ON THE COMMON FIXED POINT THEOREM OF
ASYMPTOTIC MAPS AND ITS APPLICATIONS

TOSHIKAZU WATANABE

ABSTRACT. In this paper we consider an asymptotic version of a-1) contractive
mappings in vector metric spaces and give some fixed point theorems on this
spaces.

1. INTRODUCTION

In [34], Samet and Vetro-Vetro intoroduced the notion of a-1) contractive map-
ping and consider the fixed point theorems. In [38], we intoruduced the notion of
-1, contractive mapping which is a generalization of the a-1) contractive map-
ping and consider the fixed point theorem. That fixed point theorem includes the
Caccioppoli’s fixed point theorem, and a-1),, contractive mapping includes the (c)-
comparison operator. On the other hand for the mappings of the metric space and
vector metric spaces, several authors study common fixed theorem. For instance
in [4, 15], Altun and Cevik introduce a vector metric spaces and proved Banach
contraction theorem. In [33], Rahimi generalized fixed point theorem and they
prove common fixed point theorems for four mappings in ordered vector metric
spaces. They also extend and generalize well-known comparable results in the lit-
erature. In this article we consider the common fixed point theorem for the -
and a-1),, contractive mappings under the ordered vector metric spaces settings.
We also consider the two applications of common fixed point theorems. One is the
implicit integral equations and the other is dynamic programings. For the implicit
integral equations and common fixed point theorems, sce [2, 18]. For the dynamic
programings and common fixed point theorems, see [7, 8, 10].

2. PRELIMINARIES

Throughout this paper we denote by N the set of all positive integers and R the
real number. In this section we give sevral preliminaries.
Let E be a non-empty set. A relation < on F is called:

(i) reflexive if x <z forallz € E

(ii) transitive if 2 <y y < z imply z < z

(iii) antisymmetric if x <y and y < x imply = =y

(iv) preorder if it is reflexive and transitive. A preorder is called a partial order
if it is antisymmetric.

(v) translation invariant if <y implies (x + 2z) < (y + z) for any z € E

(vi) scale invariant if @ < y implies Az < Ay for any A > 0. A preorder < is
called partial order or an order relation if it is antisymmetric.
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Given a partially ordered set (F, <), that is, the set F equipped with a partial
order <, the notation z < y stands for x < y and x # y. An order interval [z,y]
in F is the set {z € F: 2 <z <y}. A real linear space E equipped with an order
relation < on E which is compatible with the algebraic structure of E is called
an ordered linear space or ordered vector space. The ordered vector space E is
called a Riesz space( vector lattice or linear lattice) if for every x,y € E, there exist
z Ay =inf{z,y} and z Vy = sup{z,y}. If we denote zx =0V z, z_ =0A (—x)
and |z| =z V (—z), then r =24 —2_ and |z| =24 +2_.

A closed convex set K in F is called closed convex cone, if for any A > 0 and
r e K, \x € K. A convex cone K is called pointed if K N (—K) = {0}. From now
on we shall call a closed convex pointed cone simply cone.

The cone {x € E : z > 0} of nonnegative elements in an ordered vector space E
is denoted by E,. F is said to be Archimedean if a/n | 0 holds for every a € E.

Let K be a cone in an ordered vector space E. Denote x < y if y — 2 € K.
Then < defines a partial order on E called the order induced by K. Conversely,
if < is a partial order on E, then F is called ordered vector space and the set
K ={x € F:2 >0} is a cone called the positive cone of E. In this case it is easy
to see that z < y if and only if y — z € E. Note that if a < ha where a € K and
h € (0,1), then a = 0.

Definition 1. A sequence of vectors {x,} in an ordered vector space E is said to:
(i) decrease to an element x € E if xpi1 < x, for every n € N (set of natural
numbers) and x = inf{x, : n € N} = Apenz,. We denote it by x,, | x. (ii)
increase to an element x € E if x, < xp41 for everyn € N and = sup{z, : n €
N} = Vypenzy,. We denote it by x, T .

Definition 2. A sequence of vectors {x,} in an ordered vector space E is said
to be order convergent to x € E if there exist sequences {y,} and {z,} in ordered
vector space E such that y, | x, z, T = and z, < x, < y,. We denote this by
x =o-limy, o T, or x, —° x. If the sequence is order convergent, then its order
limit is unique.

Definition 3. A sequence of vectors {x,} in an ordered vector space E is said
to be order Cauchy sequence in E if the sequence {x,, — x,} in cone K is order
convergent to 0.

Definition 4. Let E/ and F be two ordered vector spaces. A mapping f : E — F
is called order continuous at xo in E if for any sequence {x,} in E such that
x =0-limy, 00 Tp, we have f(x) =0-lim, o f(zn).

Remark 5. If z,, € K for every n € N and x =o0-lim,, 00 Tn, then © € K. Also,
if n € K for everyn € N and {yn} is any sequence for which y, — x, € K with
0= o-limy, o0 Y, then 0 = o-lim,, o T, -

Definition 6. Let E be ordered vector space. A cone K C E is called regular if
every decreasing sequence of elements in K is convergent.

Definition 7. Riesz space E is complete if there exists sup A and inf A for each
bounded countable subset A of E. For more details on Riesz space, order conver-
gence, and order continuity, we refer to [1-3] and references mentioned therein.

Definition 8. Let E be a Riesz space. f: E — E sequenes such that f(z) < f(y)
whenever x,y € E and x <y, then [ is said to be nondecreasing and f(x) > f(y)
whenever x,y € E and z > vy, then f is said to be nonincreasing.



Definition 9. Let E be a Riesz space. The set (UF)f ={x € E:az— f(z) € K}
is called upper fized point set of f, (LF)f ={x € E: f(x) —x € K} is called lower
fized point set of f and (F)f = {x € E : f(x) = x} is called the set of all fized
points of f.

Definition 10. Let E be a Riesz space. The self map f on E is called: (i) domi-
nated on E if (UF)f = E. (ii) dominating on E if (LF)f = E.

Example 1. Let E = [0,1] be endowed with the usual ordering. Let f : E — E be
defined by f(x) =x. Then (LF)f =E.

Definition 11. Let E be a Riesz space. Two mappings f,g : E — E are said to
be mutually dominated if f(x) € (UF)g and g(x) € (UF)f for all v € E. That is,
F(2) > g(f(x)) and g(x) > f(9(x)) for allz € E.

Definition 12. Let E be a Riesz space. Two mappings f,g : E — E are said to
be mutually dominating if f(z) € (LF)g and gz € (LF)f for all x € E. That is,
fx) < g(f(x)) and g(z) < f(g(x)) for all © € E. The following two examples
show that there exist discontinuous and mutually dominating mappings which are
not nondecreasing mappings

The examples of mutually dominating maps which are not non decreasing maps
and mutually dominating maps but not non decreasing, see [30, example 15,16].

Definition 13. Let E be a Riesz space and K be its positive cone. A monotone
increasing mapping ¥y, : K — K is called comparison operator if lim,, s oo ¥, (t) = 0
for each t € K.

Definition 14. Let E be a Riesz space and {z,,} be a sequence in E. If o-lim;_, o x;
exists, then we say that the series > - | x,, is order convergent.

Next we give the definitions of a-v,, and a-1 contractive for the mapping T :
X — X, see [34, 38]

Definition 15. [34] Let (X, d) be a metric space. We say that mapping T : X — X
is a-p contractive if there exist a mapping o : X x X — [0,1) and a sequence of
nondecreasing mappings ¥ of E into itself such that the series Y -, "™ (t) converges
for allt > 0 and for any xz,y € X,n € N, we have

a(z,y)d(Tz, Ty) < ¢(d(z,y)).
Definition 16. [38] Let (X, d) be a metric space. We say that the mapping T : X —
X is a-th, contractive if there exist a mapping o : X x X — [0,1) and a sequence

of nmondecreasing mappings ¥, of E into itself such that the series > - | 1y (t)
converges for allt > 0 and for any x,y € X,n € N, we have

oz, y)d(IT"z, T"y) < Pn(d(z,y)).
We also give the definiton of a-admissible mappping.
Definition 17. [34] We say mapping f is a-admissible if
a(z,y) > 1 implies a(f(x), [(y)) > 1.

Next we consider the versions of a-1,, and a-1 contractive for the mappings f
and g.
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Definition 18. Let (X,d) be a metric space. We say that mappings f,g: X — X
are said to mutually a- contractive if there exist a mapping o : X x X — [0,1)
and a sequence of nondecreasing mappings ¢ of E into itself such that the series
S0 Y (t) converges for allt >0 and for any x,y € X,n € N, we have

a(z, y)d(f(z),9(y)) < ¥(d(z,y)).

And we say that two mapppings f,g : X — X are said to mutually a-1, con-
tractive if there exist a mapping o : X X X — [0,1) and sequence of nondecreasing
mappings ¥y, of E into itself such that the series Y .- 1 (t) converges for allt > 0
and for any x,y € X,n € N, we have

a(z,y)d(f"(2), 9" (y)) < Yn(d(z.y)).
We also give the version of a-admissible mappping.

Definition 19. We say that mappings f,g : X — X are said to mutually o-
admissible if

a(x,y) > 1 imples a(f(x),9(y)) > 1 or a(g(z), f(y)) > 1.

Definition 20. A pair of self-mappings (f,g) on a cone metric space (X, d) is said
to be compatible if, for arbitrary sequence {x,} C X, such that lim, o f(x,) =
lim, ooz, =t € X, and for arbitrary ¢ € intP, there exists no € N such that
d(fg(xn), 9f(xn)) converges, whenever n > ng.

Definition 21. [4, 15] Let X be a non-empty set and E be a Riesz space. The
function d : X x X — F is said to be a vector metric (or E-metric) if it is satisfying
the following properties:

(vinl) d(z, y) = 0 if and only if z =y,

(vm2) d(z, y) d(z, z) + d(y, z)
for all z,y,z € X. Also the triple (X,d, E) (briefly X with the default parameters
omitted) is said to be vector metric space. For arbitrary elements x,y, z,w of a
vector metric space, the following statements are satised.

(i) 0 € d(z.y);

(ii) d(z,y) = d(y,z);
(ili) |d(z. 2) = d(y, 2)| < d(z,y);

(iv) [d(z. 2) — d(y,w)| < d(z ) + d(zw).

Now we give some examples of vector metric spaces. It is well known that R? is
a Riesz space with coordinatwise ordering dened by

(z1,11) < (x2,y2) if and only if z1 < z9 and y1 < yo

for (x1,91), (72, 92) € R? . Again R? is a Riesz space with lexicographical ordering
dened by

(z1,11) < (22,y2) if and only if x; < x9 or x1 = x2,y1 < Yo.

Note that R? is Archimedean with coordinatwise ordering but not with lexico-
graphical ordering.

Example 2. (a) Let d : R? x R? — R? defined by
d((r1,91), (T2, 92)) < (a|z1 — 22, Bly1 — y2l)
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is a vector metric, where o, B are positive real numbers.
(b) Let d : R x R — R? dened by

d(x,y) = (alz —yl, Bz — yl)
is a vector metric, where a, 3 >0 and o+ 3 > 0.

Now we have the following common fixed point theorem which is an extention
of [38, Theorem 1].

Theorem 22. Let (X,d, E) be an E-complete vector metric space with E is Archimedean.
Let f,g: X — X be a1, contractive mappings satisfying the following conditions;

(1) there exists xop € X such that

a(xg,z9) > 1, a(zo, g(x0)) > 1 and a(g(xo), f(xo)) > 1.

(ii) f or g is continuous.
(iil) For all x,y € X, there exists z € X such that a(x,z) > 1 and a(y,z) > 1.

Then, the common fized point problem CFP(f, g, E) has a solution.

ag(xo), f(xg)) > 1. Then we define the sequences x1 = g(xg), x2 f( 0)s
x3 = g(1) = g°(20), T4 = f(x2) = f*(20), Tans1 = 9(T2n 1), Tont2 = n)- In
this case a(x1,x2) = a(g(zo), f(z0)) > 1. Then we have

d(w2n41, T2nt2) = d(g" (21), f"(22)) < (21, 22)d(g" (21), [ (22)) < Yn(d(21, f(20)))

and

d(T2n, Tant1) = d(f"(z0), 9" (1)) < a(wo, 21)d(f" (20), g™ (21)) < Yn(d(0, 1))

Since d(zo, 1), d(x1, f(xo)) > 0, there exists n; with even such that

Proof. By (i) there exists xo such that a(xg,x0) > 1, a(zo,g(x0)) > 1, and
[

(1) Z Vi(d(zo, x1) + d(z1, f(20))) = 0
k= ’I’L1/2
order converges, and there exists ny with odd such that

o0

(2) Z Y (d(wo, x1 + d(z1, f(20))) = 0

k=(nz—1)/2

order converges. In (1) and (2), the right hand order converges to 0 as take n >
max{ ny,ns} and n — oco. Then for any m > n > ng = min(ny,ne), if n and m
are even, then we have

m/2—1

A(xp, Tm) < Z Y (d(zo, 1) + d(z1, f(20))

k=n/2

IN

Z Y (d(xo, 1) + d(z1, f(z0))

k=n/2
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if n and m are odd, then we have

(m—1)/2—1

A(Tpy Ty) < Z Yr(d(xo, x1) + d(x1, f(0))

k=(n—1)/2

< Z Yr(d(zo,71) + d(z1, f(0))

k=(n—1)/2

if n is even and m is odd, then we have

(m—1)/2—1

A(Tp, Tm) < Z Vr(d(zo, 1) + d(z1, f(20))
k:—n/2
Z VUr(d(zo, z1) + d(z1, f(z0))
k=n/2

if n is odd and m is even, then we have

m/2—1
(T, Tm) < Z U (d(zo, 21) + d(z1, f(20))
k=(n—1)/2
< Z Yr(d(xo, 1) + d(21, f(20))-

k=(n—1)/2

Then all cases d(z,, T ) order onverge to 0 as (m >)n — oco. Thus {z,} is Cauchy.
Since X is complete, we have z € X such that z,, — z as n — co. Then f(z2,) — 2
and g(zany1) — 2. as n — oo. Since f is continous, we have f(x2,) — f(z). In
this case we have

d(f(2),2) < d(f(2), f(w2n))) + d(f (x2n), 9(T2n+1))) + d(9(22n+41), 2)
= d(f(2), f(z2n))) + d(f"(20), 9" (1)) + d(9(z2n+1). 2)
< d(f(2), f(x2n))) + alwo, 21)d(f" (x0), ¢" (21))) + d(g(r2nt1), 2)
< d(f(2), f(z2n)) + Yn(d(z0, 21)) + d(g(22n+41), 2).
Since d(xg,z1) > 0, we have ¢, (d(xg, 1)) —° 0 as n — co. Then we have f(z) = 2.
Let d(g(z),z) > 0. Then we have
d(g(2), z) =d(g(2), f(2)

(2 )
a(z,2)d(f"(2),9"(2))
Un(d(f(2),9(2))) < d(g(2), f(2)) = d(g(2), 2)

which is contardiction. Thus we have d(g(z), %) = 0. So we have g(z) = z. Hence,
we proved that f and g have a common fixed point z € X.

Next we consider the uniquness of common fixed points Suppose that v and v
are two different common fixed points of f and g. From (iv), there exists z € X
such that

d(g
<
<

(3) a(u,z) > 1 and a(v, z) > 1.



Define the sequence {z,} in X by zp = z and 2,41 = ¢(z,) for all n = 0,1,2,....
Then we have

d(u, zn 1) = d(f"(u), 9" (2)) < a(u, 2)d(f"(u), 9" (2)) < Yn(d(u, 2)).

Then we have d(u, ¢"(2)) < ¢, (d(u, z). Similarly d(v,¢™(2)) < n(d(v, z). Since
U (d(u, 2)) —° 0 and ¥, (d(v,2)) —=° 0 as n — oco. Then we have ¢"(z) — u and
g"(z) = v as n — oo. Then the uniqueness of the limit gives us u = v. O

Next we consider the following common fiexed point Theorem, whih is a version
of [38, Theorem 2]. mwhih

Theorem 23. Let (X, d, E) be an E-complete vector metric space with E is Archimedean.

Let f,g: X — X be mappings satisfying the following conditions;

(i) fg and gf are a-1, contractive mappings;

(ii) f and g are mutually a-admissible;

(iii) there exists xg € X such that a(xg,xo) > 1 and a(xg, g(xg)) > 1;

(iv) If {xn} is a sequence in X such that a(xn,Tpy1) > 1 for allm € N and
Tn — 2 € X as n — oo , then there exists a subsequence {x,,} of {xn}
such that

Xy, ,x) > 1 for all k € N.

(v) ¥1(t) <t forallt > 0.
(vi) For all z,y € X, there exists z € X such that a(x,z) > 1 and a(y, z) > 1.

Then, the common fized point problem CFP(fg,qf, E) has a solution.
Proof. We define the sequence {z,} with 21 = f(x¢), 22 = g(x1) = gf(2z0), 23 =

f(x2) = fg(z1), v4a = g(x3) = gfgf(20), Tons1 = f(x2n) = f9(T2n—1) and z2,42 =
9(T2n+1) = gf(w2n). Put S = fg and T'= gf. Then

d(@2n+1, T2nv2) = d(f9(T2n-1), 9.f (220))
(4) = d(5" (1), T"(22)) < a(w1, w2)d(S" (1), T" (22))
< Yn(d(z1,22)) = Yn(d(z1, 9(21)))

d(T2n, T2ny1) = d(9f(T2n—2), f9(T2n—1))
(5) =d(T"(w0), 8" (1)) < oz, 21)d(T" (20), " (1))
< Yn(d(zo, 1))

Since d(zo, 1), d(z1,9(x1)) > 0, for the case of (4) if n is even, there exists ny suh
that for any n > nq,

Z Vi (d(zo, 1)
k=n/2
for the case of (5) if n is even, there exists ny suh that for any n > na,

Zwk (z1,9(z1)),

k=n/2
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for the case of (4) if n is odd, there exists ng suh that for any n > ns,

oo

> ld(zo, z1),

k=(n—1)/2+1

for the case of (5) if n is odd, there exists ny suh that for any n > ny,

S deldergla).

k=(n—1)/2

Then all the cases, order converges to 0 as n — oo.
Then for m > n > ng = min(nq, ne, n3, n4), if n and m are even, then we have

m/2 1 m/2—1
xnafm > Z wk xOy-Tl Z 1/% '7:17172 ))
k=n/2 k=n/2
< Z Vi (d(wo, 1) + Z Vi (d(z1, 9(21))),
k=n/2 k=n/2
if n and m are odd, then
(m—1)/2 (m—1)/2—1
d(zp,zm) < Y Wld(zo, )+ Y Urld(zr,g(x1)))
k=(n—1)/2+1 k=(n—1)/2
< Z d)k(d(mo,lq)-‘r Z l/Jk( (117 (1'1))),
k=(n—1)/2+1 k=(n—1)/2

if n is even and m is odd, then

(m—1)/24+1 (m—1)/2—1
d(2, Tm) < Z Yr(d(xo,71) + Z Yr(d(w1, f(x0)))
k=n/2 k=n/2
< Z Vi (d(zo, 1) + Z Vi (d(r1, g(x1))),
k=n/2 k=n/2

if n is odd and m is even, then

m/2—1 m/2—1

(T, 1m) < Z Yr(d(wo, v1) + Z Yr(d(x1, f(20)))
k=(n—1)/2+1 k=(n—1)/2

< > dk(d(@o, ) + Z Yi(d(z1, g(x1))).
k=(n—1)/2+1 k=(n—1)/2

Then the sequence {x,} is Cauchy in X. Since X is complete, there exist z € X
such that x,, — 2z asn — oo. Then gf(z2,) — z and fg(xop+1) — 2. asn — co. By
(ii), we have a(xg,z1) > 1 and a(xg, z1) > 1. Since f, g are mutually a-admissible,
we have a(f(xg),9(x1)) > 1 and a(gf(xo), fg(x1)) > 1. Then a(xy,22) > 1 and
a(zg,x3) > 1. Inductively, we have for any n = 0,1,2,..., a(x,,xp+1) > 1. Then
by (iii), there exists a subsequence {z,, } such that a(z,,,u) > 1 for all k € N.



Then we have

d(fg(2),z) < d(fg(2), f9(w2n,))) + d(f9(T2n,), 9. (T2n,+1))) + d(9f (T2n,+1). 2)
=d(f9(2), f9(x2n,))) + d((f9)"* (o), (9.)"* (x1)) + d(9f (x2n,41),
< alz, w0, )d(f9(2). 9f (xn,))) + (0. 21)d((f9)"" (x0), (9./)"* (1))
+ d(gf(T2n,+1),2)
< Y1(d(z,n,,)) + Yn(d(zo, 71)) + d(gf(z2n+1), 2)
< d(z,zp,) + Un(d(x0,71)) + d(gf(T2n,+1), 2)-

By condition (iii), let k — oo we have d(fg(z), z) —° 0. By the proof of Theorem 22,
d(gf(z),2z) =° 0, fg(2) = gf(2) = z and we also have the mappings fg and gf
have the uniqune common fixed point. O

z)

Theorem 24. under the ondition of Theorem 23, we assume that there exists r > 0
such that

d(f(z),9(y)) <rd(fg(z),9f(y))

then f and g have unique common fized point.

Proof. Let z be a common fixed point of fg and gf. Then we have

d(f(2),9(2)) < d(fg(2),9f(2)) =
Thus f(z) = g(z) = =. O

Example 3. Define d(x,y) = (x—y)? and also define f(x) = 22—1 and g(x) = 22.
Then d(fg(x),9f(z)) = 4(x — 1)* = 4d(f(z),9(z)) > d(f(z), g(2)).

3. APPLICATIONS

We shall study sufficient condition for the existence of common solution of the
following integral equations([1, 18]).
We consider the implicit integral equation

1
(6) plt, (1)) = / g(t, 5. 2(s))ds £, € 0,1],

where x € LP[0,1], 1 < p < oco. Integral equations like (6) were introduced by
Feckan [18] and could occur in the study of nonlinear boundary value problems of
ordinary differential equations. For £ = R and X = L*([0,1]), its norm is defined

by ||z| = fo |z(t)|dt and we define d : X x X — R by
d(z,y) = [|=(t) —y(@)].

Then d is a E-metric on X Suppose that the following conditions holds: Define

f(xz(t)) = p(t,z(t)) and g(z fo (t,s,2(s))ds for any t,s € [0,1]. In this case
we assume the following cond1t10n5

(e-1) p(t,z(t)) is continuos with respect to x for any ¢.
(e-ii) For any ¢t € [0,1), n € N and z,y € X, there exists ¢, : [0,1] — R such
that

17" () = ")l < ¥nlllz = yll)
and 1, satisfies ¢, () < ¢ for any ¢t > 0 and n € N.
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(e-iii) there exists xg such that p(t,xo(t)) < fo (t,s,20(8))ds < xo(t) for all
t €[0,1].

Then, the implicit integral equation (6) has a solution in L![0, 1].

Remark 25. If 1, (t) = r™t where 0 <r < 1, then we assume that

/01 D (t,/ol Q(t,s,lv(s))d8> - /01 q(t, s,p(s, (gf)(y(s))))ds
< r(llz —yll),

then we have

/01 p <t7/01 q(t, s, (fq)"‘l(f(@)))dq> — /01 a(t, s, p(s, (gf)" " L(x(s))))ds

<z =yl = valllz —yl)

dt

dt

holds
Proof. We take f(x(t)) = p(t,z(t)) and g(z fo (t,s,2(s))ds. Let
lifx >y,
a(z,y) =4 .
0ifz <.

For any x,y take z = max{z,y}, then a(z,2) > 1 and a(z,y) > 1. Then the
condition of (iii) in Theorem 22 is satisfied. By the condition (e-i), we have

oz, y)d(f"(x),g"(y)) < d(f"(x), 9" (v))
=[f"(z) - g" W
< ¥nlllz —yl)
< ¥n(d(z,y))

Moreover we take o € X satisfying the condition (e-iii). Then we have

1
() = alao(®) = aoft) = [ att.s.0(s))ds > 0.

F(zo(t)) = p(t, o (1)) < / a(s,70(s))ds = g(xo(t)).

that is, (2o, g(x0)) > 1 and a(g(xo), f(ro)) > 1. Also we have a(xo(t), g(xo(t))) >
1. Since zo(t) — zo(t) = 0, we have a(zo (), zo(t)) > 1. Then the condition (ii) of
Theorem 22 is satisfied. By using Theorem 22, 24, the common fixed point problem
CFP(f,qg,K) has a solution which in turn solves the integral equation. O

Next we consider the application of the dynamic progarming. Let X and Y
be Banach spaces, S C X be the state space, D C Y be the decision space and
ix be the identity mapping on X. B(S) denotes the set of all bounded real-
valued functions on S and and C be closed convex subset of B(S). Moreover
d(f,g) = supyeg|f(z) —g(x)|. It is clear that (B(S),d) is a complete metric
space. Since C is closed subset of B(S), (C,d) is also a complete metric space.
By means of Theorem 22, in this section we study the existence and uniqueness of



common solution of the following system of functional equations arising in dynamic
programming:

(7) fl(m) = Sggu('rvy) —|—H1(x,y,fl(T(x,y))), any y € S7 1€ {172}7

where w : Sx D =R, T:SxD — Sand H;: SxD xR — R forie{l,2}
Suppose that the following conditions are satisfied:

(Dp-1) H; are bounded for i € 1, 2.
(Dp-2) For any t € [0,1), n € N and H;, there exists ¢, : [0,1) — R such that

[Hi (2, y, Ay 9(T (2, y))) — Ha(x, 2, A3~ A(T(x, 2))))|
< ¥n(d(g,h))

and v, satisfies ¥, (t) < ¢ for any t > 0 and n € N.

(Dp-3) There exists hg € C such that Ahg € C and Thy € C.

(Dp-4) There exists some A; € {A1, A2} such that for any sequence {h,},>1 C C
and h € C,

lim sup |y (2) — h(x)] = 0 imples lim sup|A;h,(x) — A;h(z)| = 0;

n—00 4cg n—=00 s

We consider the ommon solution of the system of functional equations (7) in C.
We assume that the normed space X be a complete Banach space.

Theorem 26. Let X be a complete Banach space. Let C be a closed subspave of X .
Assume that conditions (Dp-1)-(Dp-5) are satisfied. Then the system of functional
equations (7) have a unique common solution in C.

Proof. Let

lifz,y € C,
a(z,y) = :
0 otherwise.
For any g,h € C, x € S and € > 0, there exist y, 2 € D such that

Atg(w) < ulw,y) + Hi(z,y, AT 9(T(2,y))) + &,
ADh(z) < u(z,2) + Ha(z, 2, Ay h(T (2, 2))) + <.

and

Atg(x) — Azh(z) < Hi(z,y. AT g(T(2.y))) — Ha(w, 2, Ay~ (T (2, 2))) + ¢

Note that

Atg(x) > u(z,y) + Hi(w,y, AT g(T(2,y))),
ASh(z) > u(x, 2) + Hy(x, 2, Ay h(T(z, 2))),

then

Po(x) = A3h(z) > —Hi(z,y, AT g(T(z,y))) — Ha(z, 2, A3~ h(T(x,2))) — ¢
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By the condition (Dp-2) for any g, h € C, x € S there exists 1, such that

a(g, h)d(Ayg, Ayh)

= ||AYg(z) — AZh(z)]|
< |Hi(z,y, AV 9(T(z,y))) — Ha(w, 2, A3~ (T (2, 2)))| + ¢
< p(d(g,h)) +¢€

Letting € — 0 in (3.8), we obtain that

a(g, h)d(AYg, Ayh) < ,(d(g, )

Thus A; and As are mutually a-1,, contractive. Let h,k € C. By the condition
(Dp-3), there exists hg € C such that Ahy € C and Thy € C. Then we have
alho(s), ho(s)) > 1, a(ho(s), Aaho(s)) > 1 and a(Arho(s), Aaho(s)) > 1. Then the
condition of (i) in Theorem 22 is satisfied. By the condition (Dp-5), the mappings
A; are continuous self mappings of C. then the condition (ii) in Theorem 22 is
satisfied. For any g,h € C take k = max{g, h} then k € C such that a(g,k) > 1
and a(h, k) > 1. then the condition (iii) in Theorem 22 is satisfied. O
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