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Abstract 

We show that a parametric linear system of equations plays a fundamental part 
in establishing a mutual relation between minimization problem (primal) and max-
imization problem (dual). The system is of 2n-equation on 2n-variable, called zero-
minimum condition. It yields a couple of second-order finite (n-) linear difference 
equation on n-variable, which constitute the respective optimal conditions. The 
respective equations have a mimimum solution for primal and a maximum one for 
dual. Both the optimal solutions are expressed in terms of Gibonacci sequence, 
which is a parametric generalization of the Fibonacci one. Either solution is char-
acterized by the backward Gibonacci sequence and its complementary -Hibonacci 
sequence-. 

1 Introduction 

Recenly a new duality for quadratic optimization has been extensively developed by 

Iwamoto, Kimura, Fujita and Kira [12-25]. They have given several kinds of duality 

through some methods. These supply related dualities and associated d叫 problemsfor 

the classical optimization problems by Bellman and others [1-7,26], [9,11,28,29]. The du-

ality and its approach are characterized by-Fibonacci [8, 10,27,30] and complementarity 

, respectively. 

This paper enhances the Fibonacci duality through a parametric linear system of 

equations. The Fibonacci duality is expanded to Gibonacci one. The complementarity 

is replaced by a pair of linear equations - an equality condition -. This is called a 

zero-minimum condition for a 2n-variable parametric minimization problem. 

Section 2 gives a 2n-variable parametric minimization problem, where a parameter入

ranges over (0, oo). The objective function turns out to be nonnegative. It attains zero 
iff a linear system of 2n-equations on 2n-variables has a solution. Section 3 presents a 

pair of入-parametricminimization problem and入-parametricmaximization problem for 

入＞ 0.Section 4 discusses a new duality - Gibonacci duality -. This covers Fibonacci 

duality. The principal idear is based upon the complementarity. 
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2 Complementary approach 

This section specifies a 2n-variable minimization problem. Throughout the section, let 

c E R1 and入＞ 0be given constants. 

An original problem is a 2n-variable (x, μ) with a parameter入anda fixed initial value 

Xo = c: 

... 
mm1m1ze 

n-l 

-2入x叩＋L[(xk-I -xkげ＋＃＋入賃＋（限一加＋1）2
k=l 

Q
 

+2（入— 1)叫µk -μk+1)] 

+ (xn-1 -Xn)2＋叶＋閃＋1）は＋ 2（入— l)x叫n

subject to (i) x E R叫x。=c, (ii) μ E Rn. 
Let us define the objective function by h : R双炉→ Rl

h(x,μ) = -2入c灼＋~ [(xk-1 —亨＋叶＋賢＋ （限一肛＋1)2
+2（入— 1)叫肛ー µk+I)]

+ (Xn-1 -Xnげ＋叶＋閃＋1）瓜＋ 2（入— l)x叫n·

We have an evaluation as follows. 

Lemma 1 Let (x, μ) be feasible. Then it holds that 

h(x, μ) 2:: 0. 

The sign of equality holds iff 

C-X1 =入μl, X1 = μl -μ2 

(Zm) xk-l一咋＝入μk, 咋＝肛ー厖＋1 2::::;ks:;n-1 

Xn-l -Xn =入μn, Xn = μn 

(1) 

holds. 

This is a linear system of 2n-equation on 2n-variable (x, μ). We call (Zm) a zero-minimum 

condition. 

Proof. First we present an identity, which plays a fundamental role in analyzing the 

pair. Let x =｛咋｝叫μ=｛限｝『 beany two sequences of real number with x。=c.Then 
an identity 

(C) 叫＝苫[(xk-1一咋）知＋叫肛ーμk+1)]+ (xn-1 -Xn)μn + X叫 n
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holds true. This identity is called complementary. The complementary identity implies 

that 

n-1 

-2入x叫＋L[(xk-1 —疇＋ x~+入況＋ （限— µk+lげ＋ 2（入— 1)入麻（肛ーµぃ）］
k=l 

(QI) 
+ (Xn-1 -Xn)2＋叶＋（炉＋ 1）瓜＋ 2（入— 1) 入x叫n

n-1 

= L [(xk-1 -xk —狐）2+ (xk一肛＋限＋1）2]
k=l 

+ (xn-1 -％一入μn)2+（％一匹）2．

This is an identity on R吹 R叫whichis called quadratic. Hence we have an inequality 

h(x, μ) ;::: 0. 

The sign of equality holds iff (Zm) holds. Thus the inequality (2) with zero-minimum 

condition is shown. ロ

The objective function is also expressed as follows. 

Lemma 2 Let (x, μ) be feasible. Then it holds that 

n-l 

h(x, μ) = -2cμ1 +区［（Xk-l-Xk)2＋叶＋入況＋ （肛ー µK+1戸＋ 2(1 —入）（Xk-l 一謀）叫
k=l 
+ (xn-l -Xn)2十叶＋閃＋ 1）は＋2(1ー入）（Xn-l-Xn)μn, 

Lemma 3 Let 

':= 2十入， ~ := 1＋入 （入ヂ 0).

Then the zero-minimum condition (Zm) yields a pair of linear systems of n-equation on 

n-variable: 

C邸 en=l

Case n = 2 

(EQ) 

Case n ~ 3 

(EQ) c =釣 C=畑．

C = 1X1 -X2 

功＝ tx2

C = ~µl -μ2 

μ1 =,μ2, 
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C = 1X1 -X2 C = <;μ1 -μ2 

(EQ) Xk-1 = 1咋一Xk+l 肛ー1=祁k-島＋1 2 さ k~n-1

Xn-1 = lxn μn-1 = "(μn. 

Conversely the pair (EQ) yields (Zm) under the condition that either system has a 
unique solution. This condition is assured by the nonsingularity of the relevant n x n 

martices An, Bn i.e. 

IAnlヂ0,IBnlヂ0.

The pair (EQ) is divided into two linear systems: 

and 

C = Xo 

(EQx) Xk-1 = /咋一XK+1

Xn-1 = fxn 

C = ~µ1 -μ2 

lS::kS::n-1 

(EQμ) μぃ＝ 1肛ーμk+l 2::::; k::::; n -l 

μn-1 =,μn 

Now we have the ojective function 

n-1 

h(x, μ) = -2入x岬＋L[(xk-1 —疇＋叶＋髯＋（但一 μK+1戸＋ 2（入— 1)罪（厖一 µK+1)］
k=l 
+ (xn-1 -Xnげ＋叶＋（炉＋ 1）μ; +2（入— l)xn匹 (x。 =c).

A triple zero property holds as follows. 

Lemma 4 Let a feasible (x, μ) satisfy (Zm砂． Thenit holds that 

h(x,μ) 

(tZ) 

= -c(c —叫＋t [(xk-l —疇＋入叶］
n-l 

=—入叫＋区［入況＋入(µk -μい）門十（炉＋入）μ;
k=l 

= 0. 

1It holds that IAnl = IE叶
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3 Case入＞ O 

Consider the Case入＞ 0.We define 

'Y := 2十入(>2), t := 1十入(>1). 

Now let us solve a pair of linear systems of (finite) difference equations 

C = X。
(EQ』 Xk-l = "(狐ー Xk+l

Xn-l = ~Xn 

1::::;k::::;n-1 

and 

C = ~µ1 - μ2 

(EQ,,) μk-1 =初k―μK+1 2 さ k~n-1

μn-1 =,μn. 

We consider a second-order linear difference eq叫 ion

Xn+2 - 1Xn+l + Xn = 0, Xo = 0, X1 = 1. 

Lemma 5 The equation (2) has a unique solution 

別一 an
Xn = 
/3 -a 

where a (<)/3are the two positive solution 

a=  
,-R-=-:f o,+《

9 /3 ＝ 

to the characteristic equation 

We note that 

2 

t2-,t+ 1 = 0. 

a+/3 ＝,, a/3 ＝ 1 

O<a<l</3 ＜ 00. 

．． 
Definition 1 Let us define the sequence { Gn} by 

即― an
Gn = /3 -a. 

2 

(2) 

(3) 

(4) 

(5) 

(6) 
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We call｛広｝ atwo-step Gibonacci sequence. The reason is that Gn = F2n for 1 = 3, 
where { Fn} is the Fibonacci sequence. Thus { G亙｝ satisfiesa second-order linear difference 
equation 

Gk+l = I伍ー Gk-1, G1 = 1, G。=0.
This has a unique solution (6). 

Lemma 6 The system (EQ』hasa unique solution 

~Gn-k -Gn-1-k 
咋＝co  < K < n 

~Gn -Gn-1 ―― 

, while the system (EQμ) has a unique solution 

肛＝ C 
Gn+l-k 

~Gn -Gn-1 
1さk~ n. 

That is 

where 

(x1, X2,...'Xk,...'Xn-1, Xn) 
C 

= ~(Hn-1, Hn-2,..., Hn-k,..., Hi, R。)，
Hn 

伽，匹・•.，µか•.．， µn-1, μ砂
C 

= ---ft:(Gn, Gn-1, • • •, Gn+I-k, • • •, G2, G1) 

Hn := fGn -Gn-1・

The sequence｛凡｝ iscalled Hibonacci. Then it holds that 

入Gn= Hn -Hn-1, Hn = Gn+l -Gn, Hi。=G1.
The Hibonacci sequence { Hけsatisfiesthe second-order linear difference equation 

Hk+I =,Hk -Hk-1, H1 = l, R。=1.
This has a unique solution 

Hk = 
~(/3k ＿心）ー (/3k-1 _ O:k-1) 

/3 -a 

(7) 

(8) 

(9) 

(10) 

(11) 
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Theorem 1 The zero-minimum condition (Zm) has a unique solution (x, μ); 

where 

X = (x1, X2,..., Xk,..., Xn-1, Xn) 

= -fi:(Hn-1, Hn-2,..., Hn-k,. • •, Hi, Hi。)，

μ = (μ1, μ2, ・ ・ ・, μ知・ • ・, μn-1, μ砂
C 
= --fi;:(Gn, Gn-1, • • •, Gn+I-k, • • •, G2, G1) 

即ー］
Gn = /3 -a , Hn = ~Gn -Gn-1・

Hence Q attainas the zero minimum at (x, μ). 

We have defined the objective function h : R吹炉→が by

h(x, μ) = -2叫＋~ [(xk-1 —亨＋叶＋髯＋ （μk -μk+I)2 
+2（入— 1)麻（限— µk+1)]

+ (xn-1 -Xn戸＋叶＋（入2+1)は＋ 2（入— l)xn伽・

Then (QI) is summarized as follows. 

Corollary 1 It holds that 

(i) h(x, μ) 2 0'v(x, μ) E RnxRn 

(ii) h(x, μ) = 0⇔ (x, μ) satisfies (EQ). 

(12) 

(13) 

The objective function h(x, μ) attains the zero-minimum. From Lemma 4 (Triple 

Zero), we have a triple zero property for the solution. 

Corollary 2 Let (x, μ) be the solution given in (12), (13). Then it holds that 

h(x,μ) 

(tZ) 

= -c(c —叫＋t[ (xk-1 -Xk)2＋只］
n-1 

= —入叫＋L [A2µ% ＋入（四— µk+d] +（炉＋入）μ;
k=l 

= 0. 



8

Here we define two functions f, g : Rn→R1 by 

f(x) = L [(xk-1-汀＋碕］
k=l 
n-1 

g(μ) = 2入叩1 —ど［髯＋入(µk -µk+l げ］一（炉＋入）µ~.
k=l 

Note that f(x) is convex and g(μ) is concave. We consider a pair of minimization problem 

and maximization problem 

P minimize f(x) subject to x E Rn 

D Maximize g(μ) subject to μ E R匹

4 Gibonacci Duality 

Let any入＞ 0be given. Then we consider a pair of minimization (primal) problem and 

maximization (dual) problem. 

4.1 Primal and dual 

The pair is 

... 
mm1m1ze 

p
 

t [(xk-l —責＋叫
k=l 

subject to (i) x E R尺Xo= C 

D
 

n-1 

M訟 imize2入cμ1-L ［入況＋入（限—肛＋州］一閃＋入）µ~
k=l 

subject to (i) μ E R匹

Then both P and D are dual to each other. An equality condition is 

C-X1 =加 X1= μ1 -μ2 

(EC) Xk-1ー罪＝入μk 咋＝ μk-μk+1 k = 2, 3,..., n -l 

互 1-%＝入μn Xn = μn, 

The primal P attains a minimum m = (1 -Hn-1 ¥ _2 
Hn 
) c2 at x =（互互...,Xn), while the 

G 
dual D does a maximum M =入 n _2 

Hn 
c~ atμ= (μ1,μ2,...,μ砂：

Hn-k Gn+l-k 
Xk = C------:;:-:;:--, μk = C 
Hn'Hn  

(14) 
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that is 

where 

Thus 

X = (xi, X2,..,, Xk,..,, Xn) = ---Jf:(Hn-l, Hn-2,..,, Hn-k,..,, R。)

μ = (μ1, μ2, ・ ・ ・, μk, ・ ・ ・，匹） ＝ ；-;:(Gn, Gn-l,,,,, Gn+l-k,,,,, Gリ

al= 

別一an
Gn = 
/3 -a 
, Hn = ~Gn -Gn-1 

1-《 7+《
a=  

2 '/3 = 2 
,=2 十入， ~=1+ 入．

入Gn= Hn -Hn-1, Hi。=G1
入＋2-V炉＋4入入＋2+&"+4入
2 

9 /3 ＝ 
2 

(15) 

(16) 

(17) 

Hence the the optimum point (x, μ) satisfies (EC) and the optimum values are same 
m=M. 

4.1.1 Solution method 

We note that the objective function 

n 

f(x)＝L [(xk-1 —責＋入x%] (x0 = c) 
k=l 

8f 
is convex. The first-order partial derivative fk(x) := +(x) is 

枷 K

1 
-;:; fi(x) = -(c -x1) +入X1+ (x1 -立）
2 
= -(x2 -1x1 + c) (1 := 2十入）

杉(x)= -(xk-1 —叫＋入咋＋ （Xk -Xk+1) 
= -(Xk+l -,咋＋Xい） 2 ：：：：： K ：：：：： nー l

翌(x)＝ー(xn-1-Xn)＋入Xn
＝一(-年＋Xn-1) (~ := 1 +入）．

Furthermore an identity 

1 
n 

f(x) = c(c -x1)＋うこ咋fk(x)
k=l 

(18) 
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holds true. 

A minimum point x satisfies the first-order condition A(x) = 0 1:::; k::; n, which is 

C = X。
(EQ』 Xk-l = I罪一吹＋1

Xn-l =むxn・

1 さ k~n-l

As was shown in Lemma 6, this has a unique solution 

C 
X = (xi, X2,..., Xk,..., Xn) = -i,:-(Hn-l, Hn-2,..., Hn-k,..., R。)．

Hn 

Then the identity claims that 

f(x) = c(c —叫＝ （1-Hn-l 
Hn 
) c2. 

Second we solve D. The objective function 

n-1 

g(μ) = 2入cμ1―ど［入況＋入(μk-µk+l)門ー（炉＋入）µ~
k=l 

og 
is concave. The first-order partial derivative gk(μ) := ~(µ) is 

如K

1 
―g1(μ) = C —巫—伽—四）
2入

＝四—糾＋ C (~ := 1十入）

点叫μ)= (µk-1 —叫—巫—（肛ー µK+1)
＝但＋1-叫＋μk-1 2 ::; k ::; n -l (1 := 2 +入）

1 
ー島(μ)= (μn-1一四）ー（入＋ l)μn
2入

＝一1伽＋μn-1・

Furthermore an identity 

1 
n 

g(μ) =叫＋了こ→(μ)
k=l 

holds true. 

(19) 

A maximum point μ satisfies the first-order condition gk(μ) = 0 1さk'.Sn, which is 

C = ~µ1 -μ2 

(EQ,,) μk-1 = "(厖一μK+1 2さk:Sn-1

μn-1 = "(μn. 
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As was shown in Lemma 6, this has a unique solution 

） 
C 

μ = (μ1, µ公• • •, μk, • • •, μn) = -ir-(Gn, Gn-1, • • •, Gn+l-k, • • •, Gサ
Hn 
（れ9

Then the identity claims that 

Gn ~2 g(μ) ＝ 入叫＝入— c.
Hn 

Thus D ha s the desired maximum solution. 

4.1.2 Derivation P-¢⇒ D 

Let x be feasible for P. Then for anyμ we have 

文 [(xk-1 —喜＋叫
k=l 

= (c -X1戸ー2入μ1(c-x1)＋碕＋2加 (c-x1) 

+ t [(xk-1 -Xk戸ー 2屈(xk-1 —叫＋入叶＋ 2狐 (xk-1-Xk)] 
n=2 

= 2入叫＋（C-X1 -加）2_入伺＋入{xi-2伽ー四）叩｝
n-1 

+ ~ [(xk-1 一狐—狐）2_ 入況＋入x~- 2入（肛ーμい）狐］
n=2 

+ [(xn-1 -Xn戸ー 2μk入(xn-1-Xn)＋入叶ー 2入μnxn]

= 2入cぃ＋ （C-X1 —加）2_ 入胃＋入{X1 -(µ1 一胆）｝2 —入(µ1 -μ2)2] 
n-1 

+ L [(xk-1 -Xk —狐）2_ 入2ば＋入{Xk -(μk -µい）｝2 —入（肛ー µK+1 戸］
n=2 

+ (xn-1 一％—入伽）2_ 入2µ;+入(xn-μn)2ー入μ;

n-1 

2: 2砂 1-L ［入況＋入（瓜一肛＋1)2] 一（茫＋入）µ~.
k=l 

The equality holds iff (EC) holds. 

Conversely, D ====} P is shown as follows. Let μ be feasible for P. Then for any x we 

have 

叫1-f 亨＋入（限— µk+l戸］―閃＋入）µ;さ立[(xk-1 —疇＋碕］．
k=l 

The equality holds iff (EC) holds. 

k=l 

口
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