!;(a))= ENw(x（炉）＊a)

=Xna. 

Thus Xn E N;w n N'= B(N, cp) = C by the hypothesis on N. This shows that 

x E W*({u}）竺 L(Z)and therefore B(N C M, cp) C L(Z). Conversely, it is clear that 

u E (Nrp)'n Mc  (N;w)'n M = B(N c M, cp) holds, whence L(Z) c B(N c M, cp). 

Next, we identify the flow(3竺 Let入＞ 0,and let v1,..., vk E Nw be partial isometries 

such that Vk'Pw =入<pwvk(l ~ kさn)and区';°=1V虞＝ 1.Then for each m E Z, 

n n 

(3t（砂）＝ LVk砂v{,＝LVk心（咋）炉
k=l k=l 
n 

= I:いimTV；炉＝入imTU匹

k=l 

We identify Z = R~/炉 with [μ, 1] with the Haar measure dm(t) = dt/t. Let 

ff: c2(z)→ L囁 1],m) be the Fourier transform given byふ→ e£,where｛ふ｝REZ

is the canonical orthonormal basis for炉(Z)and e£(t) = 1 
V-logμ • 

tie. Then for (=  

区REZa四€げ([µ:..1], m), we have［の霞只l(t)＝がf(t),t E [μ, 1]. Thus和クー1=

《ご扇五e1.Let吹＝ク(3:多ー1acting on L(X)([μ, 1], m). Let f E L(X)（［μ,1],m). Ex-

pand f =区REZ勾 和R§-1in 12([μ, 1],m). Then fort E [μ, 1], 

尻(.f)(t)＝パ（苔“)パ） ＝§ (~a£Ai£Tu£) §-1(t) 

＝LaパRT戸＝ La£(,¥-贔）if 

REZ £EZ 

=f（入―辛t).

Thus, with the identification L(Z) = 100([μ, 1]), the relative bicentralizer flow(3'P : 

R~ へ B(N CM,({)) is the multiplication action R~ へ R~／炉＝ ［μ, 1] given by 

罰）＝入~t, t E R~/µz 

Let心E(R凸 bea faithful state, and let M := (M, ({)) * (R00,心）． Thenby [UelO, 

Corollary 3.2] (applied to the case A=  NC  M1 =Min the cited result), we get that 

N'nM = N'nM = (C. Thus NC  Mis still an irreducible inclusion with expectation. 
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By [UelO, Corollary 3.2] again (work in M C (M竺<pw)* (R~，炉） and apply the result 

to A=  N;w c M;w c M1 = Mw), 

B(N c M, <p) = (N;w)'n M = (N;w)'n (M:._~ 
ヽ

= M  

） 

= (N;』＇nM = B(N c M,<p) = L(Z). 

Since B(M, <p) = C by [HU15], we obtain an irreducible inclusion N C M of Illi 
factors, both have trivial bicentralizers such that its relative bicentralizer flow is the 

tranlsation action R~ へ R~閏＝ ［μ, 1] given above. 
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